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FOREWORD 



The Increasing contribution of mathematics to the culture of 
the modern world, as well as Its Importance as a vital part of 
scientific and humanistic education, has made It essential that the 
mathematics In our schools be both well selected and well taught. 

With this In mind, the various mathematical organizations in 
the United States cooperated In the formation of the School 
Mathematics Study Group (SMSG). SMSG Includes college and univer- 
sity mathematicians, teachers of mathematics at all levels, experts 
In education, and representatives of science and technology. The 
general objective of SMSG Is the Improvement of the teaching of 
mathematics In the schools of this country. The National Science 
Foundation has provided substantial funds for the support of this 
endeavor. 

One of the prerequisites for the Improvement of the teaching 
of. mathematics in our schools is an Improved currlculm — one which 
takes accoimt of the increasing use of mathematics in science and 
technology and in other areas of knowledge and at the same time 
one which reflects recent advances in mathemati^cs itself. One of 
the first projects undertaken by SMSG was to enlist a group of 
outstanding mathematicians and mathematics teachers to prepare a 
series of textbooks which would illustrate such an improved 
curriculum. 

The professional mathematicians in SMSG believe that the 
mathematics presented in this text is valuable for all well-educated 
citizens In our society to know and that it is Important for the 
precollege student to learii In preparation for advanced work in the 
field. At the same time, teachers in SMSG believe that it is 
presented in such a form that it can be readily grasped by students. 

In most Instances the material will have a fainiliar note, but 
the presentatioh and the point of view will be different. Some 
material will be entirely new to the traditional curriculum. This 
is as it should be, for mathematics is a living and an ever-growing 
subject, and not a dead and frozen product of antiquity. This 
healthy fusion of the old and the new should lead students to a 
better understanding of the basic concepts and structure of 
mathematics and provide a firmer foundation for understanding and 
use of mathematics in a scientific society. 

It is not intended that this book be regarded as the only 
definitive way of presenting good mathematics to students at this 
level. Instead, it should be thought of as a' sample of the kind of 
Improved curriculum that we need and as a source of suggestions for 
the authors of commercial textbooks. It is sincerely hoped that 
these texts will lead the way toward Inspiring a more meaningful 
teaching of Mathematics, the Queen and Servant of the Sciences. 
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PREFACE 



This experimental text is intended for use in a one semester 
12th grade course. The appendices provide material for supple- 
mentary study by able students. Alternatively, by including some 
or all of the material in the appendices it is possible to use 
this text for a longer course. 

The central theme is a study of functions. The first chapter. 
Functions, gives a background for the study of Polynomial Functions 
(Chapters 2 and ^) , Exponential and Logarithmic Functions (Chapter 
k) , and Circular (or Trigonometric) Functions (Chapter 5). 

The introductory chapter uses a small amount of set notation 
which is explained in an appendix. A function is defined in 
terms of the concept of mapping and, to a certain extent, in 
terms of a computing machine. After a treatment of constant and 
linear functions, composition and inversion of functions are 
carefully discussed. 

Chapter 2 covers standard material on the algebra of poly-, 
nomials, but the treatment is a more modern and rigorous one than 
is found in conventional texts. 

Chapter 3 is concerned with the use of the tangent line as 
an approximation to the graph of a polynomial function -near a 
given point. The equation of the tangent at this point is 
obtained by algebraic procedures which are both simple and logi- 
cally precise. These procedures also give a method for deter- 
mining the shape of the graph nearby. The student is thus able 
to locate critical points and to solve interesting maximum and 
minimum problems. Our treatment will furnish him with a good 
background for a later course in calculus. An appendix gives 
an introduction to the problem of finding areas under graphs. 

In Chapter 4 the characteristic features of exponential 
growth are brought out in an intuitive way, with applications 
to problems of current interest. The method for finding tangents 
explained in Chapter 3 is used to obtain the slopes of exponential 
graphs. logarithmic functions are defined as the inverses of 
exponential functions. 
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Chapter 5 deals with the theory of the circular functions 
in the spirit of the previous chapters, emphasizing the study of 
periodic motion and the .analytic properties of the trigonometric 
functions. An appendix includes supplementary material for 
students who have had no previous course in trigonometry. 

This text is an attempt to implement the recommendations of 
the Commission on Mathematics of the C.E.E.B. The authors are 
conscious of its shortcomings and welcome criticism from those 
who may use it. 



Chapter 1 
FUNCTIONS 

... 1-1 . Ftinctlons 

One of the most useful and universal concepts in mathematics 
is that of a function , and this book, as its title indicates, will 
be devoted to the study of functions, with particular attention to 
a few special functions that are of fundam^^^ntal importance. 

We frequently hear people say, "One function of the Police 
Department is to prevent crime," or "Several of my friends attended 
a social function last night," or "My automobile failed to function 
when I tried to use it." In mathematics we use the word "function" 
somewhat differently than we do in ordinary conversation; as you 
have probably learned in your previous study, we use it to denote 
a certain kind of association or correspondence between the 
members of two setis. 

We find examples of such associations on every side. For 
instance, we note such an association between the number of feet 
a moving object travels and the difference in clock readings at 
two separate points in its journey; between the length of a steel 
beam and its temperature; between the price of eggs and the cost 
of making a cake. Additional examples of such associations occur 
in geometry, where, for instance, we have the area or the circum- 
ference of a circle associated with the length of its radius. 

In all of these examples, regardless of their nature, there 
seems to be the natural idea of a direct connection of the elements 
of one set to those of another; the set of distances to the set . - 
of times, the set of lengths to the set of thermometer readings, 
etc. It seems natural, therefore, to abstract from these various 
cases this idea of association cr correspondence and examine it 
more closely. 

Let us start with some very simple examples. Suppose we take 
the numbers 1, 2, 3, and 4, and with each of them associate the 
number twice as large: with 1 we associate 2, with 2 we associate 
4, with 3 we associate 6, and with 4 we associate 8. An associa- 
tion such as this is called a function, and the set (1, 2, 3^ 4)wLth 
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which we started is called the domain of the fmctlon (for a sum- 
mary of set notation see Appendix to Chapter l). We can represent 
this association more briefly If we use arrows Instead of words: 

1 >2, 2 3 >6, h >8. There are, of course, many other 

functions with the same domain; for exn^^ 2 — >1, 3 — >2, 

^— >5. 

It happens that these two exam 1 u n\Ambers, but 

there are many functions which do not. iv map, for Instance, asso- 
ciates each point on some bit of terrain with a point on a piece of 
paper; In this case, the domain of the function Is a geographical 
region. We can. Indeed, generalize this last example, and think of 
any function as a mapping; thus, our first two examples map n\imbers 
Into numbers, and our third maps points into points. 

What are the essential features of each of these examples? 
First, we are given a set, the domain. Second, we are given a rule 
of some kind which associates an object of some sort with each ele- 
ment of the domain, and , third, we are given some Idea of where to 
find this associated object. Thus, In the first example above, we 
know that If we start with a set of real numbers, and double each, 
the place to look for the result Is In the set of all real n\jmibers. 
To take still another example. If the domain of a function Is the 
set of all real numbers, and the rule Is "take the square root," 
then the set In which we must look for the result Is the set of 
complex numbers. We suimmarlze this discussion In the following 
definition: 

Definition 1-1 , If with each element of a set A there is 
associated in some way exactly one element of a set B, then this 
association is called a function from A to B. 

It is cononon practice to represent a function by the letter 
"f" (other letters such as "g" and "h" will also be used). If x 
is an element of the domain of a function f , then the object 
which f associates with x is denoted f (x) (read "the value of 
f at' x" or simply "f at x" or "f of x"); f(x) is called 
the image of x. Using the arrow notation of our examples, we can 
represent this symbolically by 

f: X >f(x) 



[sec. 1-1] 
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(read "f takes x into f (x)"). This notation tells us nothing 
about the function f or the element x; it is merely a restate- 
ment of what "f (x)" means. 

The set A mentioned in Definition 1-1 is, as has been stated, 
the domain of the function. The set of all objects onto which the 
function maps the element of A is called the range of the function; 
in set notation (see Appendix), 

Range of f « Cf(x): xe A). 
The range may be the entire set B mentioned in the efinition, or 
may be only a part thereof, but in either case it is included in B. 

It is often helpful to illusrrate a function as a mapping, 
showing the elements of the domain and the range as points and the 
function as a set of arrows from the points that represent elements 
of the domain to the points that represent elements of the range, 
as in Pigvire 1-la. Note that, as a consequence of Definition 1-1, 




Figure 1-la, A function as a mapping. 



to each element of the domain there corresponds one and only one 
element of the range. If this condition is not met, as in Figure 
1-lb, then the mapping pictured is not a function. In terms of the 
pictvires, a mapping is not a function if two arrows start from one 
point; whether two arrows go to the same point, as In Figure 1-la, 
is immaterial in the definition. This requirement, that each ele- 
ment of the domain be mapped onto one and only one element of the 
range, may seem arbitrary, but it turns out, in practice, to be 

[sec. l-l] 
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Figure 1-lb. ^ n ping is not a function. 



extremely convenient. 

In this book, we are primarily concerned with -functions whose 
domain and range are sets of real nximbers, and we shall therefore 
assume, unless we make explicit exception, that all of our functions 
are of this nature. It is therefore convenient to represent the 
domain by a set of points on a number line and the range as a set 
of points on another number line, as in B'igure l-lc. 





Q , 0 
I ' 4 



Figure 1-lc. A function mapping 
real numbers into real mimbers. 
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More specifically, consider the function f, discussed earlier, 
whlc^ takes each element of the set (1, 2, 3, into the' num^>er 
twice as great. The range of this function is (2, 4, 6, 8] and f 
maps its domain onto its range as shown in Figure 1-ld. We note 
that, in this case, the image of the element x of the domain of 




Figure 1-ld. f: x >2x, x = 1, 2, 3, h. 



f is the element 2x; hence we may write, in this ins! - e, f (x) = 
2x, and f is cc-:ipletely specified by the notation 

f: X >2x, X 1, 2, 3, ^. 

In this cas:.-^- the way in which f maps its domair^ .'to its 
range is complet ely specified by the formula f(x) = 2x, Most of 
the functions which we shall consider can similarly be described 
by appropriate formulas. If, for example, f is the function that 
takes each number into its square, then it takes 2 into h (that is, 
f(2) = 4), it takes -3 into 9 (that is, f (-3) « 9), and in general, 
it takes any real number x Into x^. Hence, for this function, 
f(x) = X , we may wite f: x — >x'' . The formula f(x) = x de- 
fines this functi^TL f , and to find the image of any element of 
the domain, we can merely substitute in this formula; thus, if 
a - 3 is a real „r:i.uiber, then f (a-S) = (a-3)^ « a^ - 6a + 9. Simi- 
larly, if we kiC3wsr :hat a function f has f (x) = 2x - 3 for all 

[sec. 1^1] 
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X e R (we use R to represent the set of real numbers) then we can 
represent f in our mapping notation as f: x — >2x - 3, and to 
find the image of any real number we need only substitute it for 
X in the expression 2x - 3; thus f(5) = 2(5) - 3 = 7, 
f{ v^) = 2 -/2"- 3, and if k + 2 is a real number, then 
f (k + 2) = 2(k + 2) ~ 3 = 2k + 1. 

Strictly speaking, a function is not • completely described* iin- 
less its domain is specified. In dealing with a formula, however, 
it is a common and convenient practice to assume, if no other infor- 
mation is given, that the domain includes all real numbers that 
yield real numbers when subo^' Luted in the formula. For example, 
if nothing further is said, in the function f: x — > l/x, the 
domain is assumed to be the set of all real numbers except 0; this 
exception is made because 1/0 is not a real number. Similarly, if 
f is a function such that f (x) = - x^, we assume, in the 
absence of any other information, that the domain is {x: -1 < x ^ 1}, 
that is, the set of all reai numbers il-^om -1 to +1 inclusive, since 
only these real numl vrlll give us real square roots in the ex- 
pression for f(x). J. erv.T; function is used to describe a physical 
situation, the domain is ujnJ^erstood to include only those numbers 
that are physically r'-fLl:i-;t,. c . Thus, if we are describing the 

volume of a balloon in wrm^ of the length of its radius, f: r > V., 

the domain would include j^nHy positive numbers . 

A humorist once defined mathematics as "a set of statements 
abGot the twenty-f on /th le^-^r of the alphabet." We may not agree 
abQun: just how funny s*;:i:itement is, but we must agree that it 

contains an element::: ' truth: we do make "x" v;ork very hard. It 
is important to reco;?>;^i l ^ib that this arises out of custom, not 
necessity, and that .11 ccher letter or symbol woui^d do Just as 
well. The notations ^: ^x^, f: h — >h^, f: t — ^t^ , and even 
f:# — ># all desc: e .ctly the same function, L^abject to our 
agreement that x, or # stands for any re^a number. 

Another v/ay of l.o;:.nfc at a function, which may help you to 
understand this section^ Is to think of it as a machine that pro- 
cesses elements of its dom to produce elements of its range. 
The machine has an inprit an output; if an element x of its 

[sec. 1-1] 



17 



domain is fed on a tape into the machine, the element f (x) of 
the range will appear as the output, as indicated in Figure 1-le. 



7f{xK 



Figure 1-le . 
A representation of a function as a machine. 



A machine can only be set to perform a predetermined task. It 
cannot exercise Judgment, make decisions, or modify its instructions 
A function machine f must be set so that any particular input x 
always results in the same output f(x)j if the element x is not 
in the domain of f, the machine will Jam or refuse to perform. 
Some machines — notably computing machines — actually do work in 
almost exactly this way. 



1. Which of the following do not describe functions, when x. 



2. Depict the mapping of a few elements of the domain into elements 
of the range for each of the Exercises 1(a), (c), and (d) above, 
as was done in Figure 1-ld. 



Exercises 1-1 



y e R? 

a) f: X >3x - k 

b) f: X >x^ 



d) f: X >y = x"^ f ) f : x >5x 

e) f: X >3.11 y<x g) f: x >16 - x^ 



c) f: X 5f-x 



[sec. l-l] 
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6. 

7. 
8. 



9. 



Specify the domain and range of the following functions, where 
X, f(x) G R. 

•X d) 



a) 
b) 
c) 
If 
a) 
b) 
c) 
d) 



X ■ 
X • 
X 
X 



f : 
f : 
f : 
f ! 

f(o) 

f(-l) 

•i-lioo) 

f(l) 



-> 2x + 1, find 



e) 



f ; 
f : 



- 1 

3 



- k 



Given the function 
a) f(0) 
f(-l) 
f(a) 

f(x - 1) 



- 2x + 3, find 



b) 
c) 
d) 
If 
a) 
^) 
If 

a) 
If 

and 



f(x) = 
(-5) 



h 3 



l6. 



12x'^ + 



find 

c) 
d) 

98 



f(5) 
f(a) 

- 20 



find the image of f, 
X €7 R, given the functions 
f : X > X 



and b) depict 



e) f(a - 1) 

f) f(Tr) 

has the domain (1, 2, 3, 4], 
f as in Figure 1-ld. 



g: X- 



are f and g the same function? Why or why not? 

V/hat number or numbers have the image l6 under the following 

functions? 



a) 
b) 
c) 



2 

X — ^ X 
X — > 2x 

X— > -n/x^ + 112 



1-2. The Graph of a Function . 

A graph is a set of points. If the set consists of all points 
whose cocrdinates (x, y) satisfy an equation in x and y, then 
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the set is said to be the graph of that equation. If there is a 
function f such that, for each point (x, y) of the graph, and for 
no other points, we have, y = f(x), then we say that the graph is 
the graph of the function f . The graph is perhaps the most in- 
tuitively illuminating representation of a function; it conveys at 
a glance much important information about the fimction. The func- 
tion X — >x , (when there is no danger of confusion, v/e sometimes 
omit the name of a function, as "f" in f:x — >^ ) h; 
bolic graph shovn in Figure l-2a. V/e can look at the parabola and 
get a clear intuitive idea of what the function is doing to the 
elements of its domain. We can, moreover, usually infer from the 
graph any -limitations on the domain and the range. Thus, it is 
clear from Figure l-2a, that the range of the function there 
graphed inc ludes on ly non-negative numbers, and in the function 

f: X >-v/2t3 - graphed in Figure l-2b, the domain {x: -5<x<5) 

and range [y: 0 < y <_ 3} are ea^iily determined, as shovin by the 
heavy segments on the x-axis anc y-axls, respectively. 




I 



Figure l-2a. 
Gr^ph of the function f: x — >x 

20 
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Another illustration: the function 

f : X — > x/2, 2 <* X < 6 
has domain A = (x : 2 < x < 6} and range B = (f (x) : 1 < f (x) 3} 
In this case we have used open dots at 2 on the x eixis and at 1 on 
the y-axis to indicate that these numbers are not elements of the 
domain and range respectively. See Figure l-2c. 




Figure l-2c . 

Graph of the function f : x >-x/2, 2 < x < 6, 



21 
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As might be exp f^'- overy possible gv. the f aph ">r 

a function. In partie s Lr*^'^' nltlon 1-1 requ . uhat a function 

map each element of its domain ;/co only one element of its raxige. 

In the language of graphs, this says that only one value of y 

can correspond to any value of x. If, for example, we look at the 

2 2 

graph of the equation x + y = 25,. shown in Figure l-2d, we can 




Figure l-2d. 
Graph of the set S = [(x,y) : + y^ = 25}- 



see that there are many instances in which one value of x is 
associated with two values of y, contrary to the definition of 
function. To give a specific example, if x = 3, we have both 
y =^ 4 and y = each of the points (3, k) and (3, -4) is on the 
graph. Hence this is not the graph of a function. We can, however, 
break it into two pieces, the graph of y =^25 - x2 and the 
graph of y = - ^25 - x2 (this makes the pointrs (-5, O) and (5, O) 
do double duty), each of which is the graph of a function. See 
Figures l-.2e and l-2f. 

2 2 
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(0.5) 




(-5.0) 

— - I i i — \ 


i 


(5.0J 

— 1 — 1 — 1 1 r-» 


— i— 1 — 1 — 1 — 1 — 




! 1 » 




— 1 — 




(-5,0) , 


1 1 


(5,0) 






(0.-5) 



Figure I'-^e. . Figure l-2 f. 

Graph of y = v^25 - x^. Graph of y = - - x^. 



If, in the xy-plane, we imagine all possible lines which are 
parallel to the y-axis, and if any of these lines cuts the graph 
in more than one point, then the graph defines a relation that is 
not a function. Thus, in Figure l-2g, (a) depicts a function, (b) 
depicts a function, but (c) does not depict a function. 
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Suppose that In (a) above, f : x— 3^ f (x) Is the function whose 
graph Is depicted. Sketch 

a) g: X — >-f(x) b) g: x— ^f(^x) 

Graph the following functions, 
a) f : X — > 2x 

c) f: X — > y 4 - x and x and y are positive Integers. 

d) f: X— > -^4 - x2 
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Graph the following functions and indicate the domain and 
range of each by heavy lines on the x-axis and y-axis respec- 
tively . 

•a) f : X — >y = X and 2 < y < 3 

b) f : X — > V9 - 

c) f : X > v'x and x < 'I 



1-3 . Constant Functions and Linear Functions 

"~' We have introduced the general idea of function, which is a 
particular kind of an association of elements of one" set with ele- 
ments of another. We have also interpreted this idea graphically 
for functions which map real numbers into real numbers. In Sections 
1-1 and 1-2 our attention was concentrated on general ideas, and 
examples were introduced only for the purposes of illustration. In 
the present section we reverse this emphasis and study some particu- 
lar functions that are important in their own right. . We begin with 
the simplest of these, namely the constant functions and the linear 
functions . 

Let. us think of a man walking north along a long straight road 
at the uniform rate of 2 miles per hour. At some particular time, 
say time t = 0, this man passed the milepost located one mile north 
of Baseline Road. An hour before this, which we shall call time 
t = -1 he passed the milepost located one mile south of Baseline 
Road, 'ah hour after time t = 0, at time t = 1, he passed the mile- 
post located three miles north of Baseline Road. In order to form 
a convenient mathematical picture of the man's progress, let us 
consider miles north of Baseline Road as positive and miles south 
-s negative. Thus the man passed milepost -1 at time t = -1, mile- 
post 1 at time t = 0, and milepost 3 at time t = 1. Using an ordin- 
ary set of coordinate axes let us plot his position, as indicated 
by the mileposts, versus time in hours. This gives us the graph 

shown in Figure l-3a. 

In t hours the man travels 2t miles. Since he is already 
at milepost 1 at time t = 0, he must be at milepost 2t + 1 at 
time t This:»pa-iring of numbers is an example of a linear function. 

Now let us plot the man's speed versus time. For all values 
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distance 
in miles 


/ 

/ 




3 


-/ 




2 


. / 






/ 






1 2 3 

1 1 1 








time 

in hours 



Figure 'l-3a. —n 

Graph of the function f : t >d = 2t + 1 



V of t during the time he is walking his speed is 2 miles per 
hour. We have graphed this information in Figure l-Sb. When 





Speed 




2 






1 






-1 0 


12 3 4 5 


Time 




Figure l-3b. 





Graph of the function g: t — >s = 2. 



t = -1 his speed is 2, when t = 0 his speed is 2, etc.; with 
■ each n\imber t we associate the n\imber 2. This mapping, in which 
the range contains only the one n\imber 2, is an example of a con - 
stant function . 

Definition 1-2 . If with each real number x we associate one 
fixed number c, then the resultant mapping, 

f : X — > c , 
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Is called a constant function . 

The discussion of constant functions can be disposed of in a 
few lines. The function we just mentioned, for example, is the 
constant function g: t — >2. The graph of any constant function 
Is a line parallel to the horizontal x-axis. Constant functions 
are very simple, but they occur over and over again in mathematics 
and science and are really quite important. A well-known example 
from physics is the magnitude of the attraction of gravity, which 
is usually taken to be constant over the surface of the earth — 
though, in this age, we must r':?oognize the fact that the attraction 
of gravity varies greatly throughout space. 

The functions we examine next also occxu? over and over again 
in mathematics and science and are considerably more interesting 
than the constant functions. These are the linear functions . 
Since you have worked with these fmctions before, we can begin at 
once with a formal definition. 

Definition 1-3 . A function f defined on the set of all real 
niombers is called a linear function if there exist real numbers m 
and b, with m 0, such that 

f (x) = mx + b. 

Example 1. The function f: x — >2x + 1 is a linear function. 
Here f (O) = 1, f(l) = 3, f (-l) == -1. This function was described 
earlier in this section in terms of t, with f (t) = 2t + 1- Its 
graph can be found in Figure l-3a. 

We note that the graph in Figure l-3a appears to be a straight 
line. As a matter of fact, the graphs of all linear functions are 
straight lines (that is why we call them "linear" functions)^ you 
may be familiar with a proof of this theorem from an earlier study 
of graphs. In any case, we here assume it. 

An important property of any straight line segment is its 
slope, defined as follows. 

Definition 1-4 . The slope of the line segment from the point 
P(X3^, Y^) to the point ^(xg, Yg) is the number 

^2 " yi , 

Xg - Xj^ 

provided Xj. ^ Xg. If = Xg. the slope is not defined. 
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Note that, by Definition 1-^^, the slope of the line segment 
from the point Q(xp, y ) to the point P(x-, y ) is 



so It is immaterial which of the two points P or Q we take first. 
Accordingly, we can speak of (y^ - Y-^)/{yi2 - x^) as the slope of 
the segment joining the two points, without specifying which comes 
first . 

What about the geometric meaning of the slope of a segment? 
Suppose, for the sake of def initeness, we consider the segment 
joining P(l, 2) and Q(3, 8). By our definition, the. slope of this 
segment is 3, since (8 ^ 2)/(3 - l) = 3 (or (2 - 8)/(l - 3) = 3). 
Note that this is the vertical distance from P to Q divided by the 
horizontal distance from P to Q, or, in more vivid language, the 
rise divided by the run. 




But 






Q(3,8) 



/ 



>rise (6 un i ts) 



run (2 units) 



Figure 1-.3C. 
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Let us think of the segment PQ as running from left to right, so 
that the run is positive. If the segment rises, then the "rise" is 
positive and the slope, or ratio of rise to run, is positive; if, 
on the other hand, the segment falls, then the "rise" is negative, 
and the slope is therefore negative. The steeper the segment, the 
larger is the absolute value of its slope, and conversely; thus we 
can use the slope as a numerical measure of the "steepness" of a 
segment . 

We have stated that slope is not defined if = x^; in this 
case, the segment lies on a line parallel to the y-axis. It is 
important to distinguish this situation from the case y^ = yg (and 
x^ ^ Xg), in which a slope is defined and in fact has value 0; the 
segment is then on a line parallel to the x-axis. 

If a line is the graph of a linear function f : x >mx + b, 

then for any x^ and Xg, x^ ^ Xg, the slope of the segment Joining 

(x^^, f(x^)) and (xgjfCxg)) is, by definition, 

f(xo) - f(xT) (iriAp + b) - (mx + b) 

^ — i— = ~ = m; 

Xg - Xg - X3_ 

in other words, the slope m is independent of the choice of x^ 
and Xg, and is therefore the same for every segment of the line. 
Hence we may consider the slope to be a property of the line as a 
whole, rather than of a particular segment. We shall also simplify 
our language a little and speak of the slope of the graph of a func- 
tion as, simply, the slope of the function. We see, moreover, that 
we can read the slope of a linear function directly from the expres- 
sion which defines the function: the slope of f: x — s>mx + b is 
simply m, the coefficient of x. Thus, the slope of the linear 
function f: x — > 2x + 1 is 2, the coefficient of x, and, similar- 
ly, the slope of g: x ?.-5x is -5. 

Since the slope of a linear fimction f: x — > mx + b is the 
number m ^ 0, it follows that the graph of a linear function is not 
parallel to the x-axis. Conversely, it can be proved that any line 
not parallel to either axis is the graph of some linear function. 
We assume that this, also, is known to you from previous work, and 
the proof is therefore omitted. 

If the graphs of the functions f : x — > m3_x + b^ and 
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f^: X — > m^x + b^. r-e^t, there must be a value of x w;. :ch satis- 
fies the equation::^ x) = fgCx)^ that is, 

irr-^ + b^ = m^x + b^. 
OT' ( nu - m^)x = ... - z.^-. 

. -Uj^ m^, then v-^j.ue x = ('^;^ " "^i satiL t'Lhis 

ei-rnation, and th- — - do indeed mee" T = and t;^ =^ b^, 
■^z.^ functions f-, ^z^c-i ^ are the same, :=:^ia ohere is only irre line. 
U m^ = m^ anc! - , the equation has no solution, an 'he -lines 
do not meet. We ' AQ..ude that lines with the same slope, -e. paral- 
lel, and that twc li as parallel to each other but not t, tire y- flT-- 
have equal slopes.. 

Note that 11m:; having zero slop- that is, lines p illel to 
the X-axis, are gra" as of constant functions. On the other hand, 
lines for which no lope is defined, uhat is, lines parallel to 
the y-axis, cannot be graphs of any functions because, with one 
value of X, the graph associates more than one value — in fact, 
all real values. 

Example 2^. Find the linear function g whose graph passes 
through the point with coordinates (-2, l) and is parallel to the 
graph of the function f: x >3x - 5. 

Solution . The graph of f is a line with slope 3. Hence the 
slope of g is the number 3, so that g(x) = 3x + b, for some as 
yet unknown b. Since g(-2) = 1, this implies that 1 = 3(-2) + b, 
b = 7, and thus g(x) = 3x + 7 for all x € R. 

Exercises 1-3 



1. Find the slope of the function f if, for all real numbers x, 

a) f(x) = 3x - 7 

b) f(x) = 6 - 2x 

c) 2f (x) = 3 - X 

d) 3f(x) = 4x - 2 

2, Find a linear function f whose slope is -2 and such that 

a) f(l) =4 c) f(3) = 1 

b) f(0) = -7 d) f(8) = -3 
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3. Find th3 sOotT'^ 

a) f(C) = - 

b) f(2) = 3 
k. Find a funct- 

a) P(l, 1), Q 

b) P(-7, 4), 

5. Given f : x — » -J 
to the graph o'J 

a) P(l, 4) 

b) P(-2, 3) 

6. If f is a cor. 

a) f(l) = 5 

b) f(8) = -3 

c) f(0) = 4 



f if \ = -3 and 
5 

d) f(6) = -13 
zr-aph is the line joining :;he points 

c) P(l, 3), Q(l, ) 

d) P(l, 4), Q(-2, 4) 

, r_nd a function whose graph is parallel 
passes trhi";augh the point 

c) P(l, 5) 

d) P(-3, -4) 
"ivr^tion find f (3) if 



■tile llr-'sar fimstion 
c) f(5) 



^3 

0. 

+ - 



. Q(3, -1), and S(7, -9) all lie on a sin- 
gle line? Prove yowr 3.ssertion. 

The graph of a 1 neyi function f passes through the points 

P(100, 25) and Q 39). Find 

a) f(lOO.l) c) f(l01.7) 



7. Do the points P 



8. 



f (99.7) 

f passes through the points 

f(54.4) 
f (52.6) 



b) f(l00.3) d) 
9. The graph of a li::^--ar function 
P(53, 25) and Q(5-, -19). Find 

a) f(53.3) c) 

b) f(53.8) d) 

10. Find a linear funciiirr: with gr.sph parallel to the line with 
equation x - 3y + = and passing through the point of inter- 
section of the lxr£i=~ c.-th equations 2x + 7y + 1 = 0 and 

X - 2y + 8 = 0. 

11. Given the points A(l, 2), B(5, 3), C(7, O), and D(3, -l), prove 
that ABCD is a parallelogram. 

12. Find the coordinates of the vertex C of the parallelogram ABCD 
if AC is a diagonal ajid the other vertices are the points: 

a) A(l, -1), 3(3, 4), D(2, 3); 

b) A(6, 5), 3(1, -7), D(4, 1) 

13. If t is a real numbsr, show that the point P.(t + 1, 2t + l) 
is on the graph -f f: x >-2x - 1. 
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14. If you grapiu the set of all ordered pairs of the forr 

(t - 1, 3t l) for t G R you will obtain the graph -i • 

linear funciizlon f. Find f(o) and f(8). 
.15. If you graph the set of all ordered pairs of the form 

(t - 1, t -^1) for t € R, you will oboain the graph r.f a 

function f. Find f(o) and f(8). 
16. If the slope of a linear function f is negative, pr-ov^e ziiat 

f(xj^) > fCxg) for < Xg- 



1-4 . The Ab so lut e - va lue Function 

A function of importance in many branches of mathemati-< ^-.s 

the absolute-value function^ f: x >|x| for all x G R. Tri^ 

absolute value of a number describes the size, or magnitude., cC 
the number, without regard to its sign; thus, for example 
|2| = |-2| = 2 (read "|2|" as "the absolute value of 2"). A common 
definition of |x| is 
Definition 1-5 . 

{X, if X > 0 
-X, if X < 0. . 

A consequence of this definition Is that no number has a nega- 
tive absolute value (-x is positive when x is negative); in fact, 
the range of the absolute -value function is the., entire set of non- 
negative real numbers, 

A very convenient al\;ernative definition of absolute value is 
the following: 

Definition 1-6 , |x| = Vx^" , 

Since we shall make use of this definition in what follows. 
It Is important that you understand it, and you must therefore be 
quite sure of the meaning of the square-root symbol, V . This 
never Ind icates a negative square root. Thus, for example, 

^(-3)2 = ^9 = 3, not -3; ^/x Is never negative. It is true 
that every positive number has two real square roots, one of them 
positive and the other negative, but the symbol v''^ has been 
assigned the Job of representing the positive root only, and if ws 
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wish xo r*ep:esent the negative rc, we muur: vse a minus sign be -.ore 
the radical. Thus, for example, e number b has two square r-icrss, 
and - 

The gr^^rph of the absolute-va ue function is shovm in Fig:r:r 

l-.4a. 




Figure l-4a. 
Graph of the function zi: x >\x\ 



You should be able to see, from the first definition of this fimc- 
trion given above, that this graph consists of the origin, the part 
of the line y = x rhat lies in Quadrant and the part of the line 
y = -x that lies in Quadran:u II. 

There are two important theorems aboul; absolute valuep. 
Theoreig 1-1 . For any ^^o real numbers a and b, |ab| = 

|al-|bU . 

Proof : |a|-|b| = V ^'^ r V^^^^ = V(ab)^= labl. 

Theorga 1-2 . For anr real numbers a and b, 
|a + b| < r^l + |b|. 

Proof : By Defini tLnn 1-6 , Theorem 1-2 is equivalent to 

V{3. + d)2 ^ yi2^ - (1) 

which is ecniiv^-ILent to — 

a"^ + 2ab + b"^ < a"" + 2^-^ V b + b"", 
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and h&sice to iab < 2^ 

ab ly^y^. , (2) 

} ow equL-inn 2) is easy to pr-o-jt if a and b have oppo- 
site i^gns, then ai: < 0 and (2) hold^ vith the < sign. Otherwise, 
we ha^-e 2b =ya2 

Hence in any sb <J^ ' 

and therefore i .r2rj.ds . q.e.d. 

Thus, for- -2HimDle, |(-2)(3)i = \S\ =6=2-3= |-2| . |3|, 
|(-2) + (3)1 - 1 c 5 = 2 + 3 = I-2I-+ i3|, and 
I (-2) + (-3)1 = 5 = 2 + 3 = |-2| + U 3| . 



Exercises 2^-4 




2. a) For what x CT R ±s it true that |x - l| = x - 1? 

b) For what x e H is it true that |x - l| = -x + 1? 

c) Sketch a graph of f: x >|x - l|. j:;^^^^^^^^ 

d) Sketch a graph of f: z — >|xi - 1. 

3. Solve: 

a) |xl 14 

b) |x- a| = 7 

c) |x- 3| = -1 

4. For wtsr values of r is ii. rrue that 
a) |x - 2^1 < 1 

?x - 5* > 2 
c/' h-: ^ ^! '0.2 
G.^ \2z - li .0.04 

|4r ~ 5.'! < 0.a2 

5. 3hov; ttsr: x2 _> x- |x|i for al', x £ H. 

6. Show tJmr- 's. - b| < + ib|. 

7. Show tfaH- =1^(31.--+ b + |a -iO is agual to the greater of a 
and b.. .Csr-.:^u wriris a a^ziilar ezEpression for the lesser of 
a .and £? 

8. Sketch: y - |x | + |x - 2 1 . (Hini=:: you must consider, sepa- 
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rately, the three possihllitles x < 0, 0 < x < 2, and x > 2.) 
9. If 0 < X < 1, we can multiplj ooth sides of the ineqiaality 

X < 1 by the positive number x zo obtain < x, and we can 
similariy show that < x^, and so on. Use this 

result to show that if |xl < _,^::iien |x^ + 2x1 < 3|x|. 
Show that, if 0 < X < k, r-hen kx. Eenc&- show th£t, if 

|x| < 0.1, th^n |x^ - 3x < v l xj, 
11 For what values of x is it trae that Ix^ - 2x| < 2.;jD1|x|? 



10 



1-^ . Composition of Functions 

Our consideration of functions, to this point, has been con- 
cerned with individual functions, «ith their domains and ranges, 
and with thsir graphs. We now ccrrslder certain things that can be 
done with two or more functicns samewhat as, when we start school, 
we first learn numbers and then J.sarn how to combine i:hem in various 
ways. There is, as a mattsr of fast, a whole algebra, of functions, 
just as there Is an algebra, of nuisbers. Puncs:lc3ns can be added., •;: 
subtracted, multiplied, anc. divided. The sum of two functions f 
and g, for example, is csilned tc^ be the function 

f-g: z — » f (x) g(x) 
which has fcv Gsmaln the iiitr^^-trsection of the aomains cf f and 
g; there are similar defiir' '.:.ons, which you zsai probably ;aupply 
yourself, for the difference, product, and quotient of two -func- 
tions. Because, for exa]TOi«»> ^:iie numirer (f+g)(^j can Sound by- 
adding the numbers f (y anc g(3c". , it Eollows tissx- this:: part of the 
algebra of fun-ctians l::s so rrvxch m:e the familiar algenra. of num- 
bers that it Tfould nnr pay .s to examine it carefully. There is, 
however, one important operation in this algebra of functions that 
has no counterpart in nhe algebra of numbers: the operation of 
composition . 

The basic idea of composition of two functions is that of a 
kind of "chain reaction" in which the functions occur one after the 
other. Thus, an sntomobile driver knows that the amour»T:r se. depsresses: 
the accelerator psdal controls the amount of gasoline isd the 
cylinders and tnis In turn affects the speed, of the car. -argain, 
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the momentum of a rocket sled when it is near th^ end of its runway 
depends on the velocity of the sled, and this in turn depends on 
the thrust of the propelling rockets. 

Let us look at a specific iZQ-ustration. Suppose that f is 
the function x — > 3x - 1 (this might be a timi=-rveloclty funci;ion) 
and suppose that g is the function x >2x'^ (this might be a ve- 
locity-energy function). Let us follow what r3.ppens when we "apply" 
these two fimctions in successi.CT — first f, tinisn g — to a parti- 
cular nxomber, say the n\amber 4, In brief ^ let :3 first calculate 
f{h) and then calculate g(f(4)).. (Read this "g of f of 4".) 

First calculate f(4). Sinner f is the function x >3x - 1, 

f(4) =: 3.4 - 1 = 11. Then calc^Llate g(f(4)), or g(ll). Since g 
is the function x — >2x^, g(ll) = 2 • 11^ 242. Thus g{f(^V: ^ 
g(ll) = 242. In general, g(f :'jK)) is the result >we obtain when, we 
first **apply" f to an element x anii then "a^T^^Iy" g to tnse 
result. The function x — > g(f (.-s:)) is then ca" "lacl a composite q£ 
f and g, and denoted gf . 

VJe say a conlposite rather trh^an t:fe composlr.^ brecau^ thB ordsr 
in which these fimctions occur z-S ^martaxi;::: . Tro ss^ that t:h!l'S Is 
the caise, start with tne number 4 again, nut ti:.i3 time f izid iir :'4) 
first, then f(g(4)). The results .are as TuII^zmz'. 

g(4) = 2-4^-32 and f (g(4V) x'(32) = 3 - 32 ^ 1 - 95 
Clearly g(f(4)), whiah is 242, ±x r^rit the shu^ a-s: f(g(4)) , wrrich 
is 95. 

Warning , When we write "gf" ^r^; mean -[irhat :Z is to be a:ppl!ied 
before g and then g is applied to f (x). Since "f" is wrl-'^ten 
after "g" is written, this can easiJ:y lead to confusion. You can 
arvoid the confusion by thinking of the equa±i.cni (gf)(x) = g(i(x)).. 

It may be helpful to diagrsr^i i:he abov^ process as follows: 
If gf is the function x — > g fficV^ ?;nd f,g is e^nctlion 
X — >f(g(x)) v/e have 

4 — — 3_^.2?f2 A — a — >32 i— »95 
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Note particularly that fg is not the product of f and g 
mentioned earlier in this section. When we want to talk about this 
product, f • g, we shall always use the dot as shown. Incidentally, 
for the above example, we have (f • g)^^) = ' = H ' 32 = 

352 = 32 . 11 = g(4) . f (4) = (g . f 

To generalize this illustration, let us use x instead of ^ 
and find algebraic expressions for (gf)(x) and (fg)(x). We do this 
as follows: 

(gf)(x) = g(f(x)) = g(3x - 1) = 2-(3x - 1)^ 
and (fg)(x) = f(g(x)) = f(2x2) = 3(2x2) - 1 = 6x2 - 1. 

Again, note that (gf)(x) and (fg)(x) are not the same so the 
function gf is not the same as the function fg. In symbols, 
gf 7^ fg. If, now, we substitute 4 for x we obtain 

(gf)(4) = 2(3 • 4 - 1)2 = 242 
and (fg)^^) = 6 • ^2 - 1 = 95 

These results agree with the ones we obtained above. 

¥s are now ready to define the general process that we have 
been illustrating. 

Xef inition 1-7 . Given two fiinctions, f and g, the func- 
tion X > g(f (x)) is called a composite of f and g and denoted 

gf . The domain of gf is the set of all elements x in the domain 
of f for which f (x) is in the domain of g. The operation of 
forming a composite of two functions is called composition . 

Example 1. Given that f: x — > 3x - 2 and g: x ^x^ for all 

X e R, find 

a) (gf)(x) c) f(g(x) + 3) 

b) (ff)(x) d) f(g(x) - f(x)) 
Solution ; 

a) (gf)(x) = g(f(x)) = g(3x - 2) = (3x - 2)^ 

b) (ff )(x) =f(f (x)) = f(3x - 2) = 3(3x - 2) - 2 = 9x - 8 

c) f (g(x) + 3) = f (x^ + 3) = 3(x5 + 3) - 2 = 3x5 -f- 7 

d) f (g(x) - f (x)) = f (x5 - 3x + 2) = 3(x5 - 3x + 2) - 2 = 

3x5 _ 9x + 4 

If we think of a function as a machine with an input and an 
output, as suggested in Section 1-1, we see that two such machines 
can be arranged in tandem, so that the output of the first machine 
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feeds into the input of the second. This results in a "composite" 
process that is analogous to the operation of composition. It is 
illustrated in Figure l-5b. In this figure the machine for f and 
the machine for g have been housed in one cabinet. This compound 
machine is the machine for gf . 



f 










g 



g(f(x) 

Figure l-5b. 

Schematic representation of the composition of functions 



Note that the machine for. gf will Jam if either of two things 
happens : 

a) It will jam if a number not in the domain of f is fed • 
into the machine . 

b) It will jam if the output f (x) of f is not in the 
domain of g. 

Thus, once again we see that the domain of gf is the set of all 
elements x in the domain of f for which f(x) is in the domain 
of g. 

We have noted that the operation of composition is not commu- 
tative; that is, it is not always true that £(r = gf. On the other 
hand, it i_s true that this operation is associative: for any 
three functions f , g, and h, it is always true that (fg)h == 
f(gh). We shall not prove this theorem; we shall however, illus- 
trate its operation by an example. 

p 

Example 2. Given f: x >x + x + 1, g: x— » x + 2, and 

h: X >-2x - 3, find 
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a) fg c) (fg)h 

b) gh - d) f(gh) 
Solution ; 

a) (fg)(x) = (x + 2)2 + (x + 2) + 1 = + 5x + 7, so 
fg: X >x2 + 5x + 7 

b) (gh)(x) = (-2x - 3) + 2 = -2x - 1, so gh: x > -2x - 1 

c) (fg}h: X > (-2x - sf + 5(-2x - 3) + 7 , 

d) f(gh): X— > (-2X - if + (-2x - 1) + 1 

It is not altogether obvious from these expressions that (fg)h and 
f (gh) are the same function. But if you will simplify the expres- 
sions you will see that they are indeed the same. 
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Given that f : x >x - 1 and g: x- — >x + 2 for all x € R, 

find 

a) (fg)(-2) e) (fg)(x) 

b) (gf)(0) f) (gf)(x) 

c) (gg)(l) g) (fg)(x) - (fg)(l) 



d) (ffg)(l) 



X - 1 

if X 7^ 1 

2. Let it be given that f : x — >ax + b and g: x — > ox + d for all 
X e R. 

a) Find (fg)(x). 

b) Find (gf)(x). 

, c) Compare the slopes of fg and gf with the slopes of f and 

g. 

d) Formulate a theorem concerning the slope of a composite of 
two linear functions . 

3. Suppose that f: x — 1/x for all real numbers x different 
from zero. 

a) Find (•ff)(l), (ff)(-3), and (ff)(B). 

b) Describe ff completely. 

4. Let it be given that J: x — >x and f:x — >x + 2 for all x G R 
a) Find fj and Jf. [First find (fj)(x) for all x G R.] 
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b) Find a fvitictlon g s-ach that f g = J . [That is, find g 
such that (fg)(x) = for all x € R. ] 

c) ~ind a function h such that hf = J . Compare your result 

■ith that of (b) . 

5. a) If f: X — and g: x — >x , find expressions for (fg)(x) 

and (gf)(x). 

b) If f: X — >2c"^ and g: x >x", find expressions for (fg)(x) 

and (gf)(x). 

2 3 

6. a) If f : X >yi and gr x >x , find an expression for (f -g) 

(x), where l'*g lis the product of f and g; that is, 
(f*g)(x) = f(x; g(x). Compare with Exercise 5(a). 

b) If f : X — >x^ ajTxd g: x >x" for all x G R (where m and 

n are posittoe integers), find an expression for (f*g)(x). 
Compare with Szsrcise 5(b), 

2 

7- Suppose that f: x — + 2, g: x — >x - 3, and h: x >x for 

all X € iR. YlJ^ ^spresslons for 

a) (f-g)(x) d) (gh)(x) 

b) [(f-g)h](x} e) [(fh).(gh)](x) 

c) (fh)(x) 

8. In Exercise 7^ compare your results for (b) and (e). They 
should be the same. Do :you think thia result is true for any 
three functions f*, g, and h, that map real niombers into 
real numbers? 

9. Would you say ttet i*(g*h) = (fg)*(fh) for any three functions 
f J and li, t±i3± maj) real nunrbers into real numbers 

la. State whicii of the following will hold for all functions f, 
g, and h, that map real numbers into real numbers: 
(.fe£)h = f h + gh 
^Cg^^') = f g + fh 

11.. Prove that the of all linear functions is associative under 
composition.; thst is, for any three linear functions f , g, 
and h, 

-Cgh) = (fg)h 
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1-6 , Inversion 

Quite frequently in science and in everyday life we encounter 
quantities that bear a kind of reciprocal relationship to each 
other. With each value of the temperature of the air in an automo- 
bile tire, for example, there is associated one and only one value 
of the pressure of the air against the walls of the tire. Converse- 
ly, with each value of the pressure there is associated one and 
only one value of the temperat\ire . Two more exalnples, numerical 
ones, will be found below. 

Suppose that f is the function x — >x + 3 and g is the 
function x — >x - 3. Then the effect of f is to increase each 
number by 3, and the effect of g is to decrease each n\imber by 
3. Hence f and g are reciprocally related in the sense that 
each undoes the effect of the other. If we add 3 to a number and 
then subtract 3 from the result we get back to the original n\jmiber. 
In symbols 

(gf)(x) = g(f (x)) = g(x + 3) = (x + 3) - 3 = X. 

Similarly, 

(fg)(x) = f(g(x)) = f(x - 3) = (x - 3) + 3 = X. 
As a slightly more complicated example we may take 

f: X >2x - 3 and g: x — > g 

Here f says "Take a number, double j.t, and then subtract 3." To 
reverse this, we must add three and then divide by 2, This is the 
effect oi the function . g. In symbols, 

(Sf)(x) = g(f(x)) = e(2x - 3) . (g^ " 3) + 3 ^ ^ 

Similarly, 

(fg)(x) = f (g(x)) = f (^4^) 2^4-^ - 3 = X. 
In terms of our representation of a function as a machine, the 
g machine in each of these examples is equivalent to the f machine 
Planning backwards; each machine then undoes what the other does, . 
and if we hook up the two machines in tandem, every element that 
gets v^pough both will come oiit just the same as it originally went 
in. 

We now generalize these two examples in the following defini- 
tion of inverse functions, 

41 

[sec. 1-6] 



31 



Definition 1-8 . If f and g are fiinctlons so related 
that (fg)(x) X for every element x In the domain of g and 
(g^*)(y) == y for every element y In the domain of f, then f 
and g are said to be Inverses of each other. In this case both 
f and g are said to have an Inverse , and each Is said to be an 
Inverse of the other. 

As a further example of the concept of Inverse functions let 

us examine the ftmctlons f: x >x'^ and g: x >\/x'. In this case 

(fg)(x) =: f(g(x)) = f( = ( 3^)3 = X 

and (gf)(x) = E(f(x)) = g(x3) = J/^ = x 

for all X € R. 

If a function f takes x Into y, that is, if y = f (x), 
then an Inverse g of f must take* y right back into x, that 
is, X = g(y). If we make a picture of a function as a mapping, 
with an arrow extending from each element of the domain to Its 
Image, as In Figure l-6a, then to draw a picture of the Inverse 
function we need merely reverse the arrows, as In Figure l-6b. 




A B 



Figure l-6a. A function. Figure l-6b. Its inverse. 



We can take any mapping, reverse the arrows in this way, and 
obtain another mapping. The important question for us, at this point 
is this: If the original mapping is a function, will the reverse map 
ping necessarily be a function also? In other words, given a 
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function, does there exist another function that precisely reverses 
the effect of the given function? We shall. see that this Is not 
always the case. 

The definition of a function (Definition 1-1 ) requires that 
to each element of the domain there cca?respcnds exactly one element 
of the range; It Is perfectly all right for several elements of 
the domain to be mapped onto the same element of the range (the 
constant function, for example, maps all of Its domain onto one 
element), but If even one element of the domain Is mapped onto more 
than one element of the range, then the mapping just Isn't a func- 
tion. In terms of a picture of a function as a mapping (such as 
Figures 1-la and 1-lc), this means that no two arrows may start 
from the same point, though any number of them may end at the same 
point. But If two or more arrows go to one point, as In Figure 
l-6c, and If we then reverse the arrows, as In Figure l-6d, we 
will have two or more arrows starting from that point (as In Figure 
1-lb), and the resulting mapping Is not a function. Since the word 
"inverse" Is used to describe only a mapping which Is a function, 
we can conclude that not every function has an Inverse. 



X 



y 



X 





A 



B 



A 



B 



Figure l-6c . 



Figure l-6d. 
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A specific example is furnished by the constant fimction f : x >3; 

since f (O) = 3 and f(l) = 3, an inverse of f would have to map 
3 onto both 0 and 1. By definition, no function can do this. 

The preceding argument shows us Just what kinds of functions 
do have inverses. By comparing the situation in Figures l-6a and 
l-6b with the situation in Figures l-6c and l-6d, we can see that 
a function has an inverse if and only if no two arrows go to the 
same point. In more precise language, a function f has an in- 
verse if and only if x^^ / x^ implies f (x^^) ^ fCxg). A function of 
this sort is often called a " one - to-one " function. A formal proof 
of this Theorem will be found, in Chapter 4. 

Exercises 1-6 

1. Find an inverse of each of the following functions: 

a) X >x - 7 c) X >l/x 

b) X >5x + 9 

2. Solve each of the following equations for x in terms of y 
and compare your answers with those of Exercise 1: 

a) y = x- 7 c)y = 1/x 

b) y = 5x + 9 

3. Justify the following in terms of composite functions and in- 
verse functions: Ask someone to choose a n\imber, but not .to 
tell you what it is. "Ask the person who has chosen the n\imber 
to perform in succession the following operations. (i) To 
multiply the number by 5.- (ii) To add 6 to the product. 

(iii) To multiply the sum by 4. (iv) To add 9 to the product. 

(v) To multiply the sum by 5. Ask to be told the result of 
the last operation. If from this product 165 is subtracted, 
and then the difference is divided by 100, the quotient vjill be 
the number thought of originally." 

(W. W. Rouse Ball). 
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1-7 * Summary of Chapter 1^. 

This chapter deals with functions in general and with the con- 
stant and linear functions in particular. 

A function is an association between the objects of one set, 
called the domain, and those of another set, called the range, such 
that exactly one element of the range is associated with each ele- 
ment of the domain. A function can be represented as a mapping 
from its domain to its range. 

The graph of a function is often an aid to understanding the 
function. A graph is the graph of a function if and only if no line 
parallel to the y-axis meets it in more than one point. 

A constant function is an association of the form f: x >c, 

for some fixed real number c, with the set of all real numbers as 
its domain. The graph of a constant function is a straight line 
parallel to the x-axis . 

A linear function is an association of the form f : x >mx + b, 

m 7^ 0. The domain and the range o'f a linear function are each the 
set of all real numbers. The graph of a linear function is a 
straight line not parallel to either axis, and, conversely, any such 
line is the graph of some linear function . 

The slope of the line through ?{x^i y^) and Q(x2, yg) is 

^2 " yi 

Xg - 

if x^ ^ Xg. If x^ = x^, no slope is defined, and the line is paral- 
lel to the y-axls. Lines with the same slope are parallel, and 
parallel lines which have slopes have equal slopes. The slope of 

the graph of the linear function f : x >mx + b is the coefficient 

of X, namely the constant m. 

The absolute-value function is conveniently defined as 
f: x-— > ..y^c^. The donfiain of this function is the set of all real 
numbers and the range is the set of all non-negative real numbers. 

If f and g are functions, then the composite function fg 

is fg: X >f(g(x)), with domain all x in the domain of g such 

that g(x) is in the domain of f . 

Clven a function f , if there exists a function g such that 
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(gf)(y) = y for all y in the domain of f and (fg)(x) = x for 
all X in the domain of then g is an inverse of f . Not all 
functions have inverses; those that do are called one-to-one func- 
tions . 



Miscellaneous Exercises 



1. Which table defines a function f : x- 



a) X 


1 


2 


3 b) X 


1 


2 


2 


y 


1 


2 


2 y 


1 


2 


3 



2. Which graphs represent functions? Which of these functions have 
inverses? 





e) 




b) 



d) 
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3. What is the constant function whose graph passes through (5, 2)? 

For what values of a, b, and c, will 
p 

f : X >ax + bx + c be a constant function? 

5. What is the constant function whose graph passes through the 
intersection of L^: y = 3x - 2, and L^: 3y - 4x + 5 = 0? 

6. At what point do L^: y = ax + 4, and Lg: y = 5x + b, intersect? 
Do they always Intersect? 

7. Write the linear functions f^ and fg whose graphs intersect the 
X-axis at P(-3, O) at angles of 45° and -45°, respectively. 

8. If lOx + y - 7 = 0, what is the decrease in y as x increases 
from 500 to 505? - What is the increase in x as y decreases 
from -500 to -505? 

9. Write the equation of the line through (O, O) which is parallel 
tc the line through (2. 3) and (-1, l). 

10. Write •i:;he equation of :rhe line which passes tiirough the inter- 
ssction of L^: y = 6x — k, and Lg: y = 5x + k, and has slope 
5/5. 

11 • Wr:r±e the equation of the line which is the locus of points 
eqpadistant from L^: 6x + 3y - 7 = 0 and Lg: y = -2x + 3. , 

12. Write the equation of the line through (8, 2) which is perpen- 
dicular to (has a slope which is the negative reciprocal of the 
slope of) L^: 2y = x + 3. 

13. In a manufacturing process, a certain machine requires 10 
minutes to warm up and then produces y parts every t hours. 
If the machine has produced 20 parts after running 1/2 hour and 
95 parts after running 1 3/4 hours, find a function f such 
that y = f(t), and give the domain of f. 

14. If ABCD is a parallelogram with vertices at A(0, O), 
B(8,0), C(12, 7), and D(4, 7), find 

a) the equation of the diagonal AC; 

b) the equation of tiass diagonal BD; 

c) the point of intersection of the diagonals. 

15. Repeat Problem l4, using parallelogram ABCD with vertices at 
A(0, 0), B{x^, 0), C(Xg, yg), and D(Xg - x^^, yg). 

16. Given the constant functions f: x >a, g: x — >b, and h: x — ->c 

determine the compound functions f(gh) and f(hg). Does this 
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result indicate that gh = hg? 

17. Find an inverse of the linear function f: x — >mx + b. 

18. Find a function f such that ff = f . 

19. Sketch a graph of: 

a) f (x) = ifL 

b) |x| + ly| = 1 

c) y = |x - 1| - |x + 1| 

20. If f(x) = 2x - 5 and g(x) = 3x + k, determine k so that fg = 

gf . 

21. If f (x) = x^ and g(x) = v - x^, find the domains of fg and 
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Chapter 2 
POLYNOMIAL FUNCTIONS 



2^1 . Introduction and Notation 

In this chapter vre shall be concerned with functions that are 
defined by expressions of the form 

^n^"" ^n-l^""',^ + ... + a^x + ag, 
where n Is a positive Integer or zero, the coefficients aj^(l=0,l, 
2,3,...,n) are real numbers, and a^ / 0. Such expressions are called 
polynomials , and the fumctions which they define are called polynomial 
functions . The number n is called the degree of the polynomial. 

Examples ; 

(1) 5x - 3x + X + 10 Is a polynomial of degree 3. 

(2) f: X — >x - -i^ X is a polynomial function of degree 

In the preceding chapter we discussed polynomial functions of 
the types 

f : X — > c 

and 

f : X — >mx + b, m 7^ 0, 
which are called constant and linear r unctions, respectively. It 
Is natural to turn nexT; to quadratic functions, that Is, polynomial 
functions of degree 2, 

f: X — > axf + bx + c, a / 0, 
where a, b, and c are constants. Such functions occur fre- 
quently, as, for example. In the study of the flight of projectiles, 
and are familiar to you. The most common way to describe functions 
of this kind is by equations such as 

y = 2x^ - X - 15, or (l) 

f (x) = -2x^ - X + 6. (2) 
Each of these functions can be represented plctorlally by a graph 
(See Figures 2-1). 

An immediate concern is the location of the points, if any, 
where the graphs of these functions Intersect the horizontal axis, 
that is, the points (x, f(x)) where f(x) = 0. We have at hand 



40 



Y 




Pig\ire 2-1. Graphs of quadrar.ic functions. 

the means of doing this, namely the quadratic formula, 

- b t Vbg - 4ac 
^ = 2a • 

Applying this formula to Equation (l), we leaa^n that y = 0 when 

X = 3 or when x = - ^. Using function notation, we can say: 

If f : X — >2x^ - X - 15, then f (3) = 0 and f (^) = 0. The 

numbers 3 and ^ in the domain of the function are mapped onto 0 

by f, and hence are called the zeros of f. 

Definition 2-1 . Let f be a function. IT. a is a number 
in the domain of f with the property that f (a) = 0, then a is 
called a zero of f . 

The set of all zeros of a function f is the set of all x 
such that f(x) == 0; that is, 

the set. of zeros of f = {x: f(x) = 0). 
This is Just another way of saying" that the zeros of f are the 
roots or solutions of the equation f (x) = 0. 

We already know how to find the zeros of polynomial functions 
of the first and second degree. 
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If f: X -e^mx + b, m 7^ 0, then f (- ^) - 0. _ 

If f: X — >ax^ + bx + c, a 7^ 0, then f ( - 2a ^ " °- 
Upon examining these solutions, mathematicians noticed that the 
zeros are expressed in terms of the coefficients by formulas involv- 
ing only the rational operations (addition, subtraction, multipli- 
cation, division) and the extraction of roots of numbers, and 
believed that it might be possible to express the zeros of functions 
of higher degree than the quadratic in the same manner. In the 
first half of the sixteenth century such formal expressions for the 
zeriDs of the third and fourth degree polynomial functions were 
obtained by Italian mathematicians. Unfortunately, these formulas 
are too complicated to be of practical value in mathematical analy- 
sis. Mathematicians usually find it easier even in theoretical 
questions to work with the polynomial rather than with any explicit 
expressiorz f or the zeros . 

For the better part of two centuries, mathematicians tried to 
discover methods for solving equations of the fifth and higher 
degrees by formulas analogous to those for the quadratic, cubic, 
and quartic (also called biquadratic) equations. The attempt was 
doomed to failure. In 182^, a young Norwegian mathematician, Niels 
Henrik Abel, proved that it is generally impossible to express the 
zeros of a polynomial function of degree higher than four in the 
desired way. This does not mean that mathematicians are unable to 
obtain any formal solutions for equations of higher degree, but 
only that it is impossible to obtain general formulas for solutions 
in terms of the rational operations and the extractions of roots 
alone. Although the history of the problem seems to end in failure, 
the fact is that the methods developed by Abel and his equally 
young French contemporary, Evariste Galois, have found the widest 
and most useful applications in fields remote from the problem 
tney considered. It is often that way in mathematics; the methods 
used to attack a problem frequently have value long after the prob- 
lem itself has lost its special significance. (There are a number 
of interesting accounts of the historical developments mentioned 
above; see the references listed in the bibliography at the end of 
this chapter.) 
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Even though we shall not develop any general formulas for the 
zeros of a polynomial function, we shall be able to obtain a great 
deal of useful information about them. In particular, there are 
many methods for determining the zeros to any desired decimal accu- 
racy, and we shall examine some of these. 

Before beginning the general discussion of polynomial functions 
of degrees greater than two, we must give some attention to the nota- 
tion we are to use. Any polynomial function will be denoted by a 
lower case letter, commonly f , although we shall occasionally 
need additional letters such as g, q, r, etc. If we wish to 
emphasize the degree of the function, we shall indicate it by an 
appropriate subscript. Thus fg will indicate a polynomial function 
of degree 3, while f^ and f^ will indicate polynomial functions of 
degrees n and 0, respectively. The coefficients of the poly- 
nomial will be written as a^ with the subscript i equal to the 
exponent of the power of x in that term. Thus, in this notation 
we write: 

f-j_: X a^x + a^, a^ ^ 0, for the linear function; 
f^: X — ^a^x^ + a-j^x + a^, a^ 7^ 0, for the general quadra- 
tic function; 

^n' ^ ^n-1^^""^ ... + a^x + a^, a^ j^' 0, for the 

general polynomial function of degree n. The three dots in this 
formula are the conventional representation of the omitted terms 
of the polynomial. 

Definition 2-2 . A polynomial function of degree n, where 
n is a positive integer or zero, is an association 

f^: X —> a^x^ + ^n-1^^""^ + . . . + a^^x + a^, a^ 7^ 0, where 
the domain is the set R of all real numbers, and the range is the 
set (or a subset) of real numbers 

{y: y = f (x), x e R}. 

p 

Example 1^. , The function fg: x — > x + 1 is a polynomial of - 
degree 2 with range (y: y > l}. (Technically, the word "polynomial" 
is the name of the expression — in this case x + 1 -- which des - 
cribes the polynomial function. It is common practice, however, to 
use the word "polynomial" in the place of "polynomial function" 
when the context makes it clear that we are really talking about 
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the function . ) 

While the coefficients (i = 0, 1, n) in general stand 

for any real numbers, in our examples and exercises they will 
usually represent Integers, Near the end of the chapter we shall 
extend the domain and range of polynomial functions and the coeffi- 
cients of f(x) to the complex number system. 

Before concluding this section, we note that the degree of a 

polynomial function is uniquely defined. That is, if for all real 

X . a given polynomial function can be expressed as 

X — > a x^ + a^ iX^""^ + , . . + aTX + a^ 
n n-1 1 0 

and also as 

then n must equal m, and the corresponding coefficients must 
also be equal, 

a^ = b^ (1 = 0, 1, 2, , . ,, n). 

V/e shall not prove this, but we state it for the sake of complete- 
ness. 

If the degree of a polynomial function is 0, then the function 

is 

f : X ~> a^, aQ ^ 0, 

which we recognize to be a constant function. It is useful for 
certain purposes to consider the special constant function that 
maps every real number into 0, 
f : X 0, 

as a polynomial function. f(x) is then called the zero polynomia.l 
(0 polynomial). The zero polynomial has no degree and is not a 
polynomial of degree zero. To summarize, 

f : X — > aQ, aQ ^ 0, is a polynomial function of degree 0; 

f : X — > 0 is the 0 polynomial, to which we assign no degree. 



2-2 . Evaluation of f (x) at x = c . 

Most of our work with polynomial functions will be concerned 
with two related problems: 

Problem 1_. Given a function .f and any number x in its 
domain, find f (x) . 
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Problem 2, Given a function f and any number y in its 
range, find {x : f'(x) = y) . 

In later sections we shall study the second, and harder, of 
these two problems. In this section we study Problem 1. To graph 
polynomial functions and find the solutions of polynomial equations, 
it is important to evalxiate a given f (x) for different values of 
X. For example, to graph 

f : X — > - + X - 6, 
we may want the values f(x) at x = 0, 1, 2, 3, etc. Of course, we 
may obtain these values by direct substitution, doing all of the 
indicated multiplications and additions. For most values this is 
tedious. Fortunately, there is an easier way which we shall call 
synthetic substitution^ To understand the method, we shall analyze 
a few easy examples. 

Example 1^. Find the value of 

f (x) = 2x^ - x+ 3 atx = 4. 

We write 

f (x) = (2x - l)x + 3. 
When X = 4, this becomes 

[2(4) - 1]4 + 3 = 31. 
Note that to evaluate our expression, we can 

a) Multiply 2 (the coefficient of x^) by 4 and add this 
product to -1 (the coefficient of x); 

b) Multiply the result of (a) by 4 and add this product to 
to 3 (the constant term). 

Example 2. Find f(3), given 
f(x) = 2x^ - 3x^ + 2x + 5. 
f (x) may be written 

(2x^ - 3x + 2)x + 5 ♦ 
or * [(2x - 3)x 4 2]x +5. 

To find the vatoe of this expression when x = 3, we may start 
with the inside pareii'Jheses and 

a) Multiply 2 (the coefficient of x^) by 3 and add this 
product to -3 (the coefficient of x ); 

b) Multiply the result of (a) by 3 and add this product 
to 2 (the coefficient of x); 

[sec. 2-2] 

54 



if5 

c) Multiply the result of (b) by 3 and add this product 
to 5 (the constant term). 
The result is f (3) = 38. 

These steps can be represented conveniently by a table whose 
first row consists of the coefficients of the successive powers of 
X in descending order: (The number at the far right is the parti- 
cular value of X being substituted.) 

2-3 2 5 



' 3) 6 (3 . 3) 9^{ll > 3) ^ 33 

2 3^ 



38 

When this tabular arrangement is used, we proceed from left to 
right. We start the process by rewriting the first coefficient, 2, 
in the third row. Each entry in the second row is 3 times the en- 
try in the third row of the preceding column. Each entry in the 
third row is the sum of the two entries above it. We note that the 
result, 38, can be checked by direct substitution. 

Now let us consider the general cubic polynomial 
f (x) == agX + a^x + a^x + ag, ^ 0. 

When X = c, we have 

\ 3 2 

f(c) = a^o + agC + a^c + aQ, 

which may be written 

f(c) = [(agc + a2)c + a^]c + aQ. 

Again the steps employed in the procedure can be represented in 

tabular form: 

^3 ^2 ^1 ^0 

a^c (a^c + a2)c [(^3^ a2)c+a^]c 

^3 agc ag (a^c + a2)c + a^ | f (c) 

As in earlier examples, the number being substituted is written to 
the right of the entire array. 

Let us do a few more examples. 

Example 3^. Given f (x) = 3x^ - 2x^ + x - 6, determine f(2). 
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3 


-2 


1 


-6 




6 


8 


18 


3 


4 


9 


12 



Now 12 is the result sought, namely f(2). This may be checked by 
direct substitution: 

f (2) = 3(2)^ - 2(2)^ + 2- 6= 24 - 8 -H 2-6 = 12. 
Example 4, Given f(x) = - 3x^ + 2x - 5, determine f(3)* 
Note that a^ = 0 and that this number must be written in its appro- 
priate place as one of the detached coefficients In the first row. 

1 0 -3 2 -5 Ll 

3 9 18 60 

1 3 6~ 20 I 55 

Thus, f (3) = 55, which, as before, may be checked by direct substi- 
tution. 

With a little care and practice, the second line in the above 
work can often be omitted when c is a small integer. 

Example ^. Given f (x) x^ - x^ - l6x^ + 4x + 48, evaluate 
f (x) for X - -3, -2, -1, 0, 1, 2, 3, 4, 5. 

Solution . We detach the coefficients. In order to avoid 
confusion, it is sometimes :n nvenient to write them down at the 
bottom of a sheet of scratch paper and slide this down, covering 
at each step the work previously done. As suggested above, we omit 
the second line in each evaluation and write the value of x we 
are using adjacent to the answer. The results appear in Table 2-1. 

The last two columns now become a table of f(x) and x. Note 
that the row that corresponds to x = 0 has the same entries as 
the coefficient row. Do you see why? 



56 
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Table 2-1 

Computation by Synthetic Substitution 



Coefficient? 



1 


-1 


-16 


4 


48 
















1 


-4 


- 4 


16 


0 


-3 


. 1 


-3 


-10 


24 


0 


-2 ' 


1 


-2 


-I4 


18 


30 


-1 


1 


-1 


-16. 


4 


48 


0 


1 


0 


-16 


-12 


36 


1 


1 


1 


-14 


-24 


0 


2 


1 


2 


-10 


-26 


-30 


3 


1 


3 


- 4 


-12 


0 


4- 


1 


4 


4 


24 


168 


5 










f(x) 


X 



The method described and illustrated above is often called 
synthetic substitution or synthetic division In algebra books. The 
word "synthetic" literally means "put together/' so you can see how 
it is that "synthetic substitution" is appropriate here; in Section 
2-4, you will see why the process is also called "division." The 
method gives a quick and efficient means of evaluating f (x), and 
we are now able to plot the graphs of polynomials more easily than 
would be the case if the values of f (x) had to be computed by 
direct substitution. 

Exercises 2-2 

Evalmte the following polynomials for the given values of x. 

1. f (x) = x^ + X - 3; X = -2; 1, 3. 

2. f (x) = x^ - 3x^ + X - 2; x = -1, -3, 0, 2, 4. 

3. g(x) = 3x^ ^2x^+1; x = |, ^, 2. 
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4. r(x) = 6x^ - 5x^ - 17x + 6; x |, ^, - |, -j, 2. 

5. s(x) = 6x^ - 29x^ + 37x - 12; x = 6, 1, 2, 3, 4. 

6. If f (x) = 2x^ - kx^ + 3x - 2k, for what value of k will 
f(2) = 4? 

7. Evaluate 3x^ - 97x^ + 35x^ + 8x 2 for x = 1/3 

a) directly, 

b) by synthetic substitution. 

8. Evaluate x^^ - 4x^ + 10 for x = 2 

a) directly, 

b) by synthetic substitution. 



2-3 . Graphs of Polynomial Functions 

As stated at the end of Section 2-2, synthetic substitution 
greatly simplifies the problem of graphing. 

Example . Plot the graph of the polynomial function 
f : X — > 2x^ - 3x^ - 12x + 13 

We prepare a table of values of x and f (x) by synthetic 
substitution, and then plot the points whose coordinates (x, f (x)) 
appear in the table. The work is shown in Table 2-2. 

Table 2-2 

Finding Coordinates (x, f(x)) by Synthetic Substitution 

Coefficients 



2 


-3 


-12 


13 




2 


-9 




-32 


-3 ' 


2 


-7 


2 


9 


-2 


2 


-5 


- 7 


20 


-1 


2 


-3 


-12 


13 


0 


2 


-1 


-13 


0 


1 


2 


1 


-10 


- 7 


2 


2 


3 


- 3 


4 


3 


2 


5 


8 


45 


4 








f(x) 


X 



[sec. 2-3] 

58 



k9 

Prom the table we observe that the points (x, f(x)) to be 
plotted are (-3, -32), (-2, 9), (-1, 20), etc. These points are " 
located on a rectangular coordinate system as shown in Figure 2-3a. 
Note that we have chosen different scales on the axes for conven- 
ience in plotting. 



fU) 

+ 40 
35 
+ 30 
25 



(-l,20) 

© +20 



--I5 

e(o,i3) 

--I0 



('.0) 



(4,48) 



0(S,4) 



-2 S -I 



(-3,-32)0 



+ -0 

--I0 
-I— 18 
— 20 
+ -26 
•30 
+ -35 



®(2,-r) 



Pigiire 2 -3a. 

59 



Points on the graph of f: x >2x^ - 3x^ - 12x + 13, 
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Now the problem is how best to draw the' ^ graph. An inspection 
of the given polynomial 2x^ - 3x^ - 12x + 13, shows that for any 
real value of x a value of f(x) exists. We shall assume that the 
graph is a continuous curve with no breaks or holes in it. But the 
question still remains whether the points we have already plotted 
are sufficient to give us a fairly accurate picture of the graph, 
or whether there may be hidden "peaks" and "valleys" not shown thus 
far. ; V/e are not in a position to answer this question categorically 
at present , but we can shed further light on it by plotting more 
points between those already located. By use of fractional values 
of X and the method of synthetic substitution. Table 2-2 is 
extended as shown in Table 2-3. 

Table 2-3 

Additional Coordinates of Points on the Graph of f 



Coefficients 



2 


-3 


-12 


13 




2 


-8 


8 


- 7 


5 

" 2 




2 


-6 


- 3 


¥ 


3 

~ 2 




2 


_ii 


-10 


18 


1 

~ 2 




2 


-2 


-13 


13 
T 


1 

2 




2 


0 


-12 


- 3 


3 

2 




2 


2 


- 7 


_ 1 

2 


5 
2 




2 


li 


2 


20 


7 
2 










f(x) 


X 





Vfhen we fill in these points on the graph, it appears that if 
we connect the points by a smooth curve, we ought to have a reason 
ably accurate picture of the graph of f in the interval from -3 
to 4. This is shown in Figure 2-3b. 

60 
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>/hat about the shape of the graph outside of this interval, 
in particular, for large vailues of |x|? The easiest way to answer 
this question is to look at f(x) for x « 10, 100, -10, -100, etc. 

- values which are easy to find by direct substitution. The func- 
tion under consideration is 

f : X — >2x^ - 3x^ - 12x + 13, 
and f (10) = 2000 - 300 - 120 + 13, 

f(lOO) « 2,000,000 - 30,000 - 1200 + 13. 
It will be observed that even when x is no greater than 10, the 
term of highest degree is a much larger number than any of the 
other terms, and for x = 100 the difference is much greater. Hence, 
f (10) and f (100) are large positive numbers, and the points on the 
graph corresponding to them are far above the x-axis. 

Likewise, f (-10) = -2000 - 300 + 120 + 13 
and f(-lOo) = -2,000,000 - 30,000 + 1200 + 13. 

Again, the v^lue of the term of highest degree clearly dominates 
the other terms, and f (-10) and f(-lOO) are negative numbers that 
correspond to points on the graph far below the x-axis . 
\^ Writing the given, polynomial in a factored form, 

2x^ - 3x^ - 12x + 13 = 2x^(1*- - + -i^j, may he.ip to show why 

Q 2x 
the term 2x dominates all other terms for large |x|. The fractions 

containing x in the denominator decrease numerically as |x| 

increases, so that for sufficiently large values of |x|, the 

expression in parentheses has a value close to 1. 

By this kind of reasoning we can deduce that for any polyno- 
mial the term of highest degree wil.l- dominate all other terms for 
large values of |x|. This means that the sign of f(x) will agree 
with the sign of the term of highest degree for large |x|, and 
hence the graph of f will lie above or below the x-axis according 
as the value of this. term is positive or negative. Also one can 
reason that the n^^ degree polynomial behaves like the linear 
function when |x| is very small. 

The question now arises whether the point (-1, 20) is the 
highest point on the graph between x = 0 and x = -2, or whether the 
highest point may actually be a little to the right or left of 
(-1, 20). By choosing values of x very close to -1, . evaluating 
f(x) for these values of x, and comparing them v;ith f(-l), we 
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decrease our uncertainty about the location of the highest point,, 
but we cannot assert that (-1, 20) is the highest point in this 
interval. For example, for x = -0.9, synthetic substitution gives 
f (-0,9) = 19.912, which is a little less than f (-l) = 20. Like- 
wise, f(-l.l) = 19.908, which again is a little less than 20. 

But we still do not know whether the point (-1, 20) is the 
highest point between x = -O.9 and x = -1.1. The answer to this 
question will be given in Chapter 3, when we develop a method for 
finding these so-called "maximum" and "minimum" points. 

In spite of our mcertainty about its exact shape, the graph 
does give us information about the zeros of the function. We note 
that the graph crosses the x-axis at (l, O); in other words, 
f(l) = 0, and hence, by definition, 1 is a zero of f. Looking 
further, we see that the graph also crosses the x-axis between 
X = - |. and X = -2, and again between x = -| and x = 3. Since the 
abscissa of each intersection with the x-axis is^ a number for which 
f(x) = 0 and hence by definition a zero of f, we conclude that 
f has a zero between - ^ and -2 and another between |- and 3. The 
graph does not enable us to determine whether these zeros are 
rational or irrational; this question will be considered in suc- 
ceeding sections. 



Exercises 2-3 

Draw the graph of each of the following functions: 
3 2 

1. f: X — > -2x + 3x + 12x - 13 (Compare this graph with the one 
in Figure 2-3b. What do you observe?) 

2. f: X — >2x^ - 12x + 13 

3 2 

3. f: X — >2x - 3x - 12 x (Compare this graph with the one in 

Figure 2-3b. What do you observe?) 
o 

^. f: X — (In this case, direct substitution is faster than 

synthetic substitution. ) 
o 

5. f : X — >x + h (How does this graph compare with that of 
Exercise ^r? ) 

6. f : X — >x^ - 3x^ + i| 
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7. f: X — >x^ (Use generous scales on both axes and draw the • 

q o +1 

graph from x = - ^ to x = -I*. Include the points where x = - -j- 

and X = t x) 

it P 

8. f : X — >x - 2x^ " 5x + 6x 



2-4 . Remainder and Factor Theorems 

Momentarily we shall turn away from graphing and take another 
look at the process we described in Section 2-2, in order to develop 
two theorems that will be useful in finding the zeros of polynomial 
functions. The synthetic substitution used to determine f(2), given 

f: X — >x^ - 7x^ + 3x - 2, 
will be the basis for this development, so let us examine it close- 

1-7 3 -2 1 2 

2 -10 -14 

1-5-7-16 
We rewrite the first row in the synthetic substitution as the 
given polynomial (by restoring the powers of x), and then attach 
the same power of x to each entry in a given column. Thus we 



obtain 



Ix^ -7x^ +3x -2 
. 2x^ -lOx -14 



ijT -5x^ -7x -16 
The polynomial in the third row is the sum of the two preceding 
polynomials. Since f(x) = x^ - 7x^ + 3x - 2 and f(2) = -l6, the 
above addition can be written 

f(x) + 2x^ - lOx - 14 = x^ - 5x^ - 7x + f(2). 
By factoring, we may write 

f(x) + 2{x^ _ 5x - 7) = x(x^ _ 5x - 7) + f(2). 
Solving for f(x), we have 

f(x) = x(x2 - 5x - 7) - 2(x^ - 5x - 7) + f(2), 
or f(x) = (x - 2)(x^ _ 5x - 7) + f(2). 

The form of this expression may look familiar. It is, in 
fact, an example of the division algorithm: 

Dividend = (Divisor ) (Quotient ) + Remainder. 
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In our example, if (x - 2) is the divisor, then 

q(x) = x^ - 5x - 7 
is the quotient, and f (2) is the remainder. This result may be 
generalized. It is of sufficient importance to be stated as a 
theorem. 

Theorem 2-»l . Remainder Theorem . If f(x) is a polynomial of 
degree n > 0 and if c is a number, then the remainder in the 
division of f(x) by x - c is f(c). That is, 

f(x) = (x - c)q(x) + f(c), 
where. the quotient q(x) is a polynomial of degree n - 1. 

Proof; We shall prove the theorem only in the case of the 
general cubic polynomial, 

op 

f (x) = agx + a^x + a^x + aQ. 
Following the pattern of the previous example, to determine f(c)'we 
write the synthetic substitution 



ag a^ a^^ a^ 



a^c (a^c + a2)c (a^c + a^c + a^)c 

( ag) (a^c + ag) ( a^c^ + a^c + a^ta^c^ + a^c^ + a^^c + ag) 

As before, writing in the appropriate powers of x, we get 
3 2 

a^x + a^x + a^x +aQ 

^a^ox "^(^3^ a2)cx + {a^C + a^c + aj^)c 

a^x + (agC + a2)x + (^3^ ^1^^ ^^3*^ ^2 ^1^ ^0^ 

We note that the polynomial in the third row is the stun of the two 
preceding polynomials, that the polynomial in the first row is 

o p 

f (x) and that(a2C + a^c + a^^c + aQ)is f(c). Hence we may write 
f (x) + c[a2x" + (a^c + a2)x + (^30^ + a^c + a^^)] = 

x[a2X + (a^c + a2)x + (a^c + a^c + a^^)] + f (c). 

Thus we have 

f (x) = (x - c)[a2X^ + (a^c + a2)x + (a^c^ + a^c + a^^)] + f{c) 

or f(x) = (x - c)q(x) + f(c). q.e.d. 

The process is the; same for higher degree polynomials. It 

gives 

f(x) - (x - c)q(x) + f(c), 
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where q(x) is a polynomial of degree n - 1. 

If the remainder f(c) is zero, then the divisor x - c and the 
quotient q(x) are factors of f(x). Hence we have a second theorem; 

Corollary 2-1-1 . Factor Theorem . If c is a zero of a 
polynomial function f of degree n > 0, then x - c is a factor of 
f (x), and conversely. 

Proof. We know from Theorem 2-1 that there exists a polynomial 
q(x) of degree n - 1 such that 

f (x) = (x - c)q(x) + f (c). 
If c is a zero of f, then f (c) = 0 and 

f(x) = (x - c)q(x). 
Hence x - c is a factor of f (x), by definition. 

Conversely, if x - c is a factor of f(x), then by definition 
there is a polynomial q(x) such that 

f(x) = (x - c)q(x). 

For X = c, we obtain 

f(c) = (c - c)q(c) = 0, 
and hence c is a zero of f . q.e.d. 

Example 1^. Find the quotient and remainder if 
f (x) = 2x^ - 6x^ + X - 5 

is divided by x - 3. 

Solution . 2-6 1-5 | 3 

6 0 3 
2 0 1-2 
Hence, q(x) = 2x^ + 1, 

f(3) = -2, 

and 2x^ - 6x^ + X - 5 = (x - 3)(2x^ + l) - 2. 

Example 2. Show that* x - 6 is a factor of 
f (x) = x^ - 6x^ + X - 6, 
. and find the associated q(x). 
Solution . 1 -6 

6 0 6 
10 10 
Here, f (6) = 0, q(x) = x^ + 1, and 

f (x) = (x - 6)(x^ + 1). 
In testing for the divisibility of a polynomial by mx + b, 
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m ^ 0, we write 

mx + b = m(x + ^) = m[x . ^)] 
and see whether ^'(- jj^) = 0. By the Factor Theorem, mx + b is a 
factor of f (x) if and only if f (- ^) = 0. (Note that - - is the 
root of mx + b = 0. ) 

In applying the Factor Theorem, it may sometimes be easier to 
compute f (c) by direct substitution, rather than by the method of 
synthetic substitution. Thus, to show that x - 1 is a factor of 

•"f(x) = 2x^^ ^ x^^ - 1, 
we note that f(l) = 2- l-.l=:0. 

Evaluating f (l) by the synthetic substitution r^ethod would take 
considerably longer I 

At this point you may wonder what to do when confronted with 
a polynomial such as 

8x^ - 28x^ - 62x^ + 7x + 15 
which you might like to factor. Note that the Factor Theorem is 
only a testing device. It does not locate zeros of polynomial 
functions, Methods, other than blind guessing, for doing this 
will be developed in the next sections. 

Exercises 2-4 

1. Find q(x) and f(c) so that 'f(x) = (x - c)q(x) + f(c) if 

a) f (x) = 3x^ + kx^ - lOx - 15 and c = 2 

b) f (x) = x^ + 3x^ + 2x + 12 and c = -3 

c) f (x) = -2x^ + 3x^ + 6x - 10 and c = 3 

d) fM - 2x^ - 3x^ + 5x - 2 and c = I 

2. Find the quotient and remainder when 

a) x"^ + 4x - 7x - 3 is divided by x - 2 

b) x^ + 3x^ - 4 is divided by x + 2 

c) 3x^ + 4x^ - 7x + 1 is divided by 3x - 2 

3. If f^(x) is divided by g^M 0 so that a quotient q(x) and 
a remainder r(x) are obtained, what is the degree of q(x)? 
of r(x)? 
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k. 

5. 

6. 

7. 
8. 



10. 



In Exercises 1 to 5 of Section 2-2 do any of the polynomials 
have linear factors? If so, find them. 

If f(x) = + hx^ + X - 6, determine f (x) at x = 3, 2, 1, 0, 
-1, -2, -3. What are the factors of f(x)? 

If f (x) = 2x^ + - 5x + 2, determine f (x) at x = -2, -1, 0, 
1, 2, and ^. What are the factors of f (x)? 
If f(x) = x^ + 3x^ - 12x - Ic, find k so that f (3) = 9- 
If f (x) = x^ - 



x" + kx - 12, 
divisible by x - 3. 



find k so that f(x) is exactly 

lOx - 2a, and if f (-1; = 0, 



If f (x) = ax^ + ax*^ + 13x^ - llx^ 
what is f(l)? 

The quadratic formula enables us to find the zeros of a,ny 
quadratic function and hence, by the Factor Theorem^ to write 

quadratic expression in factored form as the product of 
two first-degree polynomials with complex coefficients (real 
or imaginary). For example, 

x^ - 4x + 1 = (x - 2 - ■/3)(x - 2 + 73), 
since the roots of x^ - 4x + 1 = 0 are 2 + and 2 - vT. 
Write each of the following in factored form over the complex 
nvimbers : 



+ 7x - 15 
■ X - 1 



- 6x + 13 



2x2 
2 

X 

x2 
x^ - 5x 
2x^ - 3x + 2 
9x2 + 6x + 5 
2x2 - 4x + 1 



[Answer; 



2(x - )(x - 



4 ^ 



2-5 . Locating Zeros of Polynomial Fimctlons 

As has been pointed out earlier, our primary objective in 
this chapter is to study some methods for finding the zeros of 
polynomial functions, or, in other words, for solving equations of 
the form f (x) .= 0, where f(x) is a polynomial. 

If we are confronted with a particular polynomial equation 
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f (x) = 0 and a particular number c, we can easily determine by 
direct or synthetic substitution — whether or not this number c 
is a solution. But this technique does not tell us how to find 
zeros of polynomial functions. 

You already know how to solve linear equations and quadratic 
equations. In fact, you know simple formulas for doing this. In 
the sixteenth century, attempts were made to fjnd formulas for 
solving equations of higher degree. Although a few results were 
obtained, it was found later that to seek formulas is not the best 
way to approach the problem. 

It may surprise you to learn that the best way to solve equa- 
tions of higher degree is to guess at the solutions. To be sure, 
it is not at all wise to guess blindly. The purpose of this section 
and the next is to examine some methods that will enable you to 
guess intelligently. 

Prom your experience in drawing graphs, you already have a 
method for estimating the approximate values of the zeros of a 
polynomial function. (Refer back to Section 2-3.) But plotting 
i^^.c^phG is time-consuming, and there are better methods. Inherent 
in tne process of preparing a table for graphing, however, is 
information that helps us to make intelligent guesses about the 
zeros. This information is contained *in the following theorem. 

Theorem 2-2 . The Location Theorem . If f is a polynomial 
function and if a and b are real numbers such that f (a) and 
f(b) have opposite signs, then there is at least one zero of f 
between a and b. 

Geometrically this theorem means that the graph of f from 
(a, f(a)) to (b, f(b)) intersects the x-axis in at least one point. 
Figure 2-5a illustrates this theorem. (The graph in this figure 
intersects the x-axis in three places — hence "at least once.") 
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f(b) 






0 / i X 




/ b 
f(a) 


< 



Figure 2-5a. 

Illustration of the Location Theorem: f(a) and f(b) are of 
opposite sign so that f must have at least one zero 
between a and b . 



We shall accept the Location Theorem without proof, first 
because its proof requires a sequence of theorems that are beyond 
our reach at this time, and secondly because the result is quite 
easy to accept intuitively. If the graph is below the x-axis at 
one point and above it at another, it must cross the x-axis some- 
where in between. The crux of the proof consists in showing that 
the graph of any polynomial function f from x = a to x = b is 
continuous — that is, it has no gaps. 

Figure 2-5b shows that if, in the Location Theorem, f were 
not a polynomial function, the conclusion would not necessarily 
be correct. The curve lies sometimes below and sometimes above 
the X-axis, yet does not intersect it; however, the graph is not 
continuous . 
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Figure 2-.5b. Graph of y = x + l/x. 



Example 1^. Given that the polynomial function 

f : X ^12x^ - 8x^ - 21x + 14 

has three real zeros, locate each of them between two consecutive 
integers . 

Solution . We use the Location Theorem to search for values 
of f (x) that are opposite in sign. It is convenient to do this in 
a systematic way by synthetic substitution, setting down the work 
as in Table 

The intervals that contain the real zeros or f are indicated 
by the arrows at the right in the table . 
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Table 2-4 



Locabing the 


Zeros of 


f:x >12x^ - 8x^ - 


21x + 14 


12 


-8 


-21 


14 






12 


Q 
-O 


-21 


1 }l 

14 


U 


Location of a 










< 


— zero 


12 


4 


-17 




1 












< 




12 


16 


11 


36 


2 




12 


28 


63 


203 


3 




12 


-8 


-21 


14 


0 




12 


-?0 


- 1 


15 


-1 












< — 




12 


-32 


43 


-72 


-2 






f(x) 


X 



Answer . The real zeros of f are located between 0 and 1, 
between 1 and 2, and between -2 and -1, 

A few remarks concerning the use of the Location Theorem may 
be helpful. It is quite possible for f(a) and f(b) to be of the 
same sign, and yet for f to have zeros between a an'd b, as 
illustrated in Figure 2-5c, and the zeros may go undetected. 




Figure 2-5c. 
Graphs with f(a) and f(b) of the same sign, 
yet with zeros of f between a and b. 



Further information to be developed in the remainder of this chap- 
ter will be of assistance, but it should be emphasized that the 
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problem of locating the zeros of a polynomial function is essential- 
ly a matter of trial. 

How far should we extend the table of x and f (x) when search- 
ing for the locations of the zeros? This is a very practical 
question, as illustrated in the next example. 

3 2 

Example 2. Locate the real zeros of f: x — > 2x - x - 2x + 6. 
Solution . The usual procedure is shown in Table 2-5, 







Table 


2-5 




Locating 


the Zeros 


of f: 


X »2x 


^ - - 2x + 6 


2 


-1 


-2 


6 




2 


-1 


-2 


6 


0 


2 


1 


-1 


5 


1 


2 


3 


4 


14 


2 


2 


5 


13 


45 


3 


2 


-1 


-2 


6 


0 


2 


-3 


1 


5 


-1 










< 


2 


-5 


8 


-10 


-2 


2 


-7 


19 


-51 


-3 




f(x) 


X 



The Location Theorem tells us that there is at least one real 
zero between -1 and -2, but what about the other zeros, if any? 
Later (Section 2-8) we shall show that' any polynomial equation of 
degree n > 0 has at most n roots, real or imaginary, and 
(Section 2-9) that imaginary roots of polynomial equations with 
real coefficients occur in conjugate pairs. Thus, for the example 
being considered, there are a number of possibilities: (l) there 
may be one, two, or three real zeros, all contained in the interval 
between -1 and -2, (2) two zeros may be imaginary, in which case 
there is only one real zero, (3) one or two real zeros may be in 
some other Interval of the table between successive integral 
values of x, or (^0 one or two real zeros may be in intervals 
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outside the values of x shown in the table. 

Possibility (4) appears unlikely for the simple reason that 
when we evaluated f (2) = all the entries in the corresponding 
row of Table 2-5 were positive. They will be still greater for 
greater values of X} the table shows this for x = 3, and you can 
check it yourself for x = 4. Thus it appears that for x > 2, f (x) 
must be positive, so that there cannot be a zero of f greater 
than 2. We prove this, and also that there cannot be a zero of 
the given polynomial less than -2,' by application of the following 
theorem. — ' — 

Theorem 2-3 . Upper Bound for the Zeros of a Polynomial Func- 
tion. If a positive number a is substituted synthetically in 
f(x), where f is a polynomial function, if all the coefficients 
of q(x) are positive, and if f (a) is also positive, then all the 
real zeros of f are less than a. We then call a an upper 
bound for the zeros of f . 

Proof . By the Remainder Theorem, f(x) = (x - a)q(x) + ^'(aj. 
For X = a, f (x) = f (a) > 0. For x > a, by hypothesis, x - a, q(x), 
and f (a) are all positive. Thus, x > a is not a zero of f, and 
all 'real zeros of f must be less than a. 

Now you will see from Table 2-5 that 2 is an upper bound of 
the zeros of the given polynomial. VJe really did not need to 
evaluate f (3) . 

V/hat about a lower bound for the zeros? Since any negative 
root of f (x) = 0 is a positive root of f (-x) = 0, if we find an 
upper bound for the positive roots of f (-x) = 0, its negative will 
be a lower bound for the negative roots of f(x) = 0. Let us apply 
this test to our example. 

Prom the given polynomial, 

f (x) = 2x^ - x^ - 2x + 6, 

we find that 

f (-x) -2x^ - x^ + 2x + 6. 
Since we are trying to find the roots of the equation, f (-x) = 0, 
it will be less confusing to multiply each member of this equation 
by -1 in order to have a positive coefficient for the 3rd degree 
term. This gives the equivalent equation -f(-x) = 0, i.e., 
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2x^ + x"^ - 2x - 6 = 0. 
Using synthetic substitution, we obtain the results shovm in 
Table 2-6 for positive values of x. 

Table 2-6 





Evaluating 


-f(-x) 


3 


- 2x - 6 


2 


1 


-2 


-6 




2 


1 


-2 


-6 


0 


2 


3 


1 


-5 


1 










•< 


2 


5 


8 


10 


2 


2 


7 


19 


51 


3 




-f(-x) 


X 



This table tells us two things. First, a positive root of -f (-x) = 0 
occurs between 1 and 2, which means that a negative root of 
f (x) = 0 occurs between -1 and -2, as previously shown in Table 2-5. 
Secondly, 2 is an upper bound for the roots of -f (-x) = 0, ajid 
hence, -2 is a lower bound for the roots of f (x) = 0. This is the 
conclusion which we have been looking for. In actual practice, 
however, it is unnecessary to evaluate -f (-x) to find a lower 
bound for the zeros of f . You will notice in Table 2-5 that the 
synthetic substitution for x = -2 gives alternating signs for the 
coefficients of q(x) and f(-2). 

In general, if a negative number a is substituted syntheti- 
cally in f (x), and if the coefficients of q(x) and the number f(a) 
-alternate in sign, then all of the real zeros of f are greater 
than a, and a is a lower bound for the zeros. 

To conclude Example 2, we have found that 2 is an upper bound 
and -2 is a lower bound for the real zeros of the given function. 
Hence, all the real zeros of f are contained in the interval 
(x: -2 < X < 2}, and we have found that one zero lies between -1 
and -2. For the moment we say no more about the other zeros. 
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Exercises 2-5 

1. Find intervals between consecutive integers that contain the 
real zeros of f, given that: 

a) r(x) = - 3x^ + 3 

b) f (x) = 3x^ + x^ + X - 3 

c) f (x) = 9 -x ~ x^ - 

d) f(x) = 3x^ - 3x + 1 (Hint: evaluate f(|-).) 

e) f (x) = 2x^ - 5x^ - X + 5 

f) f (x) = - 3x^ + 6x - 9 

g) f (x) - 6x^ + x^ + 12x - 6. 

2. Deterifnine the range of values of k for which 

3 2 

f(x) = X - 2x + 3x - k has at least one real zero between 

a) 0 and 1, 

b) 1 and 2. 



2-6 . Rational Zeros ♦ 

If f(x) is a polynomial a^x^ + ^n-1^^"*^ + ... + a^x + 3.^, all 
of whose coefficients a^, ^n-1* ^0 integers j then we may 

find all rational zeros of f by testing only a finite nmber of 
possibilities, as indicated by the following theorem^ 

Theorem 2-4 , Rational Zeros of Polynomial Functions . If the 
polynomial 

f(x) = a^^x" + ^n-1^^"*^ ^ + a^^x + aQ (l) 

has integer coefficients a^, ^n-1' ^0' ^ ^ ration 

al zero p/q 0, q > 0, expressed in lowest terms (that is, p and 
q are integers with no common integer divisor greater than l), 
then p is a divisor of aQ and q is a divisor of a^. 

(Note that in this discussion q is a positive integer and 
is not to be confused with the polynomial function q: x >q(x).) 

Proof . If p/q is a zero of f, then f(p/q) = 0. 
By Equation (l) 

f(f) = a„(£)".a„.,(E)''-l+ ....a,(£)+a,.0, 
or, when cleared of fractions, 

7b 
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a^p"" + a^^-j^p^^lq + . . . + a-j^pq"""^ + a^q"" = 0. (2) 
Solving Equation (2) for aQq^ we obtain 

aQq'^ = - + a^^-j^ p^-^q + . + a^pq^"^] 

= pN, (3) 
where N = "l^^n^^""*^ ^' ^n-1^^"^^ + ... + a^q^""*^] is an integer. Hence 
p divides SqQ^ a v/hole number, N, of times. We \^±sh to show 
that p divides aQ, To do this, we appeal uO the fundamental 
Theorem of Arithmetic, that the factorization of positive integers 
is unique; namely, we note that since p and q have no common 
integer divisor greater than 1, neither have p and q^. Hence, 
all the factors of p are factors pf aQ, and p is a factor of 

To prove that q divides a^, we write Equation (2) in the 

form 

a^p" = - q[a^_3^p"-l + ... + a^^pq"-^ + aQq^-^]. (4) 

Then we reason that since q divides the right-hand side of (4), 
it divides the number a^^p^. Again, since p and q have no com- 
mon divisor greater than 1, neither have q and p^. Hence, all 
the factors of q are factors of a^^, and q is a factor of a^^. 
q.e.d. 

The foregoing result may be easier to remember if we state it ■ 
in words: If a fraction in lowest terms is a root of a polynomial 
equation with integer coefficients, then the numerator of the frac- 
tion must divide the constant' term of the polynomial, and the deno- 
minator must divide the coefficient of the highest power of x. To 
keep things straight, we can always see how the theorem works for 

mx + b = 0, m ^ 0. 
The only root is -b/m; the numerator -b divides b, while the 
denominator m divides m. 

If the polynomial has fractional coefficients, the theorem can 
be applied after the polynomial has been multiplied by a non-zero 
integer to clear of fractions, because the roots of f (x) = 0 and 
the roots of k [f(x)]= 0 ^ 0).are the same. 
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Example 1^. What are the rational roots of 

3x^ - 8x^ + 3x + 2 = 0? 
Solution . It is clear that 0 is not a root. If p/q is a 
rational root, in lowest terms, then 

P divides 2, q divides 3. 
The possibilities are 



so .that 



p = ± 1, i 2, q = 1, 3, 



£^+1+2 +1 ^^+2 



We test these one by one and find that the roots of the given 
equation are 1, 2, and - 

(Note that in the statement of Theorem 2-4, we specified q > 0 
so the possibilities for q are all positive. There is no point 
in testing both and ) 

Example 2. Find the rational roots of 
3x^ - Sx"^ + 3x'^ + 2x = 0. 



Solution. 



f (x) = 3x^^ - 8x^ + 3x^ + 2x 
= x(3x^ - 8x^ + 3x + 2). 
Now, f (x) =0 

if and only if either 
X = 0 

or 3x^ - 8x^ + 3x + 2 = 0. (5) 

By Example 1, the roots of Equation (5) are 1, 2, and - Adding 
the root 0, we see that the roots of f'(x) = 0 are 0, 1, 2, - -j. 
Corollary 2-4-1 . Integral Zeros . . If 

f (x) = x^ -h a^^ix^^-^ -I- . . . + a^x + a^ 

is a polynomial with integer coefficients, with the constant term 
Hq/^O, and with the coefficient of the highest power of x equal 
to 1, then the only possible rational zeros of f are integers 
that divide a^. 

Proof. Suppose p/q (in lowest terms), q > 0, is a zero of f , 
Since a^ = f (o) / 0, p/q / 0. Hence, by Theorem 2-4, p divides 
a^ and q divides 1. Therefore, q = 1, and p/q = p is an integer 
that divides a^. q.e.d. 
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Example 3^. Find the rational zeros of 
f: X >x^ + 2x^ - 9x - 18. 

Solution . By Corollary 2-4-1, the possible rational zeros are 
integers that divide -18, namely i 1, ± 2, ± 3, i 6, t 9, - l8. By 
-trial, the ^eros of f are -3, -2, and 3. ^ 

Reduction of degree . After we have found one zero of a poly- 
nomial function f , we can use a special device to make it easier 
to find further zeros. By this device, we can cut down the number 
of possible zeros we have to test, and sometimes we can even use it 
to help us find certain irrational zeros. We explain this device 
as follows: 

V/e know from the Factor Theorem (Corollary 2-1-1) that, a is 
a zero of f if and only if there is a polynomial q such that 

f(x) = (x - a)q(x). ' (6) 

Since the product (x - a)q(x) is zero if and only if either* 
X - a = 0 or q(x) = 0, it follows that the set of zeros of f con- 
sists of a together with the set of zeros of q: 

(x : f (x) = 0) - (x : X =. a or q(x).. = O) . (7) 
Moreover, the degree of q is one less than the degree of f . 
Thus, if we can find one zero of f. Equations (6) and (?) allow 
us to reduce the problem of finding the zeros of f to that of 
finding the zeros of a polynomial q of lower degree. Naturally 
we may repeat the process, with q in place of f, if we are 
fortunate enough to find a zero of q, say b. For then we may 
apply the Factor Theorem to q and write 

q(x) = (x - b)r(x), 

and 

{x : q(x) ^ 0] ^ [x : X = b or r(x) = 0). 
If we are successful in repeating this reduction until we have 
a quotient which is either linear or quadratic, we can easily 
finish the job by solving a linear or quadratic equation. 
Example k. Find all solutions of 

2x^ - 3x^ - 12x + 13 = 0. (8) 
Solution . We noticed In Section 2-3, Figure 2-3b, that 1 is 
a solution of Equation (8). Therefore, x - 1 is a divisor of 
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2x"^ - 3x - 12x + 13. Performing the division. 



2 


-3 


-12 


13 




2 


- 1 


-13 


2 


-1 


-13 


0 . 



Thus 

2x^ - 3x^ - 12x + 13 - (x - l)(2x^ - x - 13), 
and the solutions of Equation (8) are 1 and the solutions of 

2x^ - X 13 = 0. 
By the quadratic fomula, (l + -/TO )/^ and (l - ^/lOd )/4 are 
the additional solutions of Equation (8). 

Example ^, Find all zeros of 

f: X— >12x^ - 8x^ - 21x + l4. 
. Solution , This is the same function that we considered earlier 
in Section 2-5, Example 1. At that time we found that there are 
zeros between 0 and 1, between 1 and 2, and between -2 
and -1. Thus, we know that there are three real zeros, but we do 
not know whether they are rational or irrational. If all three are 
irrational, the best we can do is oo find decimal approximations 
(see Section 2-7). But if at least one zero is rational, then we 
can obtain a function of reduced degree — in this case a quadratic 
— that will enable us to find the exact values of the remaining 
zeros whether rational or irrational. 

If the function has a rational zero, it will be of the form 
p/q, and by the Rational Root Theorem the possibilities for p 
are i 1, i 2, i 7, t ik^ and for q are 1, 2, 3, 4, 6, 12. 
Thus, there appear to be a good many values of p/q to test as 
possible zeros of the given function. But since we already know 
something about the location of the zeros, we need test only those 
possible rational zeros p/q between 0 and 1, between 1 and 
2, and between -2 and -1, until a zero is found. 

Now the possible rational zeros between 0 and 1 are 

P 11111 27 
q - TT^ B"' T?' IT' IS- 

By synthetic substitution, we ^ind that f (l/2) = 3. Since f (O) = llf 

and f(l) = -3 (see Table 2-^), the zero lies between 1/2 and 1. 
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Hence, we need not test the values l/3, 1/4, l/6, and 1/12. This 
is a good example of how the Location Theorem may save us \mneces- 
sary work. 

Continuing, we know that the only possible rational zero 
between 1/2 and 1 is 2/3 or 7/l2. Testing these, we find 
that f(2/3) = 0, and we have found the rational zero 2/3. By the 
Factor Theorem, x - 2/3 is a divisor of f(x), and the quotient, 
obtained from the synthetic substitution of 2/3, is 
q(x) = 12x^ - 21. 
The zeros of q are the roots of 
12x^ - 21 = 0, 
which are V?" and ^7" . 

2 V 7 V 7 

Thus, the zeros of the given polynomial are -g-, — jj-^, . 



Exercises 2-6 



Find all rational zeros of the polynomial functions in 
Exercises 1 - 12, and find as many irrational zeros as you can. 



a) X — >2x^ - 3x - 2 

b) ^ X — 9^2x^ - 3x''^ - 2x 

3 2 

2. a) X — >x - 6x + llx - 6 
b) X — >x^ - Sx"^ + llx^ - 6x 

3. a) X — >x"^ - 2x^' + 3x - 4 
b) X — >x^ - 2x"^ + 3x^ - hx 

4. a) X — ^2x'^ - x^ - 2x + 1 
b) X — 5«'2x - x"^ - 2x + X 

5. X — >12x'^ - 40x^ + 19x -l- 21 

6. X — >3x'^ - lOx^ + 5x + 4 

7. X — >hx^ - lOx^ + 5x + 6 

8. X — >-x^ - 2x"^ - 7x^ + 8x + 12 

9. X — >-x - 8x + l6 

10. X — >x^ - 5x^ + 5x" + 5x - 6 

11. X — >x^ + 3x^ - 5x^ - Vbx - + 4x + 12 

12. X — >3x'^ - 8x'^ - 28x^ + 64x - 15 
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13. Show algebraically that the equation x + l/x = n has no real 
solution if n is a real number such that |n| < 2. (See 
Figure 2-5^ for the geometrical picture.) 

Ih. Find a cubic equation whose roots are -2, 1, and 3. 
(Hint: use the Factor Theorem.) 

You are familial"* with the fact that for the general quadratic 
equation, ax -f bx + c = 0, the sum of the roots is -b/a and 
the product of the roots is c/a. Similar relationships exist 
between the roots and the coefficients of polynomials of higher 
degree. The following problems are intended to illustrate these 
relationships for third-degree polynomials. 

15. Use the roots of the equation given in Exercise l4 for each 
of the following parts: 

a) Find the sum of the roots. Compare this result with the 

2 

coefficient of x obtained in Exercise l4. 

b) Find the sum of all possible two-factor products of the 
roots. That is, find (-2)(l) + (-2)(3) + (l)(3). Com- 
pare this result with the coefficient of x obtained in 
Exercise l4. 

c) Fin;} the product of the roots. Compare this result with 
the constant tevm obtained in Exercise 14. 

16. If the roots of a 3rd-degree polynomial equation are -2, 
1/2, and 3, find , 

a) the sum of the roots, 

b) the sum of all possible, two-factor products of the roots, 

c) the product of the roots. 

d) Using the results of (a), (b), and (c), write a polynomial 
equation of 3rd degree having the given roots. 

e) Check your results by using the Factor Theorem to obtain 
the equation. 

17. a) Using the Factor Theorem, write in expanded form a 3rd- 

degree polynomial equation having the roots r^, r^, and 

b) From the result obtained in part (a), and from the fact 
tliat any polynomial of 3rd degree can be written in the 
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^^^^ a a a 

find expressions for the coefficients a^/ag^ ^1/^3^ 
ao/a^ in terms of the roots r^, r^, and .Tg. 
18, Find the polynomial function f of degree 3 that vanishes 
(i.e., has zeros) at x = -1, 1, and 4, and satisfies the con- 
dition f(0) = 12, 



2-7 . Decimal Approximations of Irrational Zeros . 

Nov/ that we have methods for finding the rational zeros of 
polynomial functions, we shall discuss briefly one method for 
approximating a real, but irrational, zero to any number of decimal 
places. Thi3 may be important when there are no rational zeros, 
thus making it impossible by our methods to obtain a polynomial of 
reduced degree. For example, the polynomial 

f : X — >x^ + 3x - 1 
has no rational zeros, as you can easily verify by testing the only 
possibilities, 1 and -1. However, since f(0) == -1 and f(l) = 3, 
the Location Theorem tells us that there is a real zero between 0 
and 1. Further, since f(0.3) = - 0.073 and f(0.4) = 0.264, we 
know that the zero lies between 0.3 and 0.4. 

If we interpolate between these two values, we obtain 0.32 
as a better approximation of the zero. By comparing f(0.32) with 
f(0.3l) and f(0.33), and us^ng the Location Theorem again, we can 
be certain of the value of the zero to two decimal places. 

This process can be repeated indefinitely, but many people 
find that it isn't fun to do the arithmetic without the help of a 
desk calculator, and there are more powerful methods, as we shall 
see in Chapter 3. 



Exerciser 2-7 



1. Find correct to the nearest O.5, the real zero of 

f . X — >x^ - 3x^ « 2x + 5 that lies between 3 and 4, 
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2. a) Find, correct to the nearest O.5, the real zeros of 

f : X — >x^ - 2x^ + X - 3 . 
b) Find the zeros correct to the nearest 0.1, 

3. a) Find a solution of x + x ^ 3 correct to one decimal place. 

b) Find tMs solution correct to two decimal places. 

^•1 . Find the real cube root of 20 correct to two decimal places by 

q 

solving the equation x = 20. 



2-8 . Number of Zeros 

As a result of your work with polynomials thus far, you may 
have the impression that every polynomial function of degree n > 0 
has exactly n zeros. This is not quite right; what we must say 
is that every such function has at most n zeros. We shall prove 
a theorem to this effect, but first let us exhibit a polynomial 
function for which the number of zeros is less than the degree. 
The quadratic function 

f : X >x^ - 6x + 9 = (x - 3)^ 

has only one zero, namely 3. But since the quadratic has two 
identical factors x - 3, we say that the zero 3 has multiplicity 
two . 

V/e define the mu ;/:.iplicity of a zero r of a polynomial f 
to be the exponent of the highest power of x - r that divides 
f(x). That is, if 

f(x) = (x - r)^ q(x), k > 0, 
where q(x) is a polynomial, and if x - r does not divide q(x), 
then r is a zero of f of multiplicity k. 

The proof of the general theorem about the number of zeros of 
a polynomial function depends on the fact that every such function 
has at least one zero. This fact, often referred to as Gauss's 
Theorem, is stated as follows: 

Theorem 2-3 . The Fundamental T heorem of Alcebra . Every 
polynomial function of degree greater than zero has at least one 
zero, real or imaginary. 

This is the simplest form of the Fundamental Theorem of Alge- 
bra. (As a matter of fact, the theorem is correct even if some or 
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all of the coefficients of the polynomial are imaginary.) 

The first Imovin proof of the theorem was published by the 
J!,?^eat German mathematician Carl P'riedrich Gauss (1777 - 1855) in 
1799. (Eric Temple Bell has written an Interesting account of 
Gauss. See V/orld of Mathematics , Simon and Schuster, 1956, Volume 
1, pages 295-339, or E. T. Bell, Men of Mathematics , Simon and 
Schuster, 1937, pages 218-269.) The proof was contained in Gauss's 
doctoral dissertation, published when he was 22. A translation of 
his second proof (1816) is in A Source Book in Mathematics , by 
David Eugene Smith, McGraw-Hill Book Co., 1929, pages 292-310. 
Gauss gave a total of four different proofs of the theorem, the 
last in 1850. Hone of the proofs is sufficiently elementary to be 
given here. If you study advanced mathematics in college, you may 
learn several proofs. You might now like to read the proof in 
Birkhoff and MacLane, A Survey of Modern Algebra ; Macmillan, 1953, 
pages 107-109. Don't worry if you do not understand all of it. 
You may still enjoy seeing what the main idea of the proof is. (A 
proof is also given in L. E. Dickson, New First Course in the Theory 
of Equations , John Wiley and Sons, 1939.) 

We are now ready to state and prove the general theorem. 

Theorem 2-6 . The General Form of the Fundamental Theorem of 
Algebra . Let f be a polynomial function of degree n > 0. Then 
f has at least one and at most n complex zeros, and the sum of 
the multiplicities of the seros is exactly n. 

Proof . By Theorem 2-5, f has at least one zero, say r^. 
Then (recall the Factor Theorem) there is a polynomial q(x) of 
degree n - 1 such that 

f(x) = (x.- r^) q(x). (1) 
If n = 1, q is of degree zero and we have finished. If n > 1, 
the degree of q is n - 1 and is positive. Then, by Theorem 2-5 
again, q has at least one zero r^ (it could happen that r^ r;^^ 
and 

q(x) = (x - r^) s(x), (2) 
where s is of degree n - 2. Combining (l) and (2) gives 

f (x) = (x -r^)(x - r^) s(x). (3) 



[sec. 2-8] 

85 



76 



If n = 2, then s in Equation (3) is of degree zero and we have 
finished. Otherwise, the process may be continued until we arrive 
at the final stage, 

'f(x) - (x - r^){x - r^)'... (x - r^) z{x), (4) 
where the degree of z is n - n = 0. Hence, z(x) is a constant. 
Comparison of the expanded form of Equation (4) with the equivalent 
form 

f(x) = a^x^ + ^n-l^^"''' + + a^^x + aQ, 
shows that z(x) = a^ ^ 0. Hence, 

f(x) = a^(x - r^){x - r^) ... (x - r^). (5) 
Now, if we substitute any complex number r different from 
' r^^, r^, • • ' ' "^^ place of x in Equation (5), we get 

f(r) = a^(r - r^)(r - r^) ... (r - r^). 
Since every factor is different from zero, the product cannot be 
zero. Hence, no number except v^, r^. r^ is a zero of f, 

and f has at most n zeros. 

Since it is possible that some of the r^'s may be equal, the 
number of zeros of f may be less than n. But Equation (5) shows 
that f has exactly n factors of the form x - r^, and therefore 
the sum of the multiplicities of the zeros must be n. q.e.d. 
Example 1^. 

f : X — >x^ + x^ - 5x^. - x^ + 8x - 4 
has zeros of multiplicity greater: than one. Find the zeros and 
indicate the multiplicity of each. 

Solution. .Since the coefficient of the term of highest degree 
is 1, we know that any rational zeros of f must be integers 
that are factors of .4. (Refer to Corollary 2-4-1.) Using synthe- 
tic substitution and the polynomial of reduced degree obtained each 
time a zero is found, we discover that 1 is a zero of multiplicity 
three and -2 is a zero of multiplicity two. Note that the sum of 
the multiplicities is five, which is also the degree of the given 
polynomial . 

It may be helpful to show a practical way for putting dovm 
the synthetic substitutions by which we obtained the zeros and 
their multiplicities. This is done in Table 2-7. 
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Table 2-7 
Finding the Zeros of f: x — 



+ - 5x^ - + 8x - 4 



1 


1 


-5 


-1 


8 


-4 






1 


2 


-3 




4 




1 


2 


-3 


-4 


4 


0 




1 


2 


-3 


-h 


4 




1<- 



1 


3 


0 


-4 


0 


1 


3 


0 


-4 




1 , 



1 is a 
zero of f 
of multipli- 
city three. 



The entries 1, 2, -3, -4, 4 in the third row, 1, 3, 0, ^4 

in the sixth row, and 1, 4, k in the last row are coefficients of 

polynomials of degree four, three, and two, respectively. The 

quadratic function x >x + 4x + 4 has -2 as a zero of multipli- 

p p 
city two since x + 4x + 4 = (x + 2) . 

Thus, the zeros of f are 1 (of .multiplicity three) and -2 
(of multiplicity two). 

The graph of f is shown in Figure 2-8 in order to give you 
some idea of its shape in the neighborhood of the zeros -2 and 
1 (points A and B). To draw this graph at the present time re- 
quires an extended table of synthetic substitutions, but in 
Chapter 3 methods will be developed that make it easier to deter- 
mine the behavior of the graph in the vicinity of points A, B, 
and C. 
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The Pimdamental Theorem of Algebra implies that the range of 
any nonconstant polynomial function includes zero when its domain 
is the set* of all complex numbers. The range does not always 
include zero when the domain is the set of real numbers. For 
example, if 

f: X >y = x*^ + 1, xe R, 

then the range of f is the set 
{y : y > 1). 

When the domain of f is the set of complex numbers., and the 
degree of f is > 0, then its range is also the set of all complex 
numbers. For, suppose that f is a polynomial of degree n > 0 
and a + ib is any complex number. Then the equation 

f (x) = a + ib 
is equivalent to 

f(x) - a - lb = 0. (6) 
This is a polynomial equation of degree n; hence, by the Funda- 
mental Theorem of Algebra, Equation (6) has a solution. That is, 
there exists at least ore complex number x that is mapped by f 
into a + ib: 

f(x) = a -f lb. 

Moreover, there may be as many as n different numbers in the 
domain that map into a + ib, and the sum of the multiplicities 
of the solutions of (6) will be exactly n. 

The Ftmd' ^ntal Theorem does not tell us how to find even one 
of the zeros cJ f. It Just guarantees that they exist. The 
general problem of finding a complex zero of an arbitrary polyno- 
mial is quite difficult. In the 1930 's the Bell Telephone Labora- 
tories built a machine, the Isograph, fov solving such problems 
when the degree is 10 or less. See The Isograph — A Mechanical 
Root -Finder , by R. L. Dietzold, Bell Labs Record l6, December, 1937, 
page 130. Nowadays, electronic computers are used to do this job, 
and many others. Numerous applications of computers in science 
and industry are discussed in a series of articles in the booli The 
Computing Laboratory in the University , University of Wisconsin 
Press, Madison, Wisconsin, 1957> edited by Preston C. Hammer. 

The following quotation is taken from a recent book called 
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Mathematics and Computers , by George R. Stibitz and Jules A. 
Larrlvee, McGraw-Hill Book Co., New York, 1957^ Page 37: 

"There Is an interesting use for the roots of the 'character- 
istic equation ^ of a vibrating system In the dynamics of electro- 
magnetic and mechanical systems where many of the properties of 
amplifiers, filters, servos, airfoils, and other devices must be 
determined. If any one of the complex roots of this characteristic 
equation for a system has a positive real part, the system will be 
unstable: amplifiers will howl, servos will oscillate uncontrolla- 
bly, and bridges will collapse under the stresses exerted by the 
winds. The prediction of such behavior is of great importance to 
designers of the amplifiers that boost your voice as it crosses 
the country over telephone lines, and the servos that pcdnt guns 
at an attacking plane." 

Exercises 2-8 

1. Assume that the equations given below are the characteristic 
equations of some mechanical or electrical system. According 
to the quotation from Stibitz and Larrlvee, are the systems 
stable or unstable? 

a) x^ - x^ + 2 = 0, 

b) x^ ~ 3x^ + 4x - 2 = 0, 

c) x^ -f 3x^ + 4x + 2 - 0, 

d) x^ -f x^ - 2 = 0, 

e) x^ + 6x^ + 13x + 10 = 0. 

2. The following equations have multiple roots. Find them and, 
in. each case, show that the sum of the multiplicities of the 
roots equals the degree of the polynomial. 

a) x^ - 3x - 2 = 0, 

b) x^ - 3x + 2 = 0, 

c) x^ + 5x^ + 9x^ + 7x + 2 = 0- 

3. Find the roots and their multiplicities of each of the follow- 
ing equations. Compare the solution sets of the two equations. 

a) x^ + kx^ + - lOx^ . 4x + 8 = 0 

b) x5 + « 5x^ - x^ + 8x - 4 = 0 
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4. A number system Is said to be algebraically closed if, and only 
if, every polynomial equation of degree > 0, with coefficients 
in that system, has a solution in that system. Which of the 
following number systems are, and which are not, algebraically 
closed? Give reasons for your answers. 

a) The integers: ^^2, -1, 0, 1, 2, 3, ... 

b) The rational numbers. 

c) The real numbers. 

d) The pure imaginary numbers bi. 

e) The complex numbers. 

5. You may have heard that •it was necessary for mathematicians to 
invent and other complex numbers in order to solve some 
quadratic equations. Do you suppose that they needed to invent 
something that might be called "super-complex*' numbers to 
express such things as , ^ -1 , and so on? Give rea- 
sons for your answers . 



. .2-9 . Complex Zeros 

We know that a quadratic equation 

ax + bx + c = 0, a ^ 0, (l) 
has roots given by the quadratic formula 



- b t -/h^ _ lion 

The coefficients a, b, and c in (l) are here assumed to be 
real numbers. The quantity under the radical in (2) is called' 
the discriminant . Its sign determines the nature of the roots of 
(l) . The roots are 

a) real and unequal if b^ - 4ac > 0, 

b) real and equal If b^ - 4ac = 0, 

c) imaginary if b^ - 4ac < 0. 
Example _1. What are the roots of x^ + x + 1 = 0? 
Solution . The roots are 

-1 + i y/F - 1 - i 

2 > 2 • 

We notice that these roots are complex conjugates ; that is, 
they have the form u + iv and u - iv, where u and v are 
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real. In this example, u = -1/2 and v = . 

Is it Just a coincidence that these roots are complex conju- 
gates? Let us look at (2), and suppose that a, b, and^ c are 
real numbers and that the discriminant is negative, say -d . Then 
the roots of ax^ + bx + c = 0 are -b/2a + i(d/2a) and -b/2a 
- i(d/2a). These are complex conjugates. Thus, if a, b, and 
c are real and if the roots of (l) are imaginar^y, then these 
roots are complex conjugates. This is true of polynomials of any 
degree, as we shall r/w prove. (in the , following theorem, the 
letters a and b represent the real and imaginary parts of a 
complex root of an equation of any degree, and do not refer to the 
coefficients in a quadratic expression.) 

Theore m 2-7 . Comp lex- c on J ugat e s Theorem . If f (x) is a polyno- 
mial with real coefficients, and if a + ib is a complex root of 
f(x) = 0, with imaginary part b ^ 0, then a - ib is also a root. 

(Another way of saying this is that if f (a + ib) = 0, with 
a and b real and b / 0, then f(a - ib) = 0.) 

V/e shall give two proofs of this result. 

First Proof . The key to this proof is the use of the quadratic 
polynomial that is the product of x - (a + ib) and x - (a - ib). 
We show that it divides f(x). We can then conclude that 
f(a - ib) = 0, and we have completed the proof. 

Thus , let 

p(x) = [x - (a + ib)][x - (a - ib)] (3) 
= [(x - a) - ib][(x - a) + ib] 
= (x - a)^ + b^. 

Note that p(x) is a quadratic polynomial with real coefficients. 
Now when a polynomial is divided by a quadratic, a rei.v-j.nder of 
degree less than 2 is obtained. Hence, if f(x) is divided by 
p(x), we get a polynomial quotient q(x) and a remainder 
r(x) = hx + k, possibly of degree 1 (but no greater), where h, 
k, and all the coefficients of q(x) are real. Thus, 

f(x) = p(x)-q(x) + hx + k. i^) 
This is an identity in x. By hypothesis, f(a + ib) = 0, and 
from Equation (3), p(a + ib) = 0. Therefore, if we substitute 
a+ib for x in Equation ('l), we get 
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0 = 0 + ha + ihb + k. 
Since real and imaginary parts must both be 0, we have 

ha + k = 0, (5a) 
and hb = 0. (5b) 

Since b ^ 0 (by hypothesis), Equation (5b) requires that h = 0. 
Then Equation (5a) gives k = 0. Therefore, the remainder hx + k 
in Equation (4) is zero, and 

f (x) = p(x)-q(x). • (6) 

Since p(a - ib) = 0 by Equation (3), it follows from Equation 
(6) that 

f(a - ib) = 0. q.e.d. 
Second Proof . Let 

f(x) = a^x" + Vl^''"'^ + ... + a^x + aQ, (7) 
and suppose that f (a + ib) = 0. When we substitute a + ib for 
X in Equation (7), we can expand (a + ib)^, (a + ib)^, and so 
on, by the Binomial Theorem. We can prove the complex-conjugates 
theorem, however, without actually carrying out all of these expan- 
sions, if we observe how the terms behave. Consider the first few 
powers of a + ib: 

(a + ib)-^ = a + ib, 

(a + ib)^ = a^ + 2aib + i^b^ 

= (a^ - b^) + i(2ab), 

(a + ib)^ = a^ + 3a^ib + 3a(i^b^) + iV 
= (a^ - 3ab^) + i(3a^b - b^). 
Now observe where b occurs in the ve expanded forms. In the 
real parts, b either does not occui, at all, or it occurs only to 
^ven powers. In the imaginary parts, b always , occurs to odd 
powers. This follows from the fact that all even powers of i are 
real and all odd powers are imaginary. If we change the sign of 
b, we therefore leave the real part unchanged and change the sign 
of the imaginc.ry part. Thus, if f(a + ib) = u + iv, then 
f (a - ib) =: u - iv. But by hypothesis, 

f(a + ib) = 0, 
so that u iv = 0, 

and therefore u = v = 0. 
Hence f (a - ib) = 0. q.e.d. 
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Example 2. What is the degree of a polynomial function f 
of minimum degree if 2 + i, 1, and 3 - 2i are zeros of f? 

Solution. If it is not required that the coefficients of the 
polynomial be real, then we may take 

f(x) = [x (2 + i)][x - l][x - (3 - 2i)] 

= x^ + (-6 + i)x^ + (13 - 2i)x + (- 8 + i). 
In this case, the degree of f is 3. No polynomial function of 
lower degree can have 3 zeros, so 3 is the ansvier. Howev'-r, if 
it is required that the coefficients of f (x) be real, then 'c: e 
answer to the qi:e stion is 5. Fo-' then the conjugates of 2 + i 
and ' 3 - 2i must also be zeros of f . No polynomial function of 
degree less than 5 can have the 5 zeros 

2 + i, 2 - i. 1, 3 - 2i, 3 + 2i. (8) 

But 

[x - (2 + i)][x - (2 - i)][x - l][x - (3 - 2i)][x - (3 + 2i)] (9) 
is a polynomial of degree 5, with real coefficients, that does have 
the numbers listed in (8) as its zeros. 



Exercises 2-9 

1. Multiply the factors in (9) above to show that the expression 
doe^^ have real coefficients. V/hat is the coefficient of x 

in your answer? VJhat is the constant term? Compare these with 
the sum and the product of the zeros listed in (8). 

2. Write a polynomial function of minimum degree that has 2 + 3i 
as a zero, 

a) if imaginary coefficients are allowed, 

b) if the coef iicients must be real. 

3. Find all roots of the following equations: 

a) x^ - 1 = 0 

b) x^ + 1 = 0 

c) x^ - x^ + 2x = 8 

d) x^^ + 5x^ + 4 = 0 

e) x^ - 2x^ + lOx- - l8x -H 9 = 0 

f ) x^ + 2x5 + 3x^ + 4x^ + 3x^ + 2x + 1 - 0 

g) x^ - 2x5 + - 4x2 + 3x2 - 2x + 1 = 0 
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h. is the degree of the polynomial equation of minimum degree 

with real coefficients havin.p; 2 + i, -2 + i, -i, 3+i, 
-3 + i as roots? 

5. Consider the set of numbers of the form a + h %/2 , v/here a 
and b are rational. Then a - h V2 is called the conjugate 
surd of a + b . Prove the following theorem on conjugate 
surds: 

If f (x) is a polynomial with rational coefficients, and 
Lf a + bV^ is a root of f(x) 0, then a - b Is also 
.J. root. (Note that if u + vv^ = 0, and u and v are 
rational, then u = v = 0. Otherwise, v/e could solve for 

= -u/v, the quotient of two rational number. But we know 
that -/2 is irrational.) 

6. Find a polynomial with rational coefficients and minimum degree 
having 3 + 2-^^^/?. as a zero. 

7. State and prove a theorem similar to that in Exercise 5 above 
for numbers of the form a + b^/3. Is there a comparable 
theorem about roots of the form a + Give reasons for 
your ansv;ers. 

8. Write a polynomial function of minimum degree that has -1 
and 3 - 2^/3 as zeros, if 

a) irr?.nlonal coefficients are allowed; 

b) the coefficients must be rational. 

9. Find a. polynomial of minimum degree with rational coefficients 
having + V2 as a zero. 

10. What is the degree of a polynomial of minimum degree with (a) 
real, and (b) rational coefficients having 

(1) i + yi" as a zero? 

(2) 1 + 1^2 as a zero? 

(3) V2' + iv^ as a zero?. 



2-10 . Summary of Chapter 2. 

This chapter deals with polynomial functions and develops 
methods for finding the zeros of such functions. 

The general polynomial function of degree n, where n is 
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a positive integer or zero, is denoted by 

f: X + ^n-l^^""^ + ... + a^x + a^, a^^ ^ 0. 

f takes a given number c in its domain into the number 

f (c) = a + a nC^"-^ + ... + a^c.+ a^ in its range. 

n n-i 1 . u / \ 

Synthetic substitution is a technique for finding f(cj. It 

is frequently less laborious than direct substitution. 

The graph of a polynomial function is plotted by preparing a 
table for (x, f(x)), using synthetic, or occasionally, direct 
substitution. The pairs of numbers (x, f(x)) are the points of 
the graph of f . 

Theorem 2-1 . Remainder Theorem . If f{x) is a polynomial 
of degree n > 0 and if c is a number, then the remainder in 
the division of f(x) by x - c is f(c). That is, 

f (x) - (x - c)q(x) + f (c), 
vfhere the quotient q(x) is a polynomial of degree n - 1. 

The process of synthetic substitution gives a convenient way 
of obtaining q(x) as v^ell as f(c), since the sjmthetic substi- 
tution of X c gives the same result as dividing f (x) 'oy 
X - c . 

Corollary 2-1-1 . The Factor Theorem . If c is a zero of a 
polynomial function f of degree n > 0, then x - c is a factor 
of f(x), and conversely. 

Theorem 2-2 . The Locatio n Theorem. If f is a polynomial 
function and if a and b are real numbers such that f (a) and 
f (b) have opposite signs, then there is at least one zero of f 
between a and b . 

Theorem 2-3 . Upper Bound for the Zeros of a Polynomial 
Function . If a positive number a is substituted syntheticall;,' 
in f (x), where f is a polynomial function, if all the coeffi- 
cients of q(x) are positive, and if f(a) is also positive, then 
all the real zeros of f are less than a. V/e call a an upper 
bound for the zeros of f. 

men a negative number a is substituted synthetically in 
f (x), if the coefficients of q(x) and the number f(a) alter- 
nate in sigii, then a is a lower bound for the zeros of f- 
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Theorem 2-4 . Rational Zeros of Polynomial Functions . If the 
polynomial 

f(x) = a^x^ + ^n-1^^'"''' + + a^x + a^ 
has integer coefficients a^, ^n-1' ^0' ^ ^ 

rational zero p/q ^ 0, q > 0, expressed in lowest terms, then p 

is a divisor of a^ and q is a divisor of a . 

0 ^ n 

The importance of this theorem is that it limits the number 
of values of x that need to be tested when searching for rational 
zeros of a given function. 

Corollary 2-4-1 . Integral Zeros . If 

f (x) = x^ + a^^j^x^" + + a^^x + a^ 

is a polynomial with integer coefficients, with the constant term 
aQ / 0, and with the coefficient of x^ equp.l to 1, then the 
only possible rational zeros of f are integers that divide a^. 

It should be noted that if a^ = 0, then 0 is a zero of f . 

An equation of reduced degree can be obtained whenever a ra- 
tional root of f (x) = 0 Is found. The use of this reduced 
equation simplifies the problem of solving polynomial equations. 

Decimal approximations of the irrational roots of a polynomial 
equation may be obtained to any desired accuracy by means of the 
Location Theorem, synthetic substitution, and interpolation, although 
the numerical computations may be tedious . 

Theorem 2-5 . The Fundamental Theorem of Algebra . Every non- 
constant polynomial function has at least one zero, real or 
imaginary . 

Theorem 2-6 , General Form of the Fundamental Theorem of 
Algebra . Let f be a polynomial function of degree n > 0. Then 
f has at least one and at most n ccniplex zeros, and the sum of 
the multiplicities of the zeros is exactly n. 

Theorem 2-7 . Complex-conjugates Theorem . If f (x) is a 
polynomial with real coefficients and if a + ib is a complex root 
of f (x) = 0, with imaginary part b ^ 0, then a - lb is also 
a root . 
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Miscellaneous Exercises 



1. If f(x) = 4x^ - 5x + 9, find 



a) f(c) b) f(-3) c) f(l/2) 
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2. If f(x) = 2x - 3 + 3x^, find 

a) f(0) b) f(-2) c) f(l/3) 

3. Find the quotient and remainder when 

a) 3x'* - 5x^ - 4x^ + 3x - 2 is divided by x - 2 

b) x^ - 1 is divided by x + 1 

c) 5x^ - llx^ - l4x - 10 is divided by x - 3 

4. Find the quotient and remainder v.hen 

a) 2x^ - x^ + 5x + 7 is divided by 2x + 1 

b) 8lx'^ + 16 is divided by ^x + 2 

5. Evaluate each of the following polynomials for x = -2, -1, 0, 
1, 2, and 3. Prom the information obtained, write each 
polynomial as a product of linear factors with rational coeffi- 
cients: 

a) x^ - 6x^ + llx - 6 

b) x^ - 3x^ - 4x + 12 

c) X - 2x'^ - x^ + 2x 

6. If f (x) = kx^ + 3x^ - 5x - h, .find k such that when f(x) 
is divided by x - 2, the remainder will be 22. 

7. If f (x) = 3x^ - 2x^ - 7x^ + kx + 3, find k such that 
f(-l/3) = 0. 

8. Write each of the following quadratic expressions as a product 
of linear factors with real or imaginary coefficients: 

a) 4x^ - 3 c) x^ - 4x + 7 

b) 7x^ + 9 d) 3x^ - 5x - 1 

9. Locate the real zeros of f between consecutive integers, given 
that 

a) f(x) - 3x^ - 4x^ - Bx + 5 

b) f(x) = x^ - 2x^ + 3x - 4 

10. Find all rational roots of each of the following equations. 
Where possible find any irrational roots. 

a) 2x + X - 6x = 0 

b) x^ + 2x^ - X - 2 = 0 

c) 2x^ - 2x^ - llx + 2 = 0 

d) 3x^ - 5x^ - 8x + 2 = 0 

e) 3x^ - 8x^ - 40x^ + 48x + 45 = 0 
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Compat^e the graphs of the functions 
f . X— ^ - 2x^ - 5x + 6 
g: X— > 2f (x) = 2x^ - hx^ - lOx + 12 

Write a polynomial function of degree 3 whose zeros are -1, 

2, 3. , ' 

V/rlte a polynomial function of degree 3 having the zeros 

.given In Exercise 12, with the added condition that 

a) f(0) = -6 b) f(4) = 25 

Write a polynomial function of degree 3 that vanishes at 

X = 2 and 3, and that has the value 6 when x = 0 and 12 

when X = 1 . 

Find the zero of 

f ; X — » X + 2x^ + x"" - 1 
betv/een 0 and 1 correct to one decimal place. 
For each of the following functions find all zeros and their 
multiplicities, locate the y-intercept of the graph, and 
describe the behavior of the graph for large |x| . 

a) f : x-^ y = (x - 2f 

b) f: x^ y = (2 - x)3 

c) f : x-^ y = 3(x - 2)^ 

d) f: x--^ y = -2(x - l)^(x + 2) 

Find all rational zeros and their multiplicities of the follow 
Ing polynomial functions: 

a) f : X— ^ x^ + x^ - 2x2 - 2x^ + X + 1 

b) f: X— 6x^ + 25x2 + 38x^ + 25x + 6 
Solve the following equations: 

a) x^(x + 3) - ^ 

b) (x + l)(x + 2)(x +3) = (x +l)(x + 2)(x + 3)(x + h) 
What Is the minimum degree of a polynomial function with the 
following zeros? 

a) 2, -3, 1 

b) 4, 7 - i. -7+1 

c) 2+1, -2+1, -2-1 

Find the minimum degree of each polynomial function with real 
coefficients having the zeros given In Exercise 19. 
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21. Find the polynomial f (x) with rational coefficients and 
minimum degree so that f(x) = 0 has the following roots: 
a) 2, 3 - b) 1, >/2 + 3i 

22. If f(x) = ix^ - 3x^ - find 

a) f(l) d) f(l - i) 

b) f(i) e) f(-l + i) 

c) f(l + i) f) f(-l - i) 

23. If f is a third-degree polynomial function such that 
f(0) = -5, f(l) = -5, f(2) = 1, and f(-l) = -11, find 
f(x). 

24. Find the quotient and remainder when 

a) (a - b)x^ + a^(b - x) + b^(x - a) is divided by x - a. 

b) x^ - (a + b + c)x^ + (ab + ac + bc)x - abc is divided by 
X - a . 

25. If f^ is a polynomial function with zeros a and^ b, prove 
by the Factor Theorem that is divisible by 

(x - a)(x - b). 

26. Show by using the Factor Theorem that - a^ (n a positive 
integer) is divisible by x - a, and that when n is even it 
is also divisible by x + a. 

27. There is a theorem known as Descartes ' Rule of Signs that 

- states that the number of positive roots of f (x) = 0 cannot 
exceed the number of variations in sign of the coefficients 
of f(x). A variation in sign occurs whenever the sign of a 
coefficient differs from the sign of the next nonzero coeffi- 

h o 

clent. Thus x - x"" + 2x + 5 has 2 variations in sign. 

Since the roots of f f-x) = 0 are the negatives of the 
roots of f(x) = 0, the number of negative roots of f(x) = 0 
cannot exceed the number of variations in sign of the coeffi- 
cients of f(-x). Thus f(x) = x - x^ + 2x + 5 has at most 
2 negative roots, since f (-x) = x^ x^ - 2x + 5 has 2 
variations in sign. 

Find the maximum number of positive and negative roots of 
each of the following equations: 

a) x^ r x^ - l4x + 24 = 0 d) x^ - 1 = 0 

b) x'''-x^4-3 = 0 e)x^+l = 0 

c) 3x ' + x^ - 2x - 3 = 0 f) x^ = 0 
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28. Prove that + is irrational. Hint: form a polynomial 
with rational coefficients having + -/T as a root. 

29. If f (x) = 2x^ - 3x + 5, find 
a) f (1 + i) b) f (1 - i) 

30. If f (2 + i) = 3 - 4i and g(3 - i) = 2 + i, find 

a) f(2 - i) 

b) f (2 i)-g(3 + i) 

c) f(2 - i)-g(3 + i) 

(Hint: this problem depends on a property of polynomial ftmc- 
tions and complex conjugates that was derived in the second 
proof of Theorem 2-5, and that is illustrated in Exercise 29.) 

31. Given f(x) = x^ - 3x + 5, compare f(2 + ^3) and f(2 --/S). 
Does the same property hold for g(x) = - x + 5? 

32. For what values of x are the following equations satisfied? 

a) x^ + x- 6 = 0 

b) Ixi^ + 1x1 - 6 0 

c) X + Vx* -6 = 0 

d) [x]^ + [x] - 6 = 0 

Note: [x] is the p;reatest integer in Xj defined as the 
integer such that - 1 < [x] < x. 

33. An examination question says, "Find the formula for the nth 
term of the sequence 2, 5, 10, 17, ... Show that there 
is an unlimited number of polynomials in n giving these 
values for n = 1, 2, 3, ^. Find the polynomial of minimum 
degree answering the examination question. 

34. If a, b, and c are the zeros of f : x-i-->x^ + 7x + 5, 
find a polynomial function with zeros a + 2, b + 2, c + 2. 

35. If a> b, and c are the zeros of f: x — > x^ + 7x + 5, 
find a polynomial function with zeros 2a + 1, 2b + 1, 2c + 1, 
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Chapter 3 

TANGENTS TO GRAPHS OP POLYNOMIAL FUNCTIONS 

3-1 , Introduction , 

If vie select any point P on the graph of a polynomial function 
and draw a line through P v/ith a ruler, it will be possible to 
choose the direction of the ruler so that very, very close to P 
the line seems to lie along the graph. V/hen this is done, if we 
stay close enough to P, it will be impossible to distinguish be- 
tween the line and the curve (see 
Figure 3 -la). V/e may appropriately 
refer to the straight line which has 
this property as the best linear 
approximation of the graph at P. 
The straight line is also said to Figure 3-la 

touch or be tangent to the graph at P. In this chapter, we shall 
be concerned with the determination of the direction of the tangent 
line at any point of a "polynomial graph. We shall, of course, da, 
this neither experimentally nor inexactly, but precisely from the 
polynomial itself. 

V/e shall also be interested in the shape of the graph near 
P. That is, we shall want to know whether, sufficiently near the 
point P, the graph lies above or below the tangent line, or v/hether 
perhaps the curve crosses over from one side of the tangent to 
the obher. (see Figure 3-lb\ (a), (b), (c), (d).) 
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Once we know how to determine the tangent and the shape we 
shal2. be in a position to find any points on a polynomial graph 
at which the tangent line is horizontal and the graph nearby is 
entirely above or entirely below the tangent. Such points are 
called minimum a-id maximxAin points, respectively. (See Figure 3-lc) 



max. point 




min. point 



Figure 3-lc 

As we learned in Section 2-3, the location of such points would 
help considerably in drawing the graphs and locating the zeros of 
polynomial ftonctions. Maxima and minima are also of great interest 
in applications, as we shall see in Section 3-8. 

The problem of finding the tangent to a polynomial graph at 
a point P and the shape of the graph nearby is particularly simple 
if the point is on the y-axis. As we shall see, in this case the 
result can be written down by inspection. At first we shall 
therefore confine ourselves to this easy special case, and later 
(Section 3-5) turn to the case in v;hich the point is not on the 
y-axis. 



3-2 . Tangents at Points P on the y-Axis . 

In this section we shall illustrate the method of obtaining 
an equation of the tangent to a polynomial graph at. its point of 
intersection with the y-axis. A Justification of the method will 
be given in Section 3-3. 

The method is simplicity itself. It consists merely of 
omitting every tenn whose degree is higher than one. 

Example 1. The graph d of f: x — ^1 + x - 4x intersects the 
y-axis at P(0, l). The tangent T to G at P has the equation 

y = 1 + X 
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obtained by omitting the second degree term -4x . It is easy to 
draw T from its equation. 




Figure 3 -2a 

G is the graph of f : x — ^ 1 -i- x - 4x 
T is the graph of y == 1 + x 

Moi'^eover, since the omitted term -4x is negative for all 
values of x except Oj G lies below T except at P. (See Figure 
3-2aJ 

p 

Example 2. The graph G of f: x — ^2 + x intersects the y-axis 

at p(0, 2). If we omit the x^ term and write y = 2 we obtain the 

equation of the tangent T through P. In this case the tangent is 

2 

parallel to the x-axis . Since x is positive for all x except 
zero, all points of G except P lie above the tangent line T. 
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Because P is the lowest point on G, it is called the minimum point 
of the graph. (See Figure 3 -2b.) 




Figure 3 -2b 

G is the graph of f: x — 
T is the graph of y = 2 



-2 + X 



f : 



Example 3. The graph of 

"5 

X — .-X + X intersects the 



The equation 



y-axis at P (O, O) . 

y = X 

of the tangent at P is obtained by 

3 3 
omitting the x term. Since x 

is positive for positive x and 

negative for negative x, G is 

above T if x > 0 and below T if 

X < 0. (See Figure 3 -2c.) The 

graph G therefore crosses from 

one side of the tangent to the 

other. P is called a point of 

inflection of the graph G. 




X - 



Figure 3 -2c 

G is the graph of f : x— 
T is the graph of y = x 



-X + x" 
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Exercises 3-2 

In each of the following Exercises find the equation of the 

tangent to the graph at the point P of intersection with the y-axis. 

Draw the tangent line and sketch the shape of the graph near P. 



1. 


X — 


1 




X + 


2 

X 


2. 


X 




x2 


3. 


X — ► 


2 


+ 


3x 


- 2x^ 


4. 


X 


—-3 + 


h 

2x + X 


5. 


X - 


1 


+ 


X + 


x3 


6. 


X 




X + x^ 


7. 




2 








8. 


X 


— ►I + 


2x + x^ 


9. 




X 


+ 


x5 




10. 


X 


4 

* X 





3-3 , l^fhy Does the Method Work ? The Behavior of the Graph Near P. 

'The procedure of Section 3-2 is simple enough. The important 
question is: Why does it work? In giving the explanation it will 
be convenient to look at Example 1 of Section 3-2 in which 

f: X — -1 + X - 4x^r (1) 

As you know we have obtained the equation 

y = 1 + X 

of the tangent at P (O, 1) by omitting the term -4x . We wish to 
Justify this procedure by showing that the line obtained does 
represent the best linear approximation to the graph at the point P. 
This will entitle us to call y = 1 + x the equation of the tangent 
to the graph at P. 

From (l) we have 

f(x) = i -f X - 4x^ 

which may be v/ritten as 

f(x) = 1 + (1 - 4x)x. (2) 
If X Is numerically small, the expression 1 - 4x in parentheses is 
close to'l. In fact, we can make 1 - 4x lie as close to 1 as we 
please by making |x! sufficiently small. 

Specifically, If we wish 1 - 4x to be within .01 of 1 and 
hence to lie betv/een .99 and 1.01, it will be sufficient to make 
4x lie between -.01 and .01, and therefore to make x lie between 
-.0025 and .0025. 
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This result has a simple geometrical interpretation (see 
Pigxire 3-3a). Let us consider three lines L, L^^, and Lg through 
P(0, 1) with slopes 1, 1 4- •Ol and 1 - .01. These lines have 
the equations 

L: y = 1 + X 
L^: y = 1 -i- l.Olx 

Lg: y = 1 + .99x 









y, 

P(0,!) 




L, 


1 












\\l 


-.0025 








.0025 






A 


0 


B 


X 



Figure 3 -3a 



Their slopes are so nearly equal that the differences caji be 
shown on Figure 3-3a only by distorting the scale. Let AB be the 
.-interval (x: |xl < .0025). If we confine ourselves to this 

interval AB, the. graph of f: x ^1 + (l - 4x)x surely lies 

between L^^ and Lg and, hence, in the hatched region. 

The numbers chosen were merely illustrative. They v;ere 
designed to give a certain concreteness to the picture. V/e can 
make 1 - 4x lie between 1 + e and 1-^6 for an arbitrarily small 
value of € , merely by choosing x between - and ^ . V/e did not 
need to choose €= .01. 
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This means geometrically that If v/e stay close enough to 
X = 0, the graph of f: x — ^1 + (l - 4x)x lies between two lines, • 

L^: y = 1 + (1 + €)x 

y - 1 + (1 - e)x 
which differ in direction as little as we please. '''' 
straight line which Is always Included betv^een s nd 

L2 is , . 

L: y = 1 +. X. 

Hence, we see that L can Indeed be regarded as the best linear 

2 

approximation to f: x *1 + x - 4x at x = 0. 

We can confine the graph G of f: x — -'I + x - 4x^ to a smaller 
part of the hatched region In Figure 3-3a by noting that G lies 
below L except at the point P. Hence, on the Interval AB, G lies 
between L and Lg to the right of P and between L and to the 
left of P. (See Figure 3-31x) 




Figure 3 -3b 



109 

[sec, 3-3] 



100 

Exercises 3-3 

1. Write f : x — - 1 + x + x as 

f : X — ^ 1 + (l + x)x. 
Show that if |x| < .01, then .99 < 1 + x < 1.01 and therefore 
f(x) lies between 1 + •99x and 1 + l.Olx. Draw a figiare (like 
Figure 3-3a) to show the geometrical meaning of this result. 

2. Strengthen the result of Exercise 1 by showing th^t 

1 + X < f(x) < 1 + l.Olx, for X > 0 

1 + X < f (x) < 1 + .99x, for X < 0. 

Show the Improved results on a diagram, 

3. Show that the results of Exercise 2 c;u\ be obtained more 

simply by noticing that except at P, the graph G of 

2 

f: X — 1 + X + X must lie above the graph of y = 1 + x. 

o 

4. In Example 3 write f: x — x + x 

as f : X — - (l + X )x 

Show that 

a) X < f(x) < l.Olx, for 0 < x < .1 

b) l.Olx < f(x) < X, for 0 > X > -,1 

c) Draw a figure to illustrate the geometrical meaning 
of th3 results in (a) and (b). 

2 

5. Consider the function f: x — -2 + 3x - x 

a) At what point does the graph of the function cross the 
f(x) axis? 

b) Show that if |x| < .01, 

3.01 > 3 - X > 2.99 
and that f(x) lies betv:een 

2 + 3.01X and 2 + 2.99x. 

c) Draw a figure to illustrate the geometrical meaning. 

6. Strengthen the result of Exercise 5 by noticing that the 
graph of the function lies below the graph of the straight line 

y = 2 + 3x, 

What additional refinement can be made in the figure associated 
with Exercise 5? 

2 

7. Let 0 be the graph of the function f: x — ^x - 2x - 1. 

a) V/rite f: x — -x - 2x - 1 in the same form as (2) Section 
3-3. 
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b) Show that if 0 < x < ,01, G lies between the straight 
lines y = -1 - 2.01x and y = -1 - 1.99x, 

c) Draw a figure to show the geometrical meaning of this 
re suit, 

8. a) Write f: x — -3 - 5x - 4x^ in the form of (2), Section 3-3. 

b) If |xi < .02, what are the slopes of the tv;o straight lines 

p 

between v/hich the graph of f: x — ^-3 - 5x - 4x lies near 
P (0, 3)? 

c) If it is desired that near P (O. he graph lies between 
the straight lines y = 3- 4,. >xa. -=3 - 5.002x, 
v/hat values may x assume? 



3-4 . The Behavior of the Graph Near P, (Continued) 

In each of the examples discussed in Section 3-3 there was a 
single term of degree greater than one. If the polynomial contains 
mdre than one term of degree greater than one, there may be some 
doubt about the appearance of the graph near its intersection with 
the y-axis. An example will illustrate this point. 
Example 1.. The graph of 

f: X — --1 X + x^ - 2x^ 
passes through the point P(0, l). If the term -2x had been miss- 
ing, we should have no difficulty in writing the equation of the 
tangent T 

y =: 1 4- X 
2 

to the graph of x — 1 + x 4- x and concluding that near P, the 
graph lay above T on both sides of P, 

2 

On the other hand, if the term x had been missing, we would 
have written y = 1 4- x as the equation of the tangent to the graph 
of X — *^1 + X - 2x at P and noted that P was a point of inflection 
with the graph below T on the right of P and above it on the left 
of P, 

The presence of both higher degree terms raises a question. 

Which term dominates the situation and determines the shape? The 

2 

answer is that sufficiently near x =: 0, the lower degree term x 

3 

dominates the higher degree term •'^x and that the graph has the 



[sec. 3A] 

111 



102 



same character as if the term -2x^ v^ere missing. In fact, near 
the parabola 

X — ^ 1 + X + 

gives the best quadratic approximation to the graph of 

f: X — -1 + X + x^ - 2x^. 
That this is the case may be sho\m by an argument like that of 
Section 3-3. We vrt'ite 

f (x) = 1 + X + x^ - 2x^ 

in the form 

f (x) = 1 ' - I ■ 2x)x^ 
and n ^ that 1 - 2x is a- e to 1 for |x| small 




Figure 3 -Ha 

2 3 

G is the graph of x — ^ 1 + x + x - 2x . 

o 

The grapt of x '1 + x + is shown 

by the cS^r^ed line. 
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enough. In fact, the graph G of 

f: X -1 + X -f- (1 - 2x)x^ 

lies betv;een the parabolas 

Cj^: X ^1 + X + (1 + € )x 

and X — -1 + X + (1 - €)x 

for arbitrarily small €, provided that |-2x| <€ , or |x| < 4: . In 

parabolas and C^, the coefficients of x differ from 1 as little 

as we please, provided, of course, that v/e stay close enough to 

X = 0. The only parabola vihich is included betv/een all such 

2 

parabolas and is C: x — 1 + x + x , Hence, v;e say that 

p 

X — ^1 + X + X gives the best quadrr.uic approximation, to the 

graph of f: x — ^1 + x + x^- 2x^ for ,|x| sufficiently near zero. The 

2 '5 

graph of f: x — ^1 + x + x - 2x lies belov; C to the right of 
P(0, 1) and above C to the left of P(0, l). (See Figure 3-4aO 

Example 2. Draw the graph G of f: x — -2 - x + 2x^ - 3x near 
its point of intersection with the f(x) - axis. 

Solution: Ue vrrite f(x) 2 - x (2 -*3xrx^ and note that 
for |3x| < € , that is, for |x ^, ^ f(x) lies betv/een 

2 - X + (2-1- € );^ "' 

.and 2 - X + (2 '-r 

no matter hov; small e is chosen-, 

I7e see that the required graph (3' lies above the line y = 2 - x 
on the right at: p and below it on the left of P, for all x suffi- 
ciently small, and hence has th*^ sarre character as the graph of 

C: X — -2 ^ ,2:^. 
In fact, 2 - X + 2x^ is the be^;:. Shirg degree approximation to 
2 - X + 2x^ - 3x^ near x = 0. t'llBa Figure 3-4b. ) 

The conclusions drawn in thr^-^^e two examples would have betm 
essentially the same if differe-^ nwr ers had appeared as 
coefficients. Thus, if 

2 3 
f: X — ^a^ lu-^ ^ a^x + agX 

we can wite ^ ^ , v 2 

f (x) = aQ + a^r » [3i2 ^3^)^ 
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Figure 3 -4b 

3 k 

G is the graph of x 2 - + 2x - 3x 

3 

The graph of x 2 - x + 2x'^ is shown 
by the dotted line. 



and conclude that the graph lies between the graphs of 

X — ^aQ + a^^x + (ag + €)x 

and X — -aQ + a^x + {a^ - e)x^ 

for arbitrarily small 6, provided that \a^x\ < e. 
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Exercises 3--^ ""^ 

For each of the follov/ing, drav/ the tangent and sketch the 
shape of the graph near its point of intersection v/ith the f(x)-axis. 

1. f: X -2 + X + 3x^ - 

2. f: X -2 + x^ « x^ 

3. f: X + 2x - x^ -h kx'^ 

k. f : X ^ 2x^ + x^^ 

5. f: X « 3x + x^ - 7x^ 

6. f: X -2x - x^ + hx^ 

7-12. In each of the preceding exercises show that for any 
e ho\^ever small it is possible to choose |x| small enough so that 
f (x) lies between 

^0 ^1^ + (^r ^ 

and a^ + a^x + (a - £)x''^, v/here r is less than 

the degree of the 
polynomial . 

Specify hovr small ^ ! must be if £ = ,01. 



3-5 , The Tangent to the Graph at an Arbitrary Point P and the 
Shape of the Graph Near P. 

So far v/e have confined ourselves to the problem of finding 
an equation of the tangent line to a polynomial graph at its point 
of intersection with the y-axis, and to an examination of the shape 
of the curve near that point. There remains the problem of finding 
the tangent to the graph at an arbitrary point P and the shape of 
the graph near P, 

This problem is solved by generalizing the method of the 
previous section. The behavior near the point for which x = 0 v/as 
determined from the expression for f (x) in ascending powers of x. 
The behavior near the point for which x - h, say, can' be determined 
if we have an expression for f (x) in ascending powers of x - h. 
As before, we can bent start v/ith an example. 
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Example 1^. Find the tangent to the graph G of f : x — -4 - 3x 
+ 2y? at P(l, 3) . 

In this case h = 1 and hence vie vn?ite f (x) = 4 - 3x + 2x in 
powers of X - 1. The result is 



f (x) = '3 + l(x - 1) -h 2(x - 1)' 



(1) 




Figure 3-5 

G is the graph of x — ^4 - 3x + 2x 
T is the tangent at P(l, 3) 

This is easy to verify since (l) is equivalent to 

3 + X - 1 + 2x^ - ^^x + 2 = 4 - 3x + 2x^. 
A method for obtaining the expansion (l) will soon be given. Mean- 
while, let us see how to use (l) to achieve our purpose. V/e assert 
that the equation of the tangent T may be obtained from (l) by 
dropping the term of highest degree. The result is 

y = 3 + l(x - 1). (2) 
The graplx G is above this tangent T at all points other than 
P(l, 3). This is seen by noting that 3 + l(x - l) + 2(x - l)'^ 
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may be obtained from 3 + l(x - l) by adding 2(x - l)""^, which is 
positive for all x except 1. (See Figiire 3-5.) 

\!e justify the assertion that (2) is an equation of- the tangent 
to the curve G at point P as follovfs. The expansion (l) is factored 
and vn?itten in the form 

f(x) = 3 + [1 + 2(x - 1)] U - 1). (3) 
h'rom \ ; vju note that if x is near enough to 1, that is if |x - l| 
is sufficiently small, the expression [1 + 2(x - l)] is arbittrarily • 
close to JL. In other words, for any e , howei^er small, f (£0 lies 
between 

3 + (1 + e)(x - 1) 
and 3 + (1 - € ) (x - 1) 

provideiL that |2(x - l) I <€, that is, that |x - l| <«|. Hence 
3 + l(x - 1) is the best linear approximation to f(x) near 
X = 1 and T is the tangent to the graph G at the point P(l, 3). 
It shoul± be noted that we have followed the same procedures as 
before Tilth x - 1 in place of x. 

VJe now consider the problem of expanding f{x) in powers of 
X - 1, that is, of finding the coefficients in (l). We shall 
discover hov; to do this by looking closely at (3). For convenience 
we repeat both (3) and (l). 

f(x) = 3 + [1 + 2(x-l)] (x - 1), (3) 
f(x) = 3 + l(x - 1) + 2(x - 1)^, (1) 
Prom (3) we note that if we divide f(x) by (x - l), we obtain the 
remainder 3 and the quotient 1 + 2(x - l). The remainder 3 is the 
first coefficient in Equation (l). Again, from Equation (3), if 
we. divide the quotient l+2(x-l)byx-l, we obtain the 
remainder 1 and the new quotient 2. The remainder 1 is the second 
coefficient in Equation (l), and the final quotient 2 is the last 
coefficient in (l). 

Let us follow this procedure to determine the required 
coefficients, beginning with f (x) = 4 - 3x + 2x and using 
sjrnthetic division. 
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^ IT- 1 ..; 

The first remainder in dividing f(x) by x 
is 2x - 1. 

On dividing "2x - 1 by x - 1 

2 -1 
2 



1 is 3. The quotient 



2 I 1 

we obtain the second remainder 1 and the quotient 2. Hence, the 
remainders we obtained are in succession the coefficients bQ, b^, 
and the final quotient is bg. 

f(x) = bQ + b^(x - 1) + b2(x - 1)^. 

Example 2. Find an equation of the tangent to f: x — ^2 + 
3x -r x^ - x^ at the point for which x 2. 

We need to expand f (x) in powers of x - 2, that is, to find 
the coefficients in 

f(x) = 4- b^(x - 2) + b2(x - ^/ ^ -3 
If f(x) is divided by (x - 2), b^ is 'the remainder and the 
quotient is b^^ + b2(x - 2) + h^{x - 2)^. If this quotient is 
divided by x - 2, the remainder is b^^ and the new quotient is 



2f + b^(x - 2)3 



^2 ^3^^ - 2)- ^ further division of b^ + b2(x 
gives the remainder b^ and the final quotient bg. 
carry out these divisions synthetically. 
Dividing by x - 2 

-1 +1 +3 +2 
-2 -2 +2 



2) by X - 2 
V/e proceed to 



-1 -1 1 I ^ 

we obtain the first remainder h and the quotient 

-x^ - X + 1. 
Dividing this quotient by x - 2 

-1 -1 +1 
^2 -6 



-1 -3 I -5 
gives the remainder -5 and the new quotient 
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dividing this quotient by x - 2, we have 

-1 -3 
-2 



-1 1-5 

the remainder -5 and the quotient -1. The successive coefficients 
in the expansion of f(x) in powers of x ~ 2 are the successive 
remainders obtained above, namely 4, -5, -5, and the final 
quotient -1. That is 

f(x) = 4 - 5(x - 2) - 5(x - 2)^ - l(x - 2)^. 
The tangent T at P(2, 4) has the equation 

y = 4 - 5(x - 2), 
and the graph l±es below T on both sides of P for points which are 
sufficiently near P. 



Exercises 3-5 

1. For each function below write the expansion of f(x) in powers 
of X - h and determine the equation of the tangent to the 
graph of f at the point (h, f (h)) . 



a) 


X — " 3 + 


4x + 2x^ + X' 


3 


h = 


2 


b) 


X — -'3 + 


2x"^ + 4x^ 




h = 


-3 


c) 


X — 4x^ 


- 3x^ + 2x + 


1 


h = 


-4 


d) 


X — - 5x 


- 3x^ + 2x + 


1 


h = 


1 

? 


e) 


X -^4x^ 


+ x^ + 3x. 




h = 


3 


f) 


X — ^2x"^ 


+ Ix^ - l6x • 


- 24 


h = 


-2 


In 


each case 


express f(x) 


in powers 


of the given 


factor. 



a) f (x) = 3x^ - 5x^ + 2x + 1 (x + 1) 

b) f (x) = 2x"^ - 5x (x - 2) 

c) f(x) = 4 + 3x - 7x^ + x"^ (x - 2) 

d) f (x) = x^ - 2x^ + X - 1 + |) 
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3.': For each of the following write the equation of the tangent at 
the specified point and sketch the shape of the graph nearby. 

a) X — + 3x - 7x^ + at (2, -lO) 

b) X — -x^ - 6x^ + 6x - 1 . at (3, -10) 

c) X— 3x'^ - 4x3 at (1, -1) 

d) t — "St^ - - 5t + 9 at (2, -1) 

e) X — ^2x3 - 3x^ - 12x + l4 at (l, l) 

f) s — ►2s3 - 6s^ + 6s - 1 at (1, 1) 



3-6 . Application to Graphing . 
Consider the function 

f: X — "2 - 'I2x - 3x^ + 2x'^ 
and its graph. (See Figure 3-6.) 

We know how to f j.nd the tangent and sketch the graph near any 
point ?{h, f(h)) . So far we have chosen particular values of h. 
It will now be useful to carry out the work with h left unspecified 
We want to expand f(x) in powers of x - h, 

f (x) = bQ + h^ix - h) + b2(x - h)^ + bgCx - h)^. 

As we know, the coefficients bg, b^^, and b^ can be found as the 
successive remainders in division by x - h. 

V/e carry out these divisions sjmthetically . 

2 -3 -12 . 2 



2h 2h^ - 3h 2h^ - 3h^ - 12h 

2 2h - 3 2h^ - 3h - 12 | 2h"^ - 3h^ - 12h + 2 

The first remainder is f(h) = 2h'^ - 3h^ - 12h + 2 as we should 
expect. This is bg. To obtain b^^ we divide again by x - h. 

2 2h - 3 2h^ - 3h - 12 I ^ 



_2h 4hf_-__3h___ 

4h - 3 I 6h2 - 6h - 12 = b^ 
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(2,-18) 



Figure 3-6 
The graph of x — ^ 2 - 12x - 3x^ + 2x' 
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To find bg we divide once again. 

2 4h - 3 Li^ 



2 I 6h - 3 = bg 

bg IS 2. 

The required expansion is 

f(x) = f(h) + (6h^ - 6h - 12) (x - h) + (6h - 3){x^hf + 2(x^- h)^ (l) 

The equation of the tangent at (h, f(h)) is 

y = f(h) + (-6h^ - 6h - 12)(x - h). 

It is particularly helpful in graphing to find any places 
where the tangent is horizontal, that is, where the slope of the 
tangent is zero. Such points are called critical points > In our 
example, we set 

6h^ - 6h - 12 = 0 
The solutions are h = -1 and h = 2. Since f(-l) = 9 and f(2) = -l8 
we have horizontal tangents at (-1, 9) and (2, -l8), as appears on 
Figure 3-6. 

To find the shape of the graph near (-1, 9) we substitute 
h = -1 in Equation (l) and obtain 

f(x) = 9 - 9(x + 1)^ + 2(x + 1)^. 
The graph lies below the tangent y = 9 on both sides of (-1, 9) 
nearby, and accordingly we call this point a relative maximum . 

Similarly, if we substitute h = 2 in Equation (l) we obtain 
' f(x) = -18 + 9(x - 2)^ + 2(x - 2)^. 
Since the graph lies above the tangent line y = -l8 near (2, -18) 
this point is called a relative minimum . 

Another point of interest corresponds to the case where the 
coefficient of (x - h)^ is zero. This occurs in 'our example when '- 
6h - 3 = 0, that is, when h ^. Equation (l) then becomes 

f(^) .:|.^(x.|) 4-2(x-|)^ 
The tangent line T at ^) has the equation 
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The graph lies above T to the right of the point and below T to 
the' left. Hence, the graph crosses its tangent and is a 

point of inflection . 

With all of the above information at our disposal we can sketch 
the general features of the graph of f , V/e use also the fact that 
the point (o, 2) lies on the graph and that the tangent there, 
y = 2 - 12x, has slope -12, 'We may find the values of the function 
at X « 1, X = 3 and x = -2 to sketch the graph more accurately. 
Note that in Figure 3-6 we have used different scales on the hori- 
zontal and vertical axes in order to brinj^, out the features of the 
graph more clearly. 

The ability to locate maximum and minimum points and points of 
inflection enables us to sketch the graph of a polynomial function 
rather quickly and it makes it possible to reduce the number of 
points required to give a good picture. 

Exercise 3-6 

For each function 

f : a — - 16 ~ 6x^ + x^ 
and f: x — i-.2x^ - ^x - 1 

a) Find the slope of the tangent to the graph at the point 
where x = h, 

b) Write the equation of the tangent to the graph at the point 
where h = -1, 

c) Find each critical point and identify its character. 

d) Evaluate f(o), f(2), f(-2), f(3), f(-3), f(10), f(-lO), 

e) Sketch the graph. 
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3-7 . The Slope Function .. 

We can greatly shorten the process of Section 3-6. By doing 
synthetic division once for all on a general polynomial, we quickly 
discover a formula for the slope of the tangent. This formula Is 
so easy to remember that It would be a waste of time not to use It. 
We Illustrate this short cut by considering ^a general third degree 
polynomial function, f : x— a^ + a^x + agX^ + a^x , and finding 
the tangent at (h, f(h)) . 

We wish to determine the coefficients In the expansion of 
f (x) In powers of x - h, 

f (x) = bQ + b3^(x - h) + bgCx - h)^ + bgCx - h)^. 

In particular, we wish to find an expression for b^^, the slope 
of the tangent 

y = bQ + h^{x - h) . 
As usual we use synthetic substitution: 

ao ap aQ 

P 3 2 

a^h a^h"^ + a^ agh + a^h + a^^h 



h 



a^ agh + a^ a^h^ + a^ + a^^ 



a^h^ + a^h^ + a,h + a^ = b. 



Another division gives 

, 2 ^ th 
agh + ag a^h + a^ + a^ 

agh ^a^h^ + a^ 

2a3h + ag | 3a3h^ + 2a2h + a^^ = b^^ 

The required slope Is 

bj^ = 3a2h^ + 2a2h + a^^. 

To svmimarlze, for the polynomial function 
f: X — -agx^ + agX^ + a^x + aQ, 



,, .the slope at (h, f(h)) Is 



3a2h^ + 2a2h + a^^. 



[sec. 3-7] 

124 



115 



If we associate this expression with h 

h — ^Sa^h^ + 2a2h + a^ 

a fianctlon is defined. The same ftmctlon is defined by 

2 

X — ^3^3^ + SagX + 

since the mapping is the same no matter what letter is used to 
denote an arbitrary number in the domain of the function. 

V/ith the polynomial function 

3 2 
f: X — ^a^x + agX + a^x + 

there is therefore associated trie function f " 

2 

f: X — ^ Sa^x + 2a2X + a^. 
Since the values f"(x) of this function give the slope of the 
tangent to the graph at the point (x, f(x)) , we call f " the slope 
function associated with f 

Examination of the expression for f"(x) should make it easy 
to remember. V/e can associate the terms of f(x) and f'(x) in accord 
with the following scheme: 

-Ik) 

a^x ^a^x 

a^x^ ^agX 

a^^x a^ 
aQ ' 0 

In each case the degree of the corresponding term of f'(x) is 
one lower and the coefficient is n times as great. 

As we loiow, f"(h) is the slope of the tangent to the graph 
of f at the point p(h, f(h)) . V/e shall say that f"(h) is the 
slope of the graph at the point P. 

This scheme v/orks equally well for polynomials of higher 
degree. Thus, if 

4 3 2 

X — ^a^^x + a^x + agX + a^^x + aQ, 



the slope function f " is given by 

f": X — -4ai^x^ + ^agx^ + 2a2x + a^^. 
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"he scheme also applies fc quadratic function 
f : X — ^ a^^c^ + a^ 

i7nere 

f » : X — - 2£_x a.., 

Exarr.l e 1 , Given t: :ion f; x— 1 + 3x^. find the 

a^r^rociatea slope func-rlor its value when - 2. 

Solution ; f ' : x ^ ^x. 

Hence, f'(2) = -2 + - 10. ^ ^ 

Exampl e 2. Given thr ^ iction f : x ^3x + 2x - x + 1, 

z id the equation of the ^sx:^:^nt line at the point (l, 5). 
Solution : f«: x — -5r.^^ + 4x - 1. 
Hence, f « (l) = 9 + ^» ~ - = 12. 

The equation of the ta: cent at x = 1 is j = f(l) + f'(l)(x - 
that is, 

y = 5 + 12(x - 1) 
or ' y = 12x - 7. . 



Exercises 3-7 

1. Given the functions 3 

f: X — ^ + ^ 2 

g. X— 3x5 . . 2 

p: X — - X - 3x 

a) Find the associated slope functions f'S and p'. 

b) Find the slope of each function at x -1. 

c) In each case write an equation of the tangent line at the 
point where the graph intersects the y-axis. 

d) Sketch the graphs of f , g, and p, confining yourself to 
the interval (x: |x| < 2}. 
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2. Find and identify each crJ : pc±hi; given fee functions. 

a) X — - 2x^ + 3x^ - 12x 

b) X — ► x^ - 12x + l6 

c) X — - -2x^ -h 3x^ 4- 12x - , 

3. The point P(l, l) lies on V-s :rc5: f each of the follovring 
polynomial f \mctions . For v h i; ne point (l) a relative 
maximum, (2) a relative mini-rr, \3 a point of inflection, 
(4) none of these? 

a) X — - 2x^ - 6x^ + 6x - 1 

b) X — 2x'' - 6x H- 6 

c) X — - 2x^ - + 12x - ^ 

d) X — - 2x^ - 3x^ - 12x + 1 

4. Drav; the graph of x — ^x + x . ■ ' - 3x aftrer identifying 
each critical point, and fim v.. : c value of the function at 
X = -2, 0, 2. 

5* Consider the functions g 

f : X — -x^ ~ 3x^ + 1 and — - |x - | . 

a) Find the associated slope . -.actions f and , Evaluate 
. f « (1) and g« (1) . 

b) In each case write an equarl on of the line tangent to the 
graph of the function at tr^r point where x = 1, 

o) V/hat observation can you mnre about the angle of inter- 
section of these tangent lines? 



3j^. Maxlmiom and Minimum Problems . 

In the last section V7e develope-t:: — ethod fcr finding the 
tangent to the graph G of a polyncnn±al x^^unction at any point P. 
Moreover, in Section 3-6 we learned how to determine relative maxi- 
mum and minimum values of any polynomial fiinction of degree greater 
than one. We observe that a relative maximum is not necessarily 
greater than every other value of the function. However, in this 
section we shall abbreviate "relative maximum" to "maximum." If 
necessary, we shall refer to an ov^r-aZL maximum as an absolute 
maxlm\Am > Similarly, we shall use the word, "minimum" In place of 
"relative minimum. " 
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There are many situations which ls.ad to the problem of de- 
termining the maxlmiom err the minimim values of polynomial functijBsf*^ 
Such situations arise from the consideration of distance, volime,, 
area, or cost as functions of other variables,. In practice, not 
only do we often need to know the optimum (maxlmuni or minlmim as 
the situation requires/ values of a function, but also how to 
achieve them. In other words, we need to knovrthe values in the 
domain at which the function values are maxima or minima. V/e 
shall use the techniques of the last section to find these value:£.. 
Sometimes the function is defined by an equation; at other times 
a relationship is expressed less straightforwardly and it is 
necessary to translate the information in such a way as to discover 
a function which may be maximized or minimized. 

Example 1_. ^ ball is thrown upwards so that its height t 
seconds later is s feet above the earth where 

s = 96t - l6t^. 

What is the maximimi height the ball will reach? ^v^:;:^^;^^ 

Solution. Our understanding of the problem is 'enhanced by 
a graph. Since meaningful replacements for t and s are limited 
to positive values, our graph will be dravna for the first quadrant 
only . 

AS 



t 


s 


0 


0 


1 


80 


0 


128 


3 






128 


5 


80 


6 


0 



150- 



100. 
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Figure 3 -8a 
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Our graph sugr£i3t ; that when t 5^ 3 (fh i, read '"airpr ^xiinately 
equal to"), we have a rraxlmum height. Let - keep this in mind 
as we proceed. 

Since the functicr: is 

f: T — ^96t - l6t^ 
the as30ciate^d slope furictl^zzi is 

f ^ - — - 96 - 32t. 
V/e are seeking a point- where the tangent is horizonral, that is, 
vrhere the slope is 0. Hence ^ we wite 

0 - 96 - 32t. 

Thus t = 3, and the maxlmuin height is Ikk feet. Note that 
f (t) = 96t - l6t^ = 144 - l6(t - 3)^, v/hich confirms that the 
value 144 is a maxlmim. 

Example £. Find the dimensions of the rectangle with peri- 
meter 72 feet which will enclose the maxlmxim area. 

Solution . Let x feet represent the width and let y feet 
represent the length. Then the srrea is xy square fest. In order 
to express the area A In terms of x alone, we must express y in 
■fcerms of x. Since th^= perimeter, 2x + 2y = 72, y = 36 - x. 



Figure 3 -8b 

Substituting 36 - x for y, we are able ro express the area A in 
terms of x. 

A = xV36 - x) = 362Z ~ ic^ = r(x) 
— -36x - x^ 
The corresponding slope .fmi:ti:on is 

f »: x: — i-36 -'2x. 
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Agair v;e seek Aie val '^r^ jf :c where f'(x) = 0. 

r 36 - 2x 
r = 18. 

When = I8, 7 - I8 uinco + 2y = 72. Tlius tae rectangle with 
maxir.:CTi area :;:.ll be a sciu=e I8 feet on ^ r..de. V/hy is this 
not ^ minimiun'": 

jcample ^. A man prrop^uses to make an c;:-;rn box by cutting a 
square from each corner 3 piece of cardbciz^d 12 inches square, 
and then turning up t:T^ ^..xees. Find the diisnsions of each 
square he must cut out: ±- order to obtain a fb^x v;ith maximum 
voluzis. 

Solution . Let t'rB slie of the square be cut out be x 
inches . The base of the b ™ will be 12 - 2x -Inches on each side 
and the depth will be x inches. 




Pigrrs 3-6.^ 
Ifhe volume in cuh±c fnches will Jse 

7 = (12 - aO (l2 - ^)(x) 
- I4i^x ~ i^8x^ - = f(x). 
\fe must max±rslsx5^ 1' .r; ^ Z?he slCTse .fm-cticn Is 

: X — *-]L^4 - S5x + ZSx^ 
We are sealing th£: '.2S2?cs of tts sloire .runct±=:n* Since 

3 = 144 9Sx 12x^ 
12(6 - xj (2 - x) , 
tiie zeros of f* sr^- .2 ::^2Eid 6. 
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It is Clear ~rhat if we cut a 6 inch square f rcr: each comer of our 
original carcboard, nothing will be left for a base, and the 
volume will be a minimum. V/ith a 2 inch square cat from each 
comer we can make a box whose dimensions are 3 > 3x2 inches. 
The maximum volume is 128 cubic inches. 

E:s^p le A. Find the point on the graoh ti.e function 
f: X — i-x that is nearest the iDoint A(3, •)) . 

Solution . For ever^/ real number x, zne pcirt P(x, x^) ±s on 
the graph of the given ixinction. Recall that trie distance betvreen 
two points {x^, y-), (xp, yp) is given by the ec::iation 



A grapn of the function f: x i-x vJlll tsrlp. Let A? repre- 
sent the distance from A to a point P(x, x' ) on the graphs 





Figure 3-8d 



Then 
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Since this does not e:^rpress a polynomial function, dc not have 
the teclinique to minimize or maxiinize the distance Ta-icrion. 
However, if we let(AP)^= then 

K = (x - 3)2 + (x^;- 

= 9 - 6x -H 4- 

This defines a polynomial fuinction g vrhich v/e can miriinize. The 
value of X which makes K a minimum villi also malce AP a minimum. 
The slope function associated viith g Ic 

g t : X — - -6 -f 2x . 
V/e find that 1 is the only real zero cf. g'. It is easj^ to shov/ 
that when x = 1, K is a minimum and h;:=r-:3 so Is AP. Since f(l) = 
1, the point (1, 1) is the point on tte graph which is nearest 
to the point A. 

Example 5. Find the right circ^Jlar cylinder of gr-^atest 
volume that can be inscribed in a right circular cone. 

Solution, Let h be the height of the given cons axnd r the 
radius of its circular base. Then in terns of th- Pke^ch. an 




Figure 3— ah 

Pig^ire 3-8e, AC = h and CB = r. If the heighiir of rae .inscribed 
cylinder is y, and the radius of its circular :base is -c, then 
DC = y and DE = x. 
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Since triangles ADE and ACB are similar 

DE _ CB 

or h ~ y " H ' ^fheve AD = h - y 

and y = h - ^ . (1) 

The volvime V of the cylinder is given by 

V = TTX^y = TTX^Ch - ^) 

= TThx^ . :^x3 , (2) 
Where h and r are constants. 

The formula for the volume defines a polynomial function f 
which v/e can maximize. The associated slope function is 

f»: X — .-27rhx - Stt^x^. 
The zeros of f ' are found by solving 

0 = 2Trhx - 37r-x^ 
r 



= te(2 - |x). 



2 

These zeros are 0 .ana -^r. The cylinder will have a minimvmi volvime 

when the radius of i-cs base is 0, and' a maxlmim voluine when its 
p 

radius is -^r. T.o find its corresponding height we substitute 
= "Ir in (l), so that 

y = h -.|h = I . 



X = 



Exercises 3-8 

1, A rectangular box with square base and open top is to be made 
from a 20 ft. square piece of cardboard. 'What is the maximvim 
volvmie of such a box? 

2, The svmi of t\^o positive nimbers is N. Determine the nimbers 
so that the product of one and the square of the other will 
be a maximvmi. 

3, A rectangular field is to be adjacent to a river and is to 
have fencing on three sides, the side on the river requiring 
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no fencing. If 100 yards of fencing is available, find the 
dimensions of the field with largest area. 

4. A vdLre 24 inches long is cut in two, and then one part is bent 
into the shape of a circle and the other into the shape of a 
square. Hov; should it be cut if the sum of the areas is to 

be a minimum? 

5. A man has 600 yards of fencing which he is going to use to 
enclose a rectangular field and then subdivide the field into 
two plots With a fence parallel to one side. V/hat are the 
dimensions of such a field if the enclosed area is to be a 
maximum? 

6. A printer v/ill print 10,000 labels at a base price of $1.50 
per thousand. For a" larger order the base price on the entire 
lot is decreased by 3 cents for each thousand in excess of 
10,000. For how many labels will the printer's gross income 
be a maximum? (See note at end of Exercises.) 

7. ^ open box is to be made by cutting out squares from the,,,^... 
corners of a rectangular piece of cardboard and then turning- 
up the sides. If the piece of cardboard is 12" by 24", what 
are the dimensions of the box of largest volume made in this 
way? 

8. A rectangle has tv/o of its vertices on the x-axis and the 
other two above the axis on the graph of the parabola y == 

l6 - x^. V/hat are the dimensions of such a rectangle if its 
area is to be a maximum? 

9. Find the point on the graph of the equation y = 4x which is 
nearest to the point (2, 1). 

10. A manufacturer can now ship a cargo of 100 tons at a profit of 
$5.00 per. ton. He estimates that by waiting he can add 20 tons 

- per v/eek to the shipment, but that the profi/c on all that he 
ships will be reduced 25* per ton per week. How long vrf-11 it 
be to his advantage to wait? (See note.) 

11. Find the dimensions of the right circular cylinder of maximum 
volume inscribed in a sphere of radius 10 inches. 
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12. A peach orchard nov; has 30 trees per acre, and the average 
yield is kOO peaches per tree. For each additional tree plant- 
ed per acre, the average yield is reduced by approximately 10 
peaches. Hov; many trees per acre will give the largest crop 

of peaches? (See note.) 

13, The parcel post regulations prescribe that the sum of the 
length and the girth of a package must not exceed 8k inches. 
Find the length of the rectangular parcel v;ith square ends 
which will have the largest volume and still be allov/able under 
the parcel post regulations. 

l^p A rectangular sheet of galvanized metal is to be made into a 

trough by bending it so that the cross section has a | | 

shape. If the metal is 10 inches wide, how deep must the 
trough be to carry the most water? 

15. A potato grovier wishes to ship as early as possible in the 
season in order to sell at the best price. If he ships July 
1st, he can ship 6 tons at a profit of $2.00 per ton. By 
waiting he estimates he can add 3 tons per week to his shipment 
but that the profit will be reduced by 1/3 dollar per ton per 
week. V/hen should he ship for a maxlmiim profit? (See note.) 

16. Prove that with a fixed perimeter P the rectangle which has a 

maximum area is a square. 

17 • Find the greatest rectangle that can be inscribed in the region 

2 

bounded by y = 8x and x = 4. 
"18. V/hat points on the ellipse x + ^y"^ = 8 are nearest the point 
(1, 0)? 

19. Find tho altitude of the cone of maximum volume that can be 
inscribed in a sphere of radius r. 

20. A real estate office handles 80 apartment units: V/hen the 
rent of each unit Is $60.00 per month, ail units are occupied. 
If the rent is Increased $2.00 a month, on the average one 
further unit remains unoccupied. Each occupied unit requires 
$6.00 v/orth of service a month (i.e. repairs and maintenance). 
V/hat rent should be charged in order to obtain the most profit? 
(See note.) 
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Note . In the indicated protlens meaningful replacements for 
the variables are obviously restricted to positive integers, but 
v;e must consicsr the functions to ne continuous in order to apply 
the technique? of this chapter. 



3-9 . Ife^Tton ' s Method . 

In some cases, there exist simple formulas for the zeros of 
functions; the linear and qusfratlc polynomial functions are cases 
in point. In some other cases:., such as the cubic and quartic poly- 
nomial functions, formulas a-Ust, hut are so unwieldy as to be of 
little practical value. In a great many cases, there are no 
formulas at all. In this ssenlon, we shall consider the problem 
of locating zeros when no siscple formula exists. V/e shall have to 
be satisfied with approxlmatlms to these zeros, but since there is 
no theoretical limit to tiie saicxrracy of our approximations, they 
can be refined to meet tie n^mrrrrris- of any practical applications. 

A simple and obvimus :iiHcnn±que for approximating zeros of 
polynomial functions is to use the Location Theorem (Theorem 2-2) 
and linear interpolation:- By this technique, we isolate the zero 
first between successive integers,, then between successive tenths, 
then betvjeen sxiccesslve huncredths, and so on, thus generating a 
sequence of numbers whlab rrore and more closely approximates the 
zero. Tn actual practice^ irhis method is not generally the most 
efficient, and the comFul^a-tlisis may become cuite involved. The 
method v;hich vts shall d£SC3:d3je here is efficient and is applicable, 
to a great variety of functions. It Is called Ne;<rfcon's Method. 

Kevrbon's Hetho:d is an iterative process. If, that is, v/e 
start I'Jlth a good ajrorosianEtlcn to the unknom zero, and apply 
this method, it v/ill ylela a better approximation Xg, and if we 
then apply It to x^, It ^^tlll yield an approximation X3 that Is 
better still. Thus, the ctocsss yields better and better results 
when applied over and ov=r again, and if the error of the initial 
estimate Is small. It cornrerges more rapidly than does linear 
IhterpolafeEca. Iterative processes are particularly well adapted 
to modem cachine computatSCTi, and Newton's Method is a standard 
tool in virtaally all large computing centers. 
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Newton's method is based on a simple geometric idea associated 
with successive tangents to the graph of a given ftinction. The 
tangents intersect the x-axis at points which are successively 
closer to the zero of the function. (See Fig, 3-9a.) 




Figure 3 -9a 

Example 1.. To calculate the value of the real zero of the 
polynomial function 

f : X *x^ -f + X - 2 

Solution , Since f(o) = -2 and f(l) « +1, f has a zero r 

which is between 0 and 1. From a graph G of f we estimate .8 as 

a first approximation to r. The equation of the tangent to the 
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graph at the point where x = .8 is foimd by synthetic division. 

1.8 

111 -2 I 

.8 l.nh 1.952 

~1 2jk I - .048 = f(.8) 

0.8 2.08 

"l 2.6 I 4.52 = f«(.8) 
The equation is 

y = f(.8) + f(.8)(x - .8) 
or y = -.048 + 4.52(x - .8). 

This tangent line crosses the x-axis near the point where x = r. 
In fact, by setting y = 0 v/e find a value of x which is a closer 
approximation to r. 

0 = -.048 + 4.52(x - .8) 
= -3.664 + 4.52X 
and X fti .81 

To refine our approximation to r v/e find the equation of the 
tangent to the graph G at the point (.81, f(.8l)) . 



1 


1 


1 


-2 




.81 


1.4661 


1.997541 


1 


1.81 
.81 


2.4661 
2.1222 


- .002459 


1 


2.62 


4.5883 = 


f«(.8l). 



The equation is 

y = f(.8l) + f •(.8l)(x - .81) 
or y = -.00246 + 4.5883(x - .81). 

To find the point at which this tangent line intersects the x-axis 
we solve the equation 

• 0 = -.00246 + 4.5883(x - .81) 
obtaining the root, x fa .8105. To two decimal places the zero of 
the function f is .81. 

Example 2. To find the real zero of 

f: X— ^x"^ - 3 

we talce 1.5 as our first estimate of r since f(l) and f(2) have 
opposite signs. Vfe wish to v^rite the equation of the tangent to 
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the graph G of f at the point v/here :c = 1.5. In this example it 
is easy to evaluate f(l.5) and f'(l.5) by direct substitution in 
f(x) = - 3 and f»(x) = 3x^, The equation is 

y = 0.375 + 6.75(x - 1.5). 
This tangent line intersects the x-axis at x = 1.444. Using 1.44 
as an approximation to r we ^vrite the equation of the tangent to 
graph G at the point (l.44, f(l.44j) . The equation is 

y = f(l.44) + f'(l.44)(x - 1.44) 
or y = -.014016 + 6.2208(x - 1.44). 

This tangent line intersects the x-axis at x % 1.442. To two 
decimal places the zero of the function f is 1.44, 

A common procedure is to stop the approximations as soon as 
two successive ones agree to the required number of places. 

We now generalize the procediore in order to develop a formula 
for approximating an irrational zero of a function. 

Let G be the graph of the given f -unction f , and r the real 
zero under consideration. By inspection of the graph G, synthetic 
substitution, straight line interpolation, or some other device, we 
obtain a good one-decimal place estimate of r. Let x-^ be this 
approximation . 

Vie then write the equation of the tangent to the graph G at 
the point ^x^, "^(-^i^) * '^^^ equation is 

y .= f(x^) + f«(x^)(x - x^). 

This tangent intersects the x-axis at a point which we shall call 
(xg, O) , Under favorable conditions, 

1^2 " ^1 < 1^1 " 
and Xg is therefore a, closer approximation to r. 

V/hen the tangent crosses the x-axis we have y = 0 and x « Xg 

so that 

0 = f(x-^) + f »(x-^)(x2 - x^) 
and ^2 = ^1 - rnsq) " S(x^). 
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The process may be repeated, giving successive approximations. 

^3 ~ sC^g) 9 ^ij, ^ 6(^2^ * • • • 
(See Figure 3 -9a.) 

It is evident that a very large amount of calculation might 
be needed. Ordinarily a lot of work of this sort can be Justified 
only if it can be carried out on a calculating machine. Modern 
electronic computers are so fast, and s<^ersatile, and so reliable, 
that it is now possible to do many large-scale calculations which . 
were impossible, at least for practical purposes. Just 15 or 20 
years ago. 

Computers will not do anything useful by themselves. They 
iTnist be provided with a list of instruction to be followed. For 
comparison we can remind ourselves that a telephone exchange will 
do nothing useful by itself. Once the exchange is given an in- 
struction (i.e., once the telephone nxomber has been dialed), the 
circuitry reacts in such a way that a * phone is rung and, if it is 
answered, the call is put through. A computer will also carry out 
instructions. It need not obtain its instructions one at a time, 
but it can follow a long list, executing automatically one in- 
struction after another. 

An important kind of instruction which can be carried out by a 
computer is one which causes the computer to go back in its list of 
instructions to an earlier one, and then repeat the intervening 
part of the list any number of times. Iterative calculations in- 
volve this sort of repetition of a sequence of operations. Com- 
puters are therefore well suited to the carrying out of large-scale 
iterations.' 

A list of instructions for a computer is called a program. To 
carry out a calculation on a computer one has to write out the 
program, using the proper code for the particular computer which 
is to be used. This program, along with any needed data, may be 
punched onto paper tapes. The tape is "fed" into the computer Just 
as it is. fed into standard teletype equipment. The computer's 
memor*y stores the information while it is being used. As 
answers are obtained, they may for example, be printed on electric 
typewriters. 
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Exercises 3-9 

1. Flnd^'^^by Newton's method, to three decimal places. Check 
by a table of square roots. 

2. Compute the zero of 

f : X — .-x^ - 12x + 1 
between 0 and 1 to three decimal places. 

3. Calculate to tvra decimal places the zero of 

f: X — i-x^ -3x^ + 2 
which is between 2 and 3. 

4. Find an approximate solution of 

x^ + 3x - 7 = 0 
correct to tv/o decimal places. 



3-10 . The Graph of Polynomial Functions Near Zeros of Multiplicity 
Greater Than One ■ 
In Chapter 2 we used synthetic substitution to locate rational 
zeros of a polynomial fimctlon. V/e nov; Inquire about the appearance 
of the graph near a point P on the x-axls where we have a zero r 
of multiplicity greater than one. 

• This problem Is solved by extending the method of Sections 
3-6 and 3-7. The behavior of the graph near the point P for 
which X = r Is detexinlned by examining the expansion of f (x) In 
pox^rers of (x - r). V/e consider a few examples. 

3 

Example 3^. The polynomial function f : x — --x - 3x - 2 
has the zero r = -1 of multiplicity two^, since f(x) = (x + 1)^(x-2)l 
Using the method of Section 3-6 v;e expand f (x) In powers of 
(x + l). The required expansion Is 

f (x) = 0 + 0(x + 1) - 3(x + 1)^ + l(x + 1)^, (1) 
The equation of the tangent T to the graph G at the point 
P(-l, 0) Is 

y = 0. 
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The graph G lies below T on both sides of P(-l, 0) for points 
which are sufficiently near P(-l, O) . This is seen by noting that 
the lower degree non-zero term -3(x + 1) of (1) is negative for 
all X ^ -1. Hence, P(-l, O) is a relative maximum point. 
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We know that the point (2, O) is on the graph G since 
f (2) = 0. 

In order to obtain further information about the behavior of • 
the graph in the interval where -1 < x < 2 we consider the slope 
ftmction 

f«: X — .-3x^ - 3 = 3(x + l)(x - l) 
obtained by using the method of Section 3-7. We note that f* has 
zeros -1 and +1. Since we have already considered the point where 
X = -1, we now examine the point where x = +1 and therefore write 
the expansion of r(x) in powers of (x - l), 

f (x) = - 4 + 3(x - 1)^ + l(x - 1)2. (2) 
This enables us to write the equation of the tangent T at the 
point P(l, -4). The equation is 

y = -4. 

Prom (2) we see tfet tue graph G lies nriove T on both sides of 
P(l, -4) for all points which are sufficiently near P. 

The graph of r::he slope function--hss been plotted on the srame 
axes as graph G. v.See Figure 3-lOa.) Over what interval is the 
slope of the tangent negative? For what values of x is the 
slope of the tangent positive? 

Example 2. To examine the behavior of the graph of 
f. X — ^x + Sx^ + 9x^ + 7x + 2 in the vicinity of its zeros we 
write f (x) = x^ -h Sx^ + 9x^ + 7x + 2 (x + l)^{x + 2) and note 
that ~1 is a zero of multiplicity three. Since 

(x + l)2(x + 2) = (x + 1)2[1 + (x + 1)] = (x + 1)2 + (x + 1)^ 

the expansion of f (x) in powers of (x + l) is 

f (x) = 0 + 0(x + 1) + 0(x + 1)^ + l(x + 1)2 + i(x + 1)^. (3)' 

Prom the expansion we see that the x-axls (which has equation y = O) 
is tangent to the graph G of f: x — - (x + l)2(x + 2) at the point 
P(-l, O) . The graph of G lies below ttie x-axis to the left, of P 
and above the x-axis to the right of P for all points which :are 
sufficiently near P. Thus P is a point of inflection. The point 
(-2, O) is on the graph G since f(-2) = 0. To obtain more 
information about the shape of the graph G in the interval 

[sec. 3-10] 

'"143 



134 



-2 < X < -1 we look at the slope function 

ft. X — -4x^ + 15x^ + l8x + 7 = (x + l)^(4x + 7). 
Observing that the zeros of f are -1 and - ^ we note that the 
graph has only one critical point in the interval -2 < x < -1, 
This is point ?{^, -5^) • At this point the tangent is horizontal. 
Since the graph G is continuous over the interval -2 < x < -1, it 
is reasonable to expect that the ordinate increases steadily from 
P to the critical point (-1, O). It is intuitively quite easy to 
see that if i:he graph G has horizontal tangents at A and B, but 

no point betv:een A and B, the graph i!±ses steadily or falls 
steadily from A to. 5. (See Figure 3-lOfc.) 




Figure 3 -10b 



In terms of the graph of G we note that P(-^, is a 

relative minimum point. An examination of the graph of the slope 

P -7 
function f: x — - (x + l) (4x + 7) in the neighborhood of x = -7^ 

-7 

shows that the slope of the tangent to G is negative for x < -jp 
and positive for x > (See Figure 3-lOc.) 
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Figure 3 -10c 
G is the graph of f: x — ►(x + l)^(x + 2) 
The dotted line shows the graph of the 
slope function f: x -(x + l)^('^x + 7). 



1 4 5 
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:Exerci8es 3-10 



1. Consider f ; x — -x^ - 3x + 2 

a) Locate the zeros of the function. 

b) Locate each relative maximum, relative minimum, and 
point of inflection. 

c) Sketch the graph. 

2. Draw the graph of f: x -x^ - 3x^ + 4 by finding zeros of 

the fmction and points where the slope of the tangent is zera.. 

3. For each fimction test each zero of multiplicity more than 
one for possible points of inflection. 

a) f: X >x^ + 2x^ + 3x^ + hx^ + 3x^ + 2x + 1 

b) f : X - 2x^ + 3x^ - Hx^ + 3x^ - 2x + 1 

c) f: X — >(x . l)^(x^ + 1) 

d) f: X — >(x . l)^(x + l)(x^ + 1) 



3--11 . Summary of Chapter 3. 

If P is the point (h, f(h)) on the graph G of the. zrolynomial 
function f: x — ^f(x), there exists a straight line T through P 
which is called the tangent to G at P. T is the best linear 
approximation to G at P in the following sense. Let m be the 
slope of T and e an arbitrarily small posliilve number. Then If 
|x - h| is small enough, all points of G lie in the region bounded 
above and below by the straight lines through P with slopes m + € 
and m - e . There is only one slope m that has this property, 
and hence only one line that is tangent to G at P. 

To find the slope m,-we may use repeated synthetic d±3zlsion 
by X - h to \rc±te f (x) in powers of x - h, 

f(x) = bQ + b^^Cx - h) + b2(x - h)^ + ... + b^(x h)^. (l) 

Then m = b^, the coefficient of x - h. 

The shape of G near P is determined by the first term in (l) 
of degree greater than one with a coefficient dlffei^ent from 
zero. If bo is positive and |x - h| is small enough, G lies above 
T on both sides of P. If bg is negative and |x - hi is small ^ 
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enough, G lies below T on both sides of P, If b^ = 0, we study 
the sign of the first subsequent term with. nonzero coefficient, 
for X > h and for x < h. 

The slope m of T may be obtained quickly from the slope 
function where if 

2 n 
f • X — - a^. + a- X + a^x + . . . + a^x . 

vie: n 

then f»: x — - a^ + 2a2X + ... + na^x^""*^ 

and m f ' (h) . 

Of particular importance are points of G at which f'(h)^= 0, 
so that T is horizontal. If, near such a point P, G lies above 
T, P Is called a relative minimiomj if below T, a relative maximum. 

Applications of these ideas are made to the plotting of graphs 
(in particular to their shape near points where f has a zero of 
multiplicity greater tlhan one) and to the solution of maximum- 
minimum problems. Also, by replacing a graph by its tangent near 
an intersection with the x-axis, a method (Newton's) is developed 
for calculating successive approximations to irrational zeros of 
polynomial fimctions. 
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Miscellaneous Exercises 

p 

1. Given f: x — -2x - 7x - 4. If ^2 " ^1 much greater 
Is the slope at Xg than at x^? 

2. Point P(-3, 2) lies on the graph of f: x — - ax^ + bx + 8. If 
the slope of f at P Is -1, find a and b. 

3. If (6, 0) and (2, O) lie on the graph of f; x — ^ ax^ + bx + c, 
and If the slope of f at (6; O) Is 5, what Is Its slope at 
(2, 0)? 

4. Write the linear approximation for f: x— — x - 4x + 3 at x = 2 
and at X = 4. Using these two linear approximations for f, 
find the ex'ror at x = 2.01 and at x = 4,01. If the error 
committed In using the linear approximation for f at 

(h, f (h)) Is to be nvmierlcally less than 0.01, then |x - h| 
must be less than what nxamber? 

5. If f: X — -5(x - h)^ + (x - h) + 3, write f{x) In powers of x. 

6. For each function below, write the equation of the tangent to 
the graph at (o, f(0)) and sketch the graphs of the function 
and the tangent in the vicinity of this point: 

a) f: X — -fCx) = 3x^ - 2x + 1 

b) f: X — -f(x) = 4 - x^ . 

7. If f: X — -2x^ - 5x^ + x + 3/ write f(x) in powers of (x + 2). 

8. If f (x) = a(x - h)^ + b(x - h) + c, show that 
f(x) = a(x - 1)^ + (2a + b - 2ah)(x - l) + f(l). 

'9. Given the function x -f(x) = 4 - 3x + 2x^, find the equation, 

of the tangent at (h, f(h)) and find the value of h for 
which the tangent is horizontal. Sketch the graph of the 
function and its horizontal tangent. 

10. Prove that a quadratic function cannot have a point of 
inflection. 

11. Express the polynomial 2x^ - 5x^> 3x - 4 in the form 
aQ + a^(x - 3) + a2(x - 3)^ + agCx - 3)^. 



12. 



13, 



14. 



15. 
16. 



17. 

18. 
19. 
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A farmer plans to enclose two chicken yards next to his barn 
with fencing, as shov^^l. Find 



Barn 





\ \ 


\ Chicken 


; yards \ 










^^y"**^ t ^^^^^ 





a) the maximum area he 
can enclose with 
120 feet of fence; 

b) the maxiiTium area he 
can enclose if the 
dividing fence is 
parallel to the barn. 

If a clay pigeon is shot vertically from the groimd at a speed 

of 88 ft ./sec, its distance d from the groimd in feet is 
p 

d = 88t - l6t , where t is the time in seconds. In how 

many seconds does the pigeon reach maximum height? \\fhat is 

this height? In how many seconds from the time it is shot 

does it hit the ground? 

op 

If f (x) = 2x + X - 3x + 4, what quadratic fimction is an 
approximation for f near x = 0? V/hat is the difference 
between the slope of this quadratic and the slope of f at 
X = 0? 

7 7 

Show that X + a is a factor of x -fa. Using synthetic 

substitution find the other factor. 

Prove that if f : x — -ax . + bx + c (a > O) 

has zeros x^^ and Xg, then f has a minimiom at 

Xj^ + .Xg 

X = g . 

Suppose (in using Newton'^ method) our first guess is lucl<y, 

in the sense that x^^ is a zero of the given fimction. What 

happens to x^ and l9.ter approximations? 

3 

Find the root of x - 3x + 1 = 0 between 0 and 1 correct to 
2 decimal places. 

The graph of a ftmction g passes through the point (2, 3). 
Its slope fiinction is 

g' : X — *-3x + 2. 
Write an equation describing g. 

At what point on the graph of f : x — ^x + 5x + 4 does f 
have a slope of -5? 
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21. Give a formula for all quadratic functions f whose graphs 
pass through P(0, -3) and have slope 4 at P. 

22. Determine the behavior of the graph of 

f: X — - 3x 
near x = 0. Graph the funcidLon for |x| < 2. 

23. A rectangular pasture, with one side boimded by a straight 
river, is fenced on the remaining three sides. If the 
length of the fence is: 400 T^rds, find the dimensions of the 
pasture with maximum area. 

24. A box is x feet deep, mx + b feet wide, and y feet long. 
Its volume is C cubic feet. Find a function f such that 

y = f(x). 

25. The graph of a quadratic fimction f has a maximiom at (-1, l) 
and passes through (O, O) . 

a) Graph the function and virite its equation. 

b) Write the equation of the quadratic function whose graph 
is symmetric to f with respect to the line y = 1.. 

26. Find the quadratic polynomial function whose graph passes 
through the origin and which has a maximum at (2, 3). 

27. For what range of values of x is the error numerically less 
than 0.01 when 4x^ + 3x - 2 is replaced by its best linear 
approximation at x = 0? 

28. The graph of a third degree polynomial function has a relative 
maximum at (-1, 2) and a relative minimum at (l, -2). VJrite 
an equation describing the f met ion. Find the slope of f 

at X = 0 and show that (O, O) is a point of inflection. 
Compare the slope of f at x^ = h and Xg =' -h. Sketch the 
graph of f . 

3 2 

29. W3?ite the expansion of g(x) = x - 9x + 24x - 18 in powers 

of X - 3. Find the slope of g at x = 3, and shov/ that (3, O) 
is a point of inf lectionL. Compare the slope of g at 
x^ 3 + k and Xg = 3 - Sketch the graph of g. 

30. Compare the graph of f in Exercise 28 with the graph of g 
in Exercise 29. If g(x) = f(x + h) what is the value of-h? 
Write the equation describing g^ if g^(x) = f(x + 2), and 
sketch the graph of g^^. 
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31, Is the graph of f in Exercise 28 syininetric with respect to 
the y-axis or to the origin? Justify your conclusion. Answer 
the same question for the graph of g in Exercise 29. 

32. Classify each of the points (l, O), (2, -2) and (3, -h) on the 

3 2 

graph of X — -x - 6x + 9x - 4 as a relative maximum, a 

relative ^ linimxAm, . a point of inflection, or none of these. 

33. 

The figure at the left 

shows four polynomial 

graphs and their common 

tangent y = 3 + ^ at 
(O, 3) . Match each 
graph (a, B, C, D) with 
one of the following 
equations . 




1) 


y 


= 3 


X 

- ^ - 


x3 


5) 


y = 


3 




x3 


2) 


y 


= 3 


X 

" 2 " 


x2 


6) 


y = 


3 


+ ^ - 


x2 


3) 


y 


= 3 


- + 


x2 


7) 


y = 


3 




x^ 


^0 


y 


= 3 




x3 


8) 


y = 


3 


+ f + 


x3 



34. Find and classify each critical point of the follov/ing 
functions: 

a) X— (x.2)^ c) X — -(x - 2)^ 

b) x^(2 - x)^ d) X — -(x - l)^(x + 2) 

35. Find, correct to 3 decimals, the zero of 

4 3 2 

X — ^x + 2x + X - 1 .v;hich is between 0 and 1. 

^ r . 2 2 

36. Find all real roots of x - 3x + 2x - 1 = 0 correct to 
3 decimals • 
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37. For what set of values of k will 

X — 2x - 9x + 12x + k ^ have 

a) no real zeros, 

b) one real zero, 

c) three real zeros. 

38. If f: X — -a(x - h)^ + b(x - h) + c = Ax^ + Bx + f(k), 
express f(k) in terms of a, b, c, and h. 

39. A right triangle whose hypotenuse is 5 is rotated about one 
leg to form a right circular cone. What is the largest 
volume which the cone can have? 

40. Using Newton's Method find the real root of 

x^ - 2x - 5 = 0 ., 
correct to the nearest 0.001. 

41. Find the value of k for which the maximum point of the 

2 

graph of f; x — ^2k H- 3x - 5x hay the same x and y 
coordinates . 

42. What number exceeds its square by the greatest possible amount? 
Prove your result. 

2 2 

43. Find the point on the circle x + y = 9 which is nearest 
the point (5, O) . 

44. Find the maximum value of ^he function 

2 

X — - -5 

X - 6x + 10 

45. Find the maximum value of the function x — --x - 6x + 10 
with domain (x: 1 < x < 4}. 

46. V/rite the polynomial which is the best third degree ^ - 
approximation to 

g(x) = 6x^ - 4x^ +. 5x + 2, for |x| near zero. 
Then find the value of g(O.l) correct to three decimal places. 
Show that your result gives the slope of the function 
f: X — ^x^ - x^ + 2.5x^ + 2x - 6 correct to the nearest 0.001. 

47. Find an equation of the tangent to the graph of 

f: X -x^ + 3x^ - 4x - 3 at its point of inflection. 
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48. Locate and identify the character of the critical points of 

g: X ^3x^ - 12x^ + 12x^ - 4. 

49. Find the zeros of f : x ^(x - 3)^(x + 4)^. Sketch the graph 

near each zero. 

50. Using Nevrbon's method, compute the real root of x^ + 5x - 1 = ( 
correct to three decimal places. 

3 2 

51. Prove that if f: x — ^ a^x + agX + a^^x + a^ has a relative 
maximum at x = x^ and a relative minimijun at x = x^, then it 
has a point of inflection' at 

+ Xg 
X = 2 . 

52. If g(x) = cf(x), where c is a constant and f is a poly- 
nomial function, show that = cf*. Hint: Assume that 
f(x) - + b^(x - h) + b^Cx - h)^ + ... + b^(x - h)^ 

and compare cf ' (h) with g' (h) . Since this- holds for any h, 
we have the required result. 

53. If s(x) = f (x) + g(x), where f and g are polynomial 
fimctions, show that s* = + g*. 

54. Use the results of Exercises 52 and 53 to show that the 
determination of the slope function of a polynomial reduces to 
finding the slope function of x^^ for k = 1, 2, 3, ... 

55. Shov; that ?-^{0, O) and PgC-l^ -H) are points of inflection 

of the graph of ^ ^ 

f: X — ^2x + 3x^ 4- lOx. 

56. Sho^^r that P(-|, is a relative minimiom point of the graph 

of 4 2 

f: X -X - 2x^ - 7x + lOx + 10. 

Then by the Location Theorem show that f has two real zeros 

'""'between 2 and 3. Locate each of the other two real zeros 

betvxeen consecutive integers. 

3 2 

57. Sketch the graph of f: x i^x - x - 3x + 1 by approximating 



the abscissas of tne relative maximum and minimum points, 
Find the smalle 
decimal places, 



3 2 

Find the smallest root ofx - x -3x + l= 0 correct to tvfo 
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Find the slope function f » associated with 

f: X — -x^ - 2x^ + 3. 
Locate the critical points of the slope function. Draw the 
graphs of f and f on the same coordinate axes. Describe 
the behavior of the graph G of f near points of G which 
are directly above or below the critical points of f. 
In using Newton's method, suppose that our guess is mlucky 
in the sense that f»(xj^) = 0. vmat happens in this case? 
Show that the function x — ^|x| attains its minimum value at 
X = 0. V/hat is the slope fxinction? Vfny cannot the slope 
function be used to find the minimum point? 
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Chapter h 

EXPONENTIAL AND LOGARITHMIC FUNCTIONS 

^-1 . Introduction 

In the two preceding chapters, we studied polynomial func- 
tions, tangents to their graphs, maxima and minima, and so on. In 
this chapter, we take up a totally new class of functions, called 
exponential functions. We shall also study logarithmic functions, 
which are related in a special way to exponential functions. 

Exponential functions have appeared in mathematics through 
two different avenues. One of these is through ordinary powers 
of a positive number. Consider for example the number 2. We 
know very well what the symbols 2'^, 2^, 2^, 2^, ... mean: 

2^ =2, 2^ - 2-2 =4, 2^ = 2.-2.2 = 8, 2'' = 2-2.2.2 = 16, 

and so on. We then define 2° = 1. Negative integral powers 
of 2 are defined as reciprocals of the corresponding positive 

integral powers: 2""^ ^ 1/2, 2"^ = 1/4, 2"^ = 1/8, 2"^^ ^ I/16, 

and in general 2"^ = 1/2^, for every; positive Integer n. 

V/e also know how to define rational powers of 2 for 
rational exponents m/n that are not integers. For example, 
1/2 

we write 2 ^ for the positive number whose square is 2. 

Similarly, 2^/^ is the positive number whose cube is 2, and 

so on. For every positive Integer n, 2^/^ is the positive 
number whose n-th power is £. Kxtending our definition, v^e 

write 2^/^, for example, for the number i^'^^^^) . Thus, if we 
write r to stand for a positive rational number, we know what 

^ means. 

Negative rational powers of 2 are defined as the reel- 
procals of the corresponding positive rational powers: 

2"'^/^ = ^17^ ' general 2"^ = ^ for every positive 

rational number r. 
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Rational powers of 2 obey two useful laws: 




(1) 



and 



'(2) 



for all rational numbers r and s, positive, zero, or negative. 
We can think of the rational powers of 2 as defining a 

function f: r— >2^ whose domain is the set of all rational 
numbers r. 

The second avenue through which exponential functions appear 
in mathematics is the study of various natural phenomena. For 
example, a biologist grows a colony of a certain kind of bacteria 
in a Petri dish in his laboratory. As part of his investigation 
he wishes to study how the number of bacteria changes with time. 
Under favorable circumstances it is found that so long as the 
food holds out, the time required for the number of bacteria to 
double does not depend on the time at which he starts the ex- 
periment. This is a special case of a general principle of 
growth which is of great Importance in many sciences, social 
and physical, as well as biological. We shall study this special 
case and abstract from it certain important mathematical ideas. 

To be concrete, let us suppose that on a given day there 
are Nq bacteria present and that the number of bacteria 
doubles every day. Then there will be 2Nq present one day 
after the start of the experiment. After another day the number 

of bacteria will be twice 2Nq or 2^Nq, after three days twice 

2^Nq or after n days the number N of bacteria 

present will be given by the equation 



where n is a positive integer. 

If we do not assume that the number of bacteria jumps 
suddenly every 24 hours, but rather that N ^increases steadily 
throughout any given day, we might ask ourselves such questions 



(3) 
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as the following: How many bacteria are present 1/2 day or 
1 1/4 days after the start? How many were present 2 days 
before the experiment started, that is, before the initial count 
was made? 

You may perhaps guess that these questions are answei^ed by 
generalizing the equation (3) to 

N(r) = Nq2^ (4) 

v.Y;^r-.* r is not restricted to positive integral values but may 
any rational values, such as 1/2, 5/4, 3/17, -2, and 
on. 

In Section 4«2, we shall assume that (4) does give a satis- 
factory account of the growth of a colony of bacteria. We shall 
dedt,'/ '? an important consequence from this assiomption and see how 
this consequence may be used to test the validity of equation (4) 
&5 a description of bacterial growth. 

Of course if an experiment of this sort is repeated and if 
counts are taken at various times, it is too much to expect that 
the results will be fitted with complete accuracy by any simple 
equation like (4). A scientist needs a brief method of des- 
cribing the results of his measurements. This method must fit 
the data with sufficient accuracy to serve as a convenient way 
of summarizing the facts and predicting the results of future 
experiments. A description of this sort furnishes a mathematical 
model of natural events. It is a fact that equations like (h) 
form satisfactory mathematical models for growth phenomena at 
least over limited periods of time. 

We thus arrive by two quite different avenues at the idea 
of a function which associates with every rational number r a 

number k2 where k represents any real number, that is, 

f: r— >k2^ 

where r is a rational number. • 
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For the sake of generality it is natural to ask for a way 
to extend the domain of f to include all real numbers x in 
such a way that the laws (l) and (2) will remain in force and so 

that the extended function f : x-^\c2^ will have a smooth graph. 
The problem that this presents will become evident if you ask 
yourself what 2^ or 2^ should be. We shall take up this 
extension in Section 4-3 and when it has been accomplished we 
shall have a new type of fiinction which is defined for all real 
numbers x, 

f: X— >k2^. 

The number 2 occurs here as a result of the special example 
that we considered. We shall see that any positive number a 
may replace 2 so that we consider mere general fiinctions 

f: X— >ka^ 

for all real numbers x, and a any positive real number. Such 
functions will be called exponential functions- . Before going on 
we wish to show that the exponential functions are really func- 
tions of a new type and not Just polynomial fxinctions in a new 
dress. The proof which follows for a = 2 can easily be extended 
to a general value of a. 

It is easy to show that 2^ is not a polynomial. In the 
first place, it is obvious that 

f: x-^2^ 
is not a constant function since 

2° = 1 and 2^ = 2. 
Suppose then that 2^ has been defined for all real x and that 

f(x) = 2^ = g^(x) (5) 
where Sj^(^) ^ polynomial of degree n > 0. 

158 
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Squaring both sides of (5) and using the fact that 



ERIC 



2 

(2^) = 2^^ we have 



22x 



But 2^^ = f(2x) = g^(2x) if equation (5) is true. Hence 



[s^U)]^ = g^(2x). (6) 



However this is impossible since the degree of the term on the 
left of (6) Is 2n while the degree of the term on the right is 
n, and n 2n if n > 0, Therefore the assumption that 2^ 
Is a polynomial is false. We are consequently concerned with a 
new type of function which is the subject of the present chapter. 

Exercises 4-1 

1. If the identity (l) is to hold we must define 2° so that 

2° . 2^ = gO+r ^ gr^ 

Use this fact to show that 2^ must equal 1, 

2, Similarly, show that if we require that 

, 2^ = 2° = 1, 

2"^ must be defined to be 1/2^, 

5, Plot the graph of the equation 

N = 10^(2^) for n = 1, 2, 5, 4 

where N represents the number of bacteria present at the 
end of n days, (Note: The unit chosen for the N axis 
may be one million,) 

Note: In Exercises h to 6 assime that the number of bacteria 
doubles in 2h hours, 

4. The bacteria count at the end of n + 5 days is how many 

times as great as the count -n + 2 days after the beginning 
of the experiment? 
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5. One week after the initial count was made the number of 
bacteria present was how many times as great as the number 
present three days before the experiment began? 

6. If there are N bacteria present after 100 days, after 
how many days were there N/4 present? 

7. Suppose that in a neu experiment there are 200,000 bacteria 
present at the end of three days and 1,600,000 present at 
the end of 4 1/2 days. Compute: 

a) The number present at the end of 5 days; 

b) The number present at the end of 1 1/2 days; 

c) The number of days at the end of which there are 
800,000 bacteria present. 

Hint: Assume that the number of bacteria present at the 
beginning of the experiment is Nq and that at the end of 
24 hours the count is S'Nq. 



4_2. Rational Powers of Positive Real Numbers 

Let us assume (as in Section 4-1) that under favorable cir- 
cumstances we can predict the number of bacteria in a certain 
colony by using the equation 

N(x) = Nq2^ (x rational) (l) 

for the number of bacteria x days after the start of the 
experiment. We then consider a bacteria count taken t days 
later where t is not necessarily a positive integer, but may 
by any rational number, positive, negative or zero. Then if 
(l) is indeed valid, 

N(x + t) = Nq2^+^ 

= Nq2^ • 2^ 

and N(x + t) = 2^N(x). 

In other words, if N(x) is the bacterial count at time x, 
the number of bacteria t days later, N(x + t), is 2 times 
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as great. The multiplying factor 2* does not depend upon x, 
the initial ^' time, but only upon t, the time interval between 
counts . 

Hence-y no matter when we count bacteria, it is a consequence 
of equation (l) that t days later the number of bacteria will 
have increased in the ratio r(t) = 2* (where r(t) depends 
only upon t) . 

Now, clearly, this consequence is easy to test experimentally. 
For example, we might coiant at 1/2 day intervals (t = 1/2). 

If (l) is correct, the ratio should be equal to the 

ratio .^^['^l^ or . Within the limits of experimental 

error this is found to be true. We therefore feel Justified in 
working with equations like (l) in studying bacterial growth. 

To determine how many bacteria should be present at any 
particular time, we merely substitute the appropriate value of 
X in equation (l). 

For example, let us suppose that Nq = 10 . (one million) . 

The ni:iinber of bacteria 1/2 day later should be 

N(|) = 10^ . (2V2) 

= 10^ y/2 = 1.^1^(10^), approximate ]y. 
After 3/2 days the number should be 

N(|) = 10^ • 2^/2 

= 10^(2 V2) 

= 2.828(10^), approximately. 

The number of bacteria 1 day before the Initial "covint was 
taken should be 

10^ • 2"-'- = 500,000 

assuming, of course, that the conditions of growth were the same 
prior to this count. 
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Let us recall and generalize ovir previous line of thou<^ht, 
We arrived at the equation 



N(x) .-= Nq2 

from the basic assumption that one day after the start of the 
experiment (wnen x = l) the initial number Nq was multiplied 
by 2. The multiplication factor might obviously turn out to be 
different from 2, as we have seen in Exercises 4-1, Problem 7. 
It is quite natural therefore to consider more generally 

N(x) = NQa^ , (2) 

where a is any real number > 0. This equation is obtained from 
(l) by replacing 2 by a. The number a is called the base 
of the exponential f\inction. If N(x) increases, a > 1. 

Let us review briefly how we deal with numbers of the form 

a'"/" where m and n are integers (n/O). 

Positive integral exponents are elementary. Thus 

p ^ 4 

a = aa, a/ = aaa, a = aaaa, 

and so on. 

We next define a° = 1, a"^ = 1/a, a'^ = l/a^, and so on. 
If n is a positive integer, we define a"^/" = "Va > the 
positive n-th root of a. 

Finally, if as before n is a positive integer and m is 

any integer, we define 

It may be shown that 

It follows from these definitions that 

a^a^ = a^+^ , (?) 
and ^^rj^ ^ ^rs (4) 
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where r and s are any rational members. We include a few 
exercises to familiarize you with these welL-known definitions 
and laws. 



Exercises 4-2a 

1. Prove that 

^m+n n 
a = a • a 

for all integers m and n, positive, negative or zero, 
where a is any real ni;iinber > 0. 

2. Prove that 

a^ = (a"^)'' 

for all integers m and n, where a is any real number > 0, 

3. Evaluate: 1000(8"^/^), 3(f) . 

4. Arrange the following in order of magnitude: 
2^/3, (,,5/2)(8-l), (1)-*/', 2-3, (2-2/9)5. 



5. Show that if x = 2^''^, then x = H ^%p^ . 

6. Find the value o? m if: 

a) S'" = (25)^ 

b) 8"^ = 2^5^^ 

7. Find the value of m if: 

a) 2(^^^) = 16"^, 

b) (2^)^ = 16"^. 

8 . Shovf that 

2^ ^ 2^+^^ ph 1 -^2^^ 

holds for all rational numbers b and h. 
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Rational Values of 2^. Table 4-2 gives rati'onal powers of 2. 
Ordinarily it is sufficient to use the entries ro\inded to 5 
decimal place accuracy. The table can be extended by applying 
identity (5). You are asked to do this in Exercise 4. 

The following Examples show how to find 2^ for values of 
r ' not listed in the table. 

1 68 

Example 1.. Use Table 4-2 to find ohe value of 2 * 
Solution . We note that 

2I.68 ^ 2^1^'^5-H3.05) ^ 2^ . 20-^5 . 2°'°^ 

w 2(1.569)(1.021) =5.204 (approximately). 

-0 37 

Example 2. Use Table 4-2 to find the value of 2 * . 
Solution . We write 

2-0-57 ^ ^'1-^.^3 

2O. 60+0. 05 (2°-^°)(2°-°^) 

^ (I.516K 1.021) ^ Q jji^ (approximately). 
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Table 4-2. Values of 


2 


r 


2^ 


2-^ 


.001 


1.000 693 4 


0.999 307 1 


.005 


1.003 471 7 


0.996 540 2 


.01 


1.006 955 6 


0.993 092 5 


.02 


1.013 96 


0.986 23 


.03 


1.021 01 


0.979 42 


.04 


1.028 11 


0.972 66 


.05 


1.035 26 


0.965 94 


.10 


1.071 77 


0.933 03 


.15 


1.109 57 


0.901 25 


.20 


1.148 70 


0.870 55 


.25 


1.189 21 


0.840 QO 


.30 


1.231 14 


0.812 25 


.35 


1.274 56 


0.784 58 


.40 


1.519 51 


0,7^1 86 




1.366 04 


0 732 04 




l.'tiir 21 


0.707 11 




1.464 08 


0.683 02 


.60 


1.515 72 


0.659 75 


.65 


I.56Q 17 


0 6'=^7 28 


.70 


1.624 50 


0.615 57 


.75 


1.681 79 


0.594 60 


.80 


1.741 10 


0.574 35 


.85 


1.802 50 


0.554 78 


.90 


1.866 07 


0.535 89 


.95 


1.931 87 


0.517 63 


1.00, 


2.000 00 


0.500 00 
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Exercises 4-2b 

1. ■ Calculate 2^/^: 

a) By using the data in Table 4-2; 

b) By noting that 2^/^^ = 2'2-'-/^ = 2 -//^ 

2. By using the data In Table 4-2 calculate: 

a) 21-15 

b) 22-65 

c) 20-58 
-'d) 2-0-72 

5. With the aid of Table 4-2 compute: 

a) 80-6^ 

b) 0.25-0-65 

4. Extend Table 4-2 by completing the following table. 

Table 4-2 (extended) Values of 2^ 

2^ 

-4.0 
-5.6 
-5.2 
-2.8 
-2.4 

-2.0 
-1.6 
-1.2 

1.4 
1.8 
2.2 
2.6 
5.0 

5. Plot the points (x, 2^) for the rational values of x 
shovm in Table 4-2 and Table 4-2 extended (Exercise 4 above), 



.16(] 
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4-3* Arbitrary Real Exponents 

In the preceding section, we dealt with the meaning to be 

assigned to 2"^^ and a^ for x a rational number, say r. 
Can we give meaning to these expressions if x is irrational? 

To be specific, can we define the expression 2*^ in a natural 
way for irrational values of x? we know that 

f: r-^2^ 

is defined for all rational numbers r. We wish to extend this 
function to a function with domain the set of all real numbers x. 
Let us consider a very concrete example. How should we 

define the number 2^ ? Since %n is irrational, the n\junber 
V2 

2 has no meaning if we limit ourselves only to the definitions 
given in Section 4-2. Our problem is to assign a value to the 

expression 2 , and indeed to all expressions 2 for real 
numbers x, that will be reasonable and will preserve the usual 
rules of exponentiation. 

We begin with the observation that the function f: r— >2^ 
defined for all rational numbers r increases strictly as r 
increases. That is, if r and > s are rational numbers and 

r < s, then 2^ < 2^. The proof is given at the end of the 
present section. It thus seems reasonable to require that this 

property be preserved when we define 2"^ for irrational nximbers 
X. Thus, for X and for all rational numbers r and s 

such that 

we should like to have 



r < s (l) 



2^ < 2^ < 2^ (2) 

Obviously this places a severe restriction on the value we 

assign to 2 and, as we shall see, determines it completely, 
The ordinary decimal approximants to ^2 give us a handy 
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collection of r's and s>3. Thus we know that 

1.4 < < 1.5 

1.41 < 72 < 1.42 

1.414 < 72 < 1.415 

1.4142 < n/2 < 1.4143 

1.41421 < 72 < 1.41422 

and so on. The inequalities (l) and (2) then show that 2 
must satisfy the following set of Inequalities: 



21.4 


< 




< 


2l-5 




< 




< 


2I.42 


21.414 


< 




< 




21.4142 


< 




< 


21.4143 


gl. 41421 


< 




< 


2I. 41422 



and so on. 

We replace the rational powers of 2 appearing in the last 
set of inequalities by certain decimal approximations and arrive 

at the following estimates for 2 : 

2.639 < 2 

2.657 < 2 

2.664 < 2 

2.665 < 2 



1.4 


< 


^ < 


2l-5 


< 2.829 


1.41 


< 


2/2 < 


2I.42 


< 2 . 676 


1.414 


< 


^ < 


2I.415 


< 2 . 667 


1.4142 


< 


2^ < 


2I.4143 


< 2.666 


if (2) 


is 


to hold. 


we know 


^ to 



decimal places: 2^=2.665 
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The pinching down process that we use to estimate 2f^ is 
sketched in Figure ^U5a, 




J? 

Figure 4-.5a. Pinching down on 2"^ , 

To generalize to any real number x, we choose any in- 
creasing sequence r^, -rg> r^, r^, ... of rational numbers 

all less than x, and any decreasing sequence s^^, s^^ s^, 

Sj^, ... of rational numbers all greater than x such that the 

difference s - r can be made arbitrarily sijiall. We compute 

" r r r 

the sequence of numbers 2 ,2 ,2-^,. ..,2 ^ 

S •! Sp S-;» S 

and the sequence of numbers 2 , 2 , 2 2 , ... 

r s 

and then look at the intervals 2 < y < 2 , 
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It is a property of the real number system that as x is 
confined by s^^ and r^ to smaller and smaller intervals, the 

corresponding intervals on the y-axis pinch down to a uniquely 

determined number, which we shall define as the number 2^. The 
number obtained is independent of the particular choice of the 
sequences r^, v^f and s^, s^, s^, ... s^. 

♦ 
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The method used for defining 2 for irrational x makes 
it possible to fill in all gaps in the graph of the fxinction 

r — >2^ ( r rational ) 

to obtain a graph for 

X'-^2^ (x real). 

Figure if-^c is a careful graph of this function for a limited 
part of its domain. 



Theorem. 2^ < 2^ if r and s are rational and r < s. 
Proof. I. We first note that 

(1) If a > 1, then a^ > 1, a^ > 1, a" > 1 (n a posi- 
tive integer) . ' 

Similarly, 

(2) If a = 1, then a" = 1. 

(5) If 0 < a < 1, then a" < 1. 

II. We now assert that 2^^^ > 1 for any positive 

integers m and n. For if a = 2"^/" were equal to 1, (2) 

would lead to the result a" = 2"^ = 1, which is false. If, on 

the other hand, 2^^^ were less than 1, (3) would lead to the 

result a" = 2"^ < 1 which is also false. Since 2^^^ is 
neither less than nor equal to 1, it must be greater than 1. 

III. Now let r and s be any two rational numbers 
such that r < s. Then s - r is a positive rational number 
m/n. Since 

gS-r ^ 2"^/n ^ ^ 

2^(2^-^)' > 2^ 
or v-^* 2^ > 2^^ . 
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1. 



Exercises 4-^ 
Use the graph of x— to estimate the value of: 



a) 
b) 

c) 
d) 



,1.15 
,2.65 
,0.58 
,-0.72 



Compare your results in Exercise 1 with yovir answers to 
Exercise 2 in the set 4-2b. 

Use the graph of x— *2^ to estimate the value of: 

a) ^ 

b) 2'^ 

c) 2-"A 

Is there any value of x for which 2^^ = 0? Give reasons 
for your answer. 

Use the graph of x- 

a) 



2^ = 6 



to estimate the value of x if: 
d) 



2^ = 3 



b) 
c) 



2^ =0.4 
2^ =3.8 



e) 



2^ = 2.7 



4-4. Powers of the Base a , as Powers of 2, 
We have concentrated on the function 



We are familiar with its graph and we have worked with a table 
of Its values. 

We shall need to study the function 

f: X— >a^ 

where a is any positive real number. Fortunately we do not 
have to start from scratch because we can express a as a power 
of 2, as we proceed to show. 
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The graph of f: x-»2^ lies above the x-axis arid rises 

from left to right. Also, f(x) = 2^ becomes arbitrarily 
large for x sufficiently far to the right on the real number 
line, and arbitrarily close to zero for all x sufficiently 
far to the left on the real line. The graph has no gaps. Con- 
sequently, if we proceed from left to right along the graph, 

2^ increases steadily in such a way that any given positive 
number a will be encountered once and only once. That is, 
there must be one and only one value of x, say ^ , for which 

2^ = a (1) 

(See Figure k^-K) and therefore a may be expressed as a power 
of 2. 




Figure H-)^ Graph of x— >2^ showing that 2^ = a. 

We can find the value of ^ by means of the graph (Figure 
4-5c) or Table ^^-2. 

Example 1. Find the value of for which 2*^ = 6. 

Solution . On the graph of x— >2^ we look for the abscissa 
corresponding to the ordinate 6. The result is 2.6 (approximately). 
If we use Table 4-2 to express 6 as a power of 2, we first 
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write 6 = 2 (1.5). Interpolating in Table 4-2 between the 
entries for x = O.55 and O.6O we obtain 2°*^^ = I.50 
(approximately). Hence, 6 = 2^(1. 50) « 2^(2°-59) = 2^-59 
(approximately) . 

oc 

Example_2 . Find the value of oc for which 1.11 = 2 . 
Solution . We look for 1.11 in the second column and read 
backward to find the corresponding value of oC in the first 

column.. Thus, 1.11 = 2°**^5 (approximately). 

Example 3 . Express 5.25 in the form 2^ . 
Solution . 

5.25 = 2(1.625) « 2^(2°-70) ^ gl.TO^ 



To* compute for a given base a and given ■ x we use 

equation (l) to write 

and then use Table 4-2 as illustrated in the following examples, 

0 7 

Example 4 . Express 3 ' ' as a power of 2, and find the 

0 7 

approximate value of 5 . 

0 7 

Solution . To find the value of 3 ' ' we first express 3 

as a power of 2. Thus, 5 2^(1.5) = 2'^(2°'^9) = 2^'^^ 
(approximately). (Verify this from Figure 4-5c.) 
NOW (2l-59)°-'^ = 21-115 „^ 2I.II 

„ 2(l-^-10+0-0l) = 2l(2°-l°)(2°-°l) 

w 2(1.072)(1.007) « 2.159. 

1 7 5 
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Example 5 > Calculate the value of ^^6.276)°*^^ 
Solution . We note that ^ 

6.276 = ^(1.569) « 2^(1.569) « 22(2°-^5) ^ 22-^5 
(Verify this from Figure H-3c.) 
Hence , 

(6.276)°-^« (22-65)°-^ ^ 2(2-65)(0.4) ^^1.06 

2(l+°-°5-K).0l) ^ 2^ • 2°-°5 . 2°-°^ 
« 2(l.035)(l.007) = 2.08^ (approximately) 

Exercises 

1. Express 3.^ in the form 2*^ . 

2. Write 2.6^ in the form 2.6H = 2°^ and then find the 
approximate value of (2.6^)*^*-^. 

3. Find the approximate value of (6.276)"^-°. 

,2.6 



Find the approximate value of (5.2)' 
5. Show that if 0 < a < 1 and v > u, then a^ < a^. 
Hint: See the proof of the theorem on page 16I, 
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4^5* A Property of the Graph of x ■^2'^ 

The graph of f: x — >2 has a simple but important property 
which is usually described by the phrase "concave upward". (See 
Figure ^-5a.) Precisely, this phrase means that if two points 
. P and Q on. the graph are Joined by a straight line segment, 
then this segment lies above the arc PQ of the graph. 




We shall not give a rigorous proof of this fact, but shall be 
content to show that the midpoint M of the segment PQ lies 
above the point R on the graph with the same abscissa. 
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Proof ; Let P and Q have the coordinates (x^^, y^) and 

+ yg " 

(xg, yg) respectively. Then the ordinate of M is ^ , 

the arithmetic mean of y^^ and yg. If the ordinate of R is y^. 

Hence y^ "^^^1^2 ' ^® geometric mean of y^^ and yg. 

An important theorem states that the arithmetic mean of 
any two positive numbers is greater than or equal to their 
geometric mean. 

In our case, this theorem would guarantee that 



— 2 — 

The result that we reqiilre 

yi + y2 



strengthens (l) by removing the equal sign. We shall prove (2) 
by replacing it by a list of equivalent inequalities, the last 
of which is obviously correct. 

yi -f yg > 2yy^ 

^1^ + ^^1^2 *^ ^2^ > ^^1^2 
yi^ - 2y^y2 -f yg^ > o 
(yg - y^)^ > 0 • 
Since yg > V-^^ ^-^^ holds so that (2) has been established. 

Althoiogh our proof shows only that the midpoint M of the 
segment PQ lies above the arc, it is plausible that all points 
of the segment PQ lie above the corresponding points on the 
arc PQ. For we can apply our result to each of the arcs PR and 
RQ (see Figure 4-5b) and conclude that R^^ lies below JA^ and 
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Rg below M^. The process of bisection can be repeated as many 
times as we wish. We can therefore obtain an arbitrarily large 
nii." jcr >£ points on the arc PQ which are certainly below the 
chord. 




0 x 



Figure 4-5b. Repeated bisection. 



Exercises 4-3 

1. Let P and Q have coordinates (.05, 2'°^) and (.25, 2-^5), 
respectively. Shov; that the midpoint M of the segment PQ 
lies above the point R on the graph G of x — >2'^ with 
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the same abscissa. Use Table 

2. Using the Information given In Exei'clse 1, show that the 

midpoints and Mg of segments PR and RQ respectively, 

lie above the corresponding points on G having the same 
abscissas. In this way exhibit 5 points on arc PQ which 
are below chord PQ. 

J>. Represent the results obtained In Exercises 1 and 2 graphically 
distorting the scale If necessary. 

h. Repeat Exercises 1-3 using points P(.05, 4*°^) and 
Q(.25, 4*^5) on the graph G of x-^4^. 

5. Generalize (l) to the case of four positive numbers, that 

Yn H- Yp + + yh i, ^ 

Is, prove that ^ — ^ > .J^^2^^^k' 

Hint: Use (l) and an analogous Inequality for y^ and y^i^. 
Apply the principle to these two results. 

*6. Generalize (l) to the case of three positive numbers, that 
Is, prove that .^2 ^3 ^ 3 / ^ ^ ^ 

Hint: Use Exercise 5j replacing y^^ by ^ ^ , 

and simplify. 



k^6. Tangent Lines to Exponential Graphs 

In Chapter 3 we learned that through each point P of a 
polynomial graph there exists a certain straight line, the tangent, 
that represents the best linear approximation to the graph near 
P. One may therefore be led to wonder whether a similar statement 
applies to the graph of an exponential function. It is in fact 
true that there does exist a tangent at each ooint of the graph. 

In the present section we shall show how to find the slopes 
of such tangent lines. The results obtained have important 
applications, specifically to problems of growth and of radio- 
active decay. 180 
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We shall begin with the graph G of g: x-~ >2^ and its 
tangent at (o, l) . 

Let Q(b, 2^) be a point on" the graph to the right of P 

and let R be the point (-b, 2"^) (See Figure 4-6a ). We 
shall assume that b < 1. 




Figure 4-6a. Approximating the graph of x — ?>2"^ near P(0,l) 



As we know, G is concave upward everywhere; hence G lies 
below PQ and below RP. 

Let us extend QP to Q» so that Q'P = PQ, and RP to R« 
so that PR' =: RP. We shall show that for |x| < b, G lies in 
the hatched region between the lines L^ = QQ' and = RR.'. 

It is necessary to prove that G lies above L^^ (slope m) for 



-b < X < 0, that is, that 2^ > 1 -f mx, -b < x < 0. 



This 



is equivalent to the statement that 2 > 1 



Now 2*^^ = ~ and 
2^ 



2^ < 1 + mx, 0 < X < b. 

p-x _ ^ s, 1 

oX 3. 4- mx • 



- mx for 0 < X < b, 
Hence 

(1) 
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Then 2 > 1( 1 + , ^x) = ^ _ ^2^2 • 

Since 1 - m^x^ < 1 (2) 

2"^ > 1 - mx (5) 

which is the required conclusion. 

It can similarly be proved that for 0 < x < b, G lies 
above Lg. 

We expect that If b is small enough, the lines and 

Lg will have slopes which differ as little as we please. This 

Is indeed the case. 

Suppose for example that b = 0.01, Since 

2°-°^« 1.00696 and 2-°'°^« 0.9S'310, 

0 006 Q6 

we obtain for the slope of L^^ > * o.ol ~ O.696 , 

and for the slope of , Q '°°^^Q - 0,690. 

We could take b' = 0.001 or even smaller, and thus get lines 
whose slopes are even closer together. It turns out that all of 
these wedges include a line whose slope to 6 decimal places • 
is 0.695147. We shall use the letter k to stand for this 
slope, and write the equation of the tangent at P as 

y = kx + 1, 

where k« O.695 is a sufficiently good approximation for most 
purposes. Thus if 

g: x-^2 , 

g(x)« kx + 1, for 1x1 small, (4) 
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Exercises 4-6a 

1. Consider the proof in the text that the graph G of x--»2^ 
lies above L^, for -b < x < 0. 

At which step is it necessary to assume that mx / -1? 
mx / 0? mx +1? 

Show that none of these possibilities can occur. 

^2. Prove that G lies above Lg for 0 < x < b. 

Hint: Note that G lies below for -b < x < 0' \(>e 

the given proof that G lies above L^, -b < x < ^ 

5. Find the slopes of the lines L^^ and if b = 0.001. 

Hint: Use Table 4-2. 

h. Using the results obtained in Exercise 5> show that the 

slope k of the tangent to the graph of x— >2^ at P(0, l) 
lies between 0.6929 and O.6934. 

5. Using the same procedure as in Exercise 3 and 4 calculate 

the slope of the tangent to the graph x— at P(0, l). 
Compare your answer with the result obtained in Exercise 4. 

6. Find the slope of the tangent to the graph of x— at 
P(0, 1). 

Note: Correct to 4 decimal places, the result is I.O986. 



So far we have considered only the base a = 2. It is easy 
however to obtain a general result for the slope of the tangent 
to the graph of 

g: X— >a^ 

at (0, 1) for any a > 0. 

It is sufficient to write a = 2"*" so that 

. . g(ocx) 

From (4) it foilows that 

g(ocx) « ko<x 4- 1, for kxl small. 
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and hence the required tangent has the equation 

y = kocx +1 (5) . 

where oc is such a number that 2 = a. 

It would be highly desirable to have the slope of (5) equal . 
to 1. This result is obtained by taking c<k = 1, that is, 

OC=: 1/k. 

This happy choice of the base a is ^miversally denoted by the 
letter e. 

Definition 4^1 . e = 2^/^, where k = 0.6951'»7... . 

The use of e in this sense may be traced to the Swiss 
mathematician Leonard Euler (1707-1785). The number e is one 
of the most important in mathematics; it ranks in importance 
with TT . If we use O.695 as an approximation for k, we 
obtain 

and e . 2^^, 2^'''^ = 2(2°- ^ ) (2°- (20-0°5) 

^ 2(1.520)(1.028)(1.002) 

= 2.72 approximately. 

If we use a closer approximation to k, we may naturally expect 
to get a better approximation to e. 

The number e has been computed to an enormous number of 
decimal places. In recent years, high speed electronic digital 
computers have been used to obtain the decimal expansion of e 
to 2500 places. For the record, we note that the first I5 
places are given by 

e = 2.71828 18264 59045..- (6) 
For most purposes e = 2.718 is a sufficiently good approximation 

There is an important method for approximating the value of 
e, which may be expressed as follows 

T n ' 

e « (1 + ^) for n large. (7) 

184 

[sec. 4-6] . 



175 



This means that if n is a large positive integer, say 100, e 

is given approximately by (1 + ^) . This result may be made 

plausible by the following argument. We may expect th ct the 
tangent line to a given curve will lie very close to the curve 
itself for all points close to the point of tangency. Consider 

the graph of f: x->e^ and the point (O, l) lying on this 
graph. Since the slope of the graph at (0,, l) is 1, the tangent 
line at (O, l) has the equation y = 1 + x. Thus we write 

e ^ 1 + X for Ixl near zero. 

This being so, we take 1/n very small (n a large positive 
integer) and write 

eV^ « 1 + i 

It is indeed correct that for large n, (7) does give a 
good value for e. In fact by choosing n large enough, an 
arbitrarily close approximation may be obtained. A further 
discussion of methods for computin^^. e will be found in 
Appendices h^l6 and 4-17. A table of values of e^ and e""^ 

has been included together with a graph of y e'^ for 
-2^ < X < 2^ . See Table 4-6 and Figure 4-6b. 



1S5 
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Table 4-6 e^ and 


e:! 






e"^ 


X 


e 




0.00 


1 . 0000 


1 . 0000 


0.01 


1.0101 


0.9901 


0.02 


1.0202 


0.9802 


0.03 


1.0305 


0.9704 


0.04 


1.0408 


0.9608 


0.05 


1.0513 


0.9512 


0.10 


1.1052 


0.9048 


0.15 


1.1618 


0.8607 


0.20 


1.2214 


0.8187 


0.25 


1.2840 


0.7788 


0.30 


1.3499 


0.7408 


0.35 


1.4191 


0.7047 


0.40 


1.4918 


0.6703 


0.45 


1.5683 


0.6376 


0.50 


1.6487 


0.6065 


0.55 


1.7333 


0: 5770 


0.60 


1.8221 


0.5488 


0.65 


1.9155 


0.5220 


0.70 


2.0138 


0.4966 


0.75 


2.1170 


0. 4724 


0.80 


2.2255 


0.4493 


0.85 


2.3396 


0.4274 


0.90 


2.4596 


0.4066 


v.. 95 


2.5857 


0.3867 


1.00 


2.7183 


0.3679 


1 . DVJ 


4 4817 


0.2231 


2.00 


7.3891. 


0. 1353 


2.50 


12.182 


0.0821 


3.00 


20.086 


0. 0498 


4.00 


54.598 


0. 0183 


5.00 


148.41 

18v] 


0.0067 
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Exercises k^6h 

1. Show graphically that there is a xinique real number x such 
that e^ + X = 0. 

2. Using Newton's Method find the zero of x ->e^ + x correct 
to two decimal places. 

4-7, Tangents to Exponential Graphs ( Continued ) . 

It remains to discuss the tangents to the graph of 

x-^a^ 

at points that are not on the y-axis. We shall confine ourselves 
to the case a = e, where the 
base is e. As we know, the 
tangent at (0, l) has the equa- 
tion y = 1 + X. Consequently, 
for Ixl small enough, 

e^ « 1 + X. (1) 

To study the graph near 

P(h, e^), we write x = h + (x-h) 
and 

^x ^ ^h+(x-h) ^ ^h . gX-h 

For Ix - hi sm^ll enough, we 

x-h 

use (l) and replace e by 
1 + (x-h). 

Then (2) becomes e^« e^[l + (x-h)] = 

+ e^(x-h). This linear approxi- 
mation gives the equation of the 

tangent at P, namely. Figure 4-7 

y = + e^(x - h). The graph of x-^e^ 

and its tangent at 
point (0, 1) 
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The significant part of the result Is that the slope of the 
tangent Is equ£ 
expressed. If 



tangent Is equal to the value, e , of the function. Otherwise 



f: X- 

then the slope function f is 



f: x-^e^. 



that is, f ' = f. 



^ercises 4-7 ,; - 

1. Use the data in Table 4-6 to find the slope of the tangent 
to the graph of f: x-->e^ at the following points. 

a) (-1, d) (0, 1) 

b) (0.5, e°'5) e) (1.5, e^'^) 
(0.7, e°-7) 

2. Use the graph of f: x-^e^ in Figure 4-6b to estimate the 
slope of the tangent at the points given in Exercise 1, 
Compare your results with those obtained in Exercise 1. 

3. Write an equation of the tangent to the graph of f at 
each point (x, e*^) given in Exercise 1. 

4. a) Through the point (3, 4) draw a line with slope 

m = 2/5. 

b) Draw a line which is symmetric to L^^ with respect 
to the y-axis. 

c) V/hat point on corresponds to the point (3, 4) on 

d) What is the slope of L^? 

e) Consider the general case: line drawn through 
point (r, s) with slope - m, and line symmetric 
to with respect to the y-axis. 

What point on corresponds to point (r, s) on L^^? 

What is the slope of L2? 
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5- a) Plot the points (x, e^) for which x = -2.0, -1.8, 
0.2, OA, ... , 1.6. 

b) Through each of these points draw the graph of a line 
having slope m = e^. 

c) Show that these lines suggest the shape of the graph 
of f: x~>e^;,l- . 

6. a) For each point plotted in Exercise 5(a) locate the 

corresponding point which is syiiunetric with respect to 
the y-axisj then throiigh these points draw lines sym- 
metric to those of Exercise 5(b) with respect to the 
y-axis. 

b) Show that each point located in 6(a) lies on the graph 

-X 

of g: X — >e 

c) Compare the slopes of the lines drawn in Exercise 6(a) 
with those of Exercise 5(b) .^'' 

7. a) Using the same coordinate axes draw the graphs of 

f. X — >e and g: x— ^e 

b) Compare the slopes of the graphs drawn in (a) at 
X = 0, +1, -1. 

c) Compare t.xe slope of the graph of g at x = h with 

-h 

e 

*£. Write an equation describing the slope function g» of 

-X 

gr x-^e . 



k'Q. Applications . 

In the early part of this chapter we examined the equation 

N(x) = N^a^ , a >0 , (l) 

If a > 1. (1) is a mathematical model for bacterial growth. 
Similar equations arise in many branches of science. 
Radioactive decay . Radioactive substances have the property of 



[sec. 4-8] 

190 



181 



disintegrating so that in a given period of time some of the 
atoms of a given radioactive substance break up by emitting 
particles, th\is changing to atoms of another substance. As a 
result, the weight of the unchanged material decreases with time. 
The weight W(x) of the radioactive material at time x is 
satisfactorily given by 

W(x) = WQa""" (2) 

where Wq is the weight W(0) at x = 0" and a is a suitable 
constant greater than one. 

The negative exponent corresponds to the fact that W(z) 
decreases with time. 

We may write equation (2) using the base 2. 

Thus, if a = 2^^ 

W(x) = Wq^-^"^ , (3) 

We may also use the base e = 2"^/^. Since 2 = e^, 2°^ = e^°^. 
Substituting in (3) we have 

:/(x) = w^e-^^^ 

W(x) = W^e-^^ , (Jl) 



or 



where c = koc . 

The fraction of radioact:^ve material which remains after a 
given interval of length t is fixed, since 



W(x + t) ^0^ ^t 



.(x.+t) 



= a 



is independent of x. 

The ratio ^^^^^^^^ is less than 1 for all values of t, 

since t > 0 and a > 1. 

Workers in the field of radioactivity usually measure the 
rate of radioactive decay of an element in terms of its half- 
life. The half-life is the time required for one-half of the 
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active material present at any time to disintegrate. The half- 
life of radioactive bismuth (Radium E) , for example, is 5-0 days. 
At the end of 10.0 days three-fourths of it will have disinte- 
grated, leaving only one-fourth of the initial amount. At the 
end of 20.0 days, only one-sixteenth of the original radioactive 

bismuth is present. 

To find the half-life T of a given radioactive substance 
it is convenient to use equation (3). Thus, the weight W(x) 
at time T equals one-half the initial weight- Wq. We find 
accordingly that 

= w^2-'^^ 
2 0 0 

-1 _ 2-<^T 
and d - d. . 

Hence oc T = 1 and \ - 

Thus the process of radioactive decay of an element is described 
completely by the equation 

W(x) = Wq2-^A' . ^ (5) 

Example 1 . If radium decomposes in such a way that at the 
end of 1620 years one-half of the original amount remains, what 
fraction of a sampl.e of radium remains after i^05 years? 

Solution . The fraction remaining after x years is 

wto) ■ 

Prom the given data we. have 

X = 405, 
T = 1620. 

Equation (5) gives us 

/, ^ w „-405/l620 _ ^ p-1/^ 
Hence the fraction remaining after '^05 years is 

192 
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Example 2 . Find the half-life of uranium If I/3 of the 
substance decomposes in 0.26 billion years. 
Solution . From the given data 

W(0.26) = I Wq. 
Substituting in equation (5) we have 

^ W = W 2-°-2^A 
5 ^0 ^0 

and hence, . 2 ^ 2^^.26/7 ^ ^^^^ 

From Table 4-2 



Thus 



so that 



3 

2 '-^ =1.5 (approximately). 



0.26 ^ 



T"S 0.45 (billion years) 
This means that no matter what amount of uraniiam is present 

o 

at any given time, 4.5 x 10^ years later one-half of it will 
have decayed. 



Exercises 4-8a 

1. The half -life of radon is 3.85 days. What fraction of a 
given sample of radon remains at the end of 7.7 days? 
After 30.8 days? 

2. The half-life of radioactive lead is 26.8 minutes. What 
fraction of a sample of lead remains after a time of 13.4 
minutes? After 80.4 minutes? 

3. At the end of 12.2 minutes, I/I6 of a sample of polonium 
remains. What is the half -life? 

4. A certain radioactive substance disintegrates at such a rate 
that at the end of a year there is only 49/50 times as much 
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as there was at the begjnnUis of the year. If there are two 
milligrams of the substance at a certain time, how much will 
be left t years later? 

5. A quantity of thorium has decreased to 5/^ of its initial 
amount after 5.56 X 10*^ years. What is the half -life of 
thorium measured in years? 

6. Radium decomposes in such a way that, of m milligrams of 
radium, 0.277 m milligrams will remain at the end of three 
thousand years. How much of 2 milligrams will remain after 
81 decades? 



Compound interest . Suppose that P dollars is invested at an 
annual rate of interest of r per cent or r/100, and at the end 
of each year Interest is compounded, or added to the principal. 
After t years the total amount A^ on hand is given by 



A^ = P(l + r/lOO) 



t 



However, the interest may be compounded semiannually, quarterly, 
or n times a year. If interest is added to the principal n 
times per year, the rate of interest is per period, and 

the number of periods in t years is nt. Hence, the amount 

A after nt periods (that is, after t years) is 
nt 

The more often you compound interest, the more complicated the 
calculation becomes. On the other hand, if we let n in (6) 
get larger and larger indefinitely, we approach the theoretical 
situation in which interest is compounded continuously; we 
shall see that the result obtained will enable us to find easily 
a very satisfactory approximation for the amount of money on 
hand at the end of a reasonable period of time. 
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To study this idea, let -j;^^ = h so that n = yC Q Ti ' 



Then (6) becomes 



A^^ = P(l + h)^^A00h 



= p 



(1 + h)Vh 



rt/lOO 

(7) 



If now n is taken larger and larger, h gets smaller and smaller 
and/ the right side of (7) grows closer and closer to 

p^rb/lOO 

which we call A, the theoretical amount that would be obtained 
if interest v/ere compounded continuously at r per cent . Thus 



Example . If ^100 is invested at ^1- per cent for 10 years, 
compare the amount after 10 years when interest is compounded 
continuously with the amount after 10 years if interest is 
compounded only annually. 

Solution . We have P = 100, r = 4, and t = 10 (years). 
If interest is compounded continuously, (8) gives 

A = 100e°-^ , 

which is approximately 1^9. 

To compute interest compounded annually we substitute the 
above values of P, r, and t in (6). This gives 

^10 " 100(1.04)^° . 
We may use a table of common logarithms to estimate A^qI thus 

A^^Q ^ 100(1.48) = 148. 
The results, ^^149 and '^^148, differ surprisingly little. 
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Exercises ^f-8b 

1. Find the amount of ^1000 after l8 years if interest is 
compounded continuously at the rate of 3 percent. 

2. Using 2 ^ e°*^^^, find how many years it takes to cibuble' 
a sum of money at 

a) 5 per cent compounded continuously. 

b) 6 per cent compounded continuously. 

c) n per cent compounded continuously. 



A of Cooling . The temperature of a body warmer than the 
surrounding air decreases at a rate which is proportional to the 
difference in temperature between the body and the surroimding 
air. Let T{x) denote the temperature of the body and B the 
temperature of the air at time x. The law of cooling may be 
expressed by 

T{x) - B = Ae"°^ 

T{x) = B + Ae""'' (9) 



or 



In this equation A + B. is the temperature of the body at time 
0 and c is a positive constant whose value determines the rate 
at which cooling takes place. 

If we let T(x) - B = W{x) and A = W{0), we have 



W{x) = W{0)e 



-ex 



which is identical with our previous equation (4). 

Example 1 . A kettle of water has an initial temperature 
of 100° C. The room temperature is 20° C. After 10 minutes, 
the temperature of the kettle is 80° C. 

a) What is the temperature after 20 minutes? 

b) When will the temperature be 4-0° C? 
Solution . Since W{x) = T{x) - 20 

W{0) = 100 - 20 = 80 
and W{10) = 80 - 20 = 60. 
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Prom equation (4) 



Then e"-^''^^ = 
so that 

Hence 



60 



W(x) = 80e'°^ 
and 60 = 80e"°^° . 

•75 « e"-^° (from Table 4-6), 



(a) 



10c « .30 and c « .03. 

W(x) = 80e--°'^^ 
and T(x) = 20 + 80e"'°^^. 
T(20)= 20 + 80e"'^ 

» 20 + 80( .549) 



W20 + 43.9 = 63.9; hence the temper- 
ature after 20 minutes is about 64° C. 



40 = 20 + 80e" 



.03x 



-•03x ^ 20 „ 



.03x w 1.39 



X w 46.5; hence the temperature 
will be 40° C after about 46 minutes. 

Example 2 . The law of cooling can be applied to solve the 
problem of whether to put your cream in your coffee at once or 
to add the cream just before drinking it. Suppose that you are 
served a cup holding, let us say, 6 ounces of coffee at tempera- 
ture 180° P. You are also supplied with one oionce of cream 
which is at room temperature, 70° P. You wish to wait for a 
while before drinking the coffee and also wish to have it as hot 
as possible when you drink it. How can you get the hottest 
coffee? Should you pour the cream in right away, or wait until 
you are ready to drink it? We solve this problem easily if we 
assume that the exponential law of cooling holds. 
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First case . Pour the cream in right away. Then the tempera 
ture of the mixture becomes 

180(f) + 70(i) = ^ + 70 

since 6/7 of the mixture (coffee) is at temperature 180° and 
1/7 (cream) is at 70°. Using equation (9) with B = 70 and 
initial temperature A + B = 660/7 + 70 we find that the 
temperature at time x is 

T(x) ^ e-^^ -f 70. (10) 

S econd case . Pour the cream in at any time you wish. Then 
at time Just before pouring in the cream, the coffee has 

cooled to temperature 

70 + 110e"°^ 

according to (9) with B = 70, A + B = I80. Mixing the coffee 
and cream now, we find that its temperature is 

T(x) = (70 -f 110e-°^)(f) -f 70(i). 
Reducing this expression by elementary algebra gives 

T(x) - ^ e-°^ -f 70 (11) 

which is the same as the result obtained in (lo) . Therefore it 
makes no difference at all whether you pour your cream into yo\ir 
coffee as soon as you- get it, or wait and pour it in just 
before drinking. It will be as cold one way as the other. 

Exercises 4-8c 

1. At h kilometers above sea level, the pressure in milli- 
meters of mercui^y is given by the formula 

P = Poe-0-^^^^5h 

where Pq is the pressure at sea level. If Pq = 760, at 
what height is the pressure l80 millimeters of merciiry? 
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2, A law frequently applied to the healing of wounds is 
expressed by the formula 



.-nr 



Q = Q^e 

where Qq is the original area of the wound, Q is the 

area that remains unhealed after n days, and r is the 
so-called rate of healing. If r = 0.12, find the time 
required for a wound to be half -healed. 

3. If in a room of temperature 20° C a body cools from 100° C 
to 90° C in 5 minutes, when will the temperature be 30° C? 
(Assume the law of cooling expressed by (9)). 

4. lif light of intensity Iq falls perpendicularly on a block 
of glass, its intensity I at a depth of x feet is 

I = I^e-^ . 

If one third of the light is absorbed by 5 feet of glass, 
what is the intensity 10 feet below the. surface? At what 
depth is the intensity 1/2 Iq? 



4'-9. Inversion 

Before we can proceed with the main ideas of this chapter, 
we must return to the concept of an inverse function, which was 
introduced in Section 1-6. We shall explore this idea a little 
further than we did in Chapter 1, and also prove some of the 
most important theorems which relate to inverses. We start by 
repeating the definition of inverse. 

Definition 1>>8 . If f and g are functions that are so 
related that (fg)(x) = x for every element x in the domain of 
g and (gf)(y) = y for every element y^ in the domain of f, 
then f ■ and g are said to be inverses of each other. In this 
case both f and g are said to have an inverse, and each is 
said to be an inverse of the other. 

This definition leaves unanswered one important question: 
Can a function have more than one inverse? That is, if f and 
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g are inverses of each other, does there exist a function h g 
such that f and h are also inverses of each other? As you 
might suspect, the answer is no, but we shall not prove it here. 
Consider, however, a picture of a function av. a mapping, with 
arrcws going (as in Figure l-6a) from points representing 

elements of the domain to points representing elements of the 

range. To represent the inverse function,' we merely reverse the 
direction of each arrow, as In Figure l-6b. It seems intuitively 
clear that there is only one way to do this. 

The fact that a function can have at most one inverse 
Justifies our use of a distinctive notation for functions which 
are inverses of each other. If f and g are such functions, 
then we can say that g is the inverse of f and write g = f " . 

n r. -1 

We read f" as "f inverse". Similarly we can write f f= g . 

T -1 

Thus (f" ) = f. 

Warning . Although the notation f"^ is strongly suggestive 
of "1 divided by f," it has nothing whatever to do with 
division. All it means is that 

(ff"-^)(x) =x and (f"-'-f)(y) =7- 

We now prove the basic theorems which relate to the existence 
of inverses. 

Theorem 1-1 . If a function . f has an inverse then 
f{x^) ^ f (xg) whenever X3^ and are two distinct elements 

of the domain of f . 

Proof . We shall prove this theorem by assuming the contrary 
and then deriving a contradiction. Hence we assume that 
f[x.^) = f(x2). From this we see that f"-^(f(xj^)) = f" (f(x2)). 
Now f"^f (x;^) = x^ and f"^f (xg) = Xg, so it follows that 
= Xg. But the elements x^^ and are supposed to be 

distinct (i.e., ^ x^) . This contradiction proves the 



theorem. 
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A vivid expression is used to describe fimctions f for 
which f{x^) ^ f (x^) whenever x^^ jl^ Xg. This- is the expression 

"one-to-one". If a function has an inverse then by Theorem 4-1 
it is one-to-one. Note that in this case the equation 
f (xj^) = f (x^) implies tnat x^^ x^. 

We point out that the idea of a one-to-one function is 
fundamental to the process of counting a collection of objects. 
V/hen we count a set of things we associate the number 1 with 
one of the things, the number 2 with another, and so on until 
all the objects have been paired off with whole numbers. We do 
not give the same nxomber to two different objects in the collec- 
tion. In short, this "counting" fmction is one-to-one. As 
another example, suppose that there are ^00 seats in a theater, 
and suppose that each seat is occupied by one and only one patron. 
Then, without counting the people , we can conclude that there 
must be 300 people sitting in these seats. These two examples 
deal with finite sets. On the other hand, the idea of a one- 
to-one function is fruitful even when the sets involved are not 
finite. Indeed, most of the applications deal with sets of this 
kind . 

Now that we know that every function which has an inverse 
is one-to-one, it is natural to ask if the converse is true. 
Does every one-to-one function have an inverse? You might guess 
that the answer is yes. This is the content of Theorem 4-2. 

Theorem 4-2 . If f is a function which is one-to-one then 
f has an inverse. 

Proof . Using the hypothesis that f is one-to-one, we shall 
construct a function which will turn out to be f""^. Given an 
element y of the range of f, then, since f is one-to-one, 
there exists .one and only one element x in the domain of f 
such that y = f (x) . Now associate the element x with the 
element y. This association defines a fmction g: y— The 
domain of g is the range f and the range of g is the 
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domain of f . Finally, since 

(fg)(y) - f(x) = y 
and (gf)(x) = g(y) = x, 

we see that f and g are inverses of each other. Therefore f 
has an inverse and f"*^ = g. 

Definition 4-2 . A function f is said to be strictly 
increasing if its graph is everywhere rising toward the right, 
if, that is, for any two elements x^^ and Xg of the domain 

of f, < Xg implies f(xj^) < fCxg). 

An important corollary of Theorem 4-2 concerns strxctly 
increasing functions. 

Corollary 4-2-1 . A function f which is strictly increasing 
has an inverse . 

Proof. If x^ and Xg are any two elements of the domain 
of fy,... then either x^^ < x^, In which case f(Xj^) < fCxg) by 
hypothesis, or Xg < x^^, in which case fCxg) < f(xj^). In 
either case, f{x^) f fCxg). Hence f is one-to-one and there- 
fore has an inverse by Theorem 4-2. 

A similar result holds for strictly decreasing functions; 
see Exercise 5. 

Theorems 4-1 and 4-2 provide an answer to our first 
question, which -was: Under what circmstances does a function 
have an inverse? We summarize this answer in l*heorem 4-5. 

Theorem 4-3 . A function has an inverse if and only if it 
is one-to-one. 

As TO might reasonably expect, there exists a rather 
simple relationship between the graph of a function f and the 
graph of its inverse f*^. If, for example, r and s are 
real numbers such that r = f(s), then P(s, r) is, by defini- 
tion, a point of the graph of f. But if ^r = f(s), then 
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s « f"" (r), and it follows, again by definition, that Q(r, s) 

is a point of the graph of f"**^. Since this argument is quite 
general, we can conclude that, for each point P(s, r) of the 
graph of t, there is a point Q(r, s) of the graph of f"*^, 
and conversely; either graph can be changed into the other by 
merely interchanging the first and second coordinates of each 
point. To picture the relative positions of P and Q we 
should plot a few points and contemplate the results. ,(See 
Pigiu?e 4-9a, in which corresponding points of each pair P(s, r), 
Q(r, s) have been joined together.) 





P(3,5) 


/ L 






Q(5,3) 


Q(-U) 
Q(-4,0) \ 














P(0,-4) 





Figure 4 -.9a 

The presence of the line L = {(x, y) : y = x) illustrates 
a striking fact: With respect to the line L, corresponding 
points are mirror images of each other I Thus we see that the 
graph of the inverse of a function f is the image of the graph 
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of f in a mirror placed on its edge, perpendicular to the page, 
along the line L. This fact suggests the following (messy) way 

to obtain the graph of f'-^ from that of f. Merely trace the 
graph of f in ink that dries very slowly, and then fold the 
paper carefully along the line L. Tlie wet ink will then trace. 

the graph of f"-*- automatically. (See Figure i|-9b.) 




Figure 

Exercises ^-9 

1. Find the inverse of sach of the following functions: 

a) X-S-4X - 5 

b) x-^i' + 8 

c) x->x5 - 2 204 
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Solve each of the following equations for x in terms of y 
and compare your answers with those of Exercise 1: 

a) y = 4x - 5 

b) y = I + 8 

c) y = x^ - 2. 

Justify the following in termr. /'^^ oe functions, inverse 

functions, and functions which associate integers with ordered 
pairs of digits. "A common conjuring trick is to ask a boy 
among the audience to throw two dice, or to select at random 
from a box a domino on each half of which is a number. The 
boy is then told to recollect the tvfo nvunbers thus obtained, 
to choose either of them, to multiply it by 5, to add 7 to 
the result, to double this result, and lastly to add to this 
the other number. From the number thus obtained, the conjurer 
subtracts Ik, and obtains a number of two digits which are 
the two niombers chosen orig?.nally . (W. W. Rouse Ball) 

We know that each line parallel to the y-axis meets the 
graph of a function in at most one. point. For what kind of 
function does each line parallel to the x-axis meet the 
graph in at most one point? 

A function f is said to be strictly decreasing if, for any 
two elements x^^ and x^ of its domain, x^^ < x^ implies 

f(Xj^) > fCx^). Prove that every strictly decreasing function 

has an inverse. 

a) Sketch a graph of f : x — >x , x £ R. Show that f does 
not have an inverse. 

b) Sketch graphs of f^^: x — ^-x , x 0 and fgt x — >x , 

X < 0, and determine the inverses of f^^ and fg. 

c) What relationship exists among the domains of f, T-^, and 
fp? (f^ is called the restriction of f to the domain 
(x ; X > 0), and f^ is similarly the restriction of 

f to the domain {x : =*x < 0).) 
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7. a) Sketch a graph of f: x->^k - and show that f does 

not have an inverse . 

b) Divide the domain of f into two parts such that the 
restriction of f to either part has an inverse. 

8. Do Exercise 7 for f: x— - 4x. 

9. Divide the domain of f: x -->x^ • ^ hree parts such 
that the restriction of f to each has an inverse. 

10, If the function f : x— >aQ + a^^x + a^x + a^x"^ has an 

inverse, what must be t.he nature of the zeros of the slope 
function f '? 



4-10. Logarithmic Functions . 

Thus far we have been concerned with the exponential 
functions 

f: x-^a . 

Hereafter, we assume that a > 1. Then f is one-to-one. 
That is, if we start with any two different values of x we 
obtain two different values of the function. Because f is 
one-to-one, f has an inverse function f"*^. The graph of f"*^ 
is the reflection of the graph of f in the line y = x, since 
(d, c) is a point on the graph of if and only if (c, d) 

is a point on the graph of f. (See Figure H-lOa.) The domain 
of f''* is the set of positive real n\imbers (which is the range 
of f) and the range of f"-^ is the set of all real n\jmibers 
(which is the domain of f). You should verify this. from 
Figure 4 -10a. 
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Figure i|-10a. The graphs of f and f""^. 

The function f""^ is called the logarithm to the base a_ and 
Is deno'iOd hy the symbol log^. Hence we have 

f"-'-: X— >log^x. 
Inverse Functions 



f: X- 
f"-^: X— >log^x 



(1) 



Examples ; If f: x ->2^, then f""^: x— >log2X. 

If f: X— >e^, then f""^: x— »loggX. 

A very useful way of thinking about logarithms is derived 
from the fact that if f Is a function and f""^' is its inverse, 
then 

f-^(f(x)) = X .nd f(f-^(x)) = X. 
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Hence f^^Ca^) = x and f(log„x) = x, 

log X 

or log^(a^) = X and a ^ = x. (2) 

a 

This second identity clearly shows that log^x is the 
exponent of a needed to yield x. Thus 

y = log^x and a^ = x (5) 
a 

are equivalent pmial--^ This accounts for \:ho fact that loga- 

rithms are i Tined as exponents. Thus, for example, 

since 10^ = 1000 and 10"^ =0.01, we write log^^lOOO = 5 



^10^ 

and logj^QO.Ol = -2j also, since e"^/^ 1.6437 and 



e"^ ^ 0.5679^ .we write loggl.6487 « 1/2 and loggO.5679 « -1- 

Identity (2) enables us to see that 

log. ^1000 log^l.6487 
10 = 1000 e ® = 1.6487 

log-ipjO.Ol log 0.5679 

10 '^''^ =0.01 e ® - 0.3679 • 

On the other hand, suppose we know that IoSj^q® 0.43429; using 

(5) \:z obtain 10°' ^^^^9 ?a In other words, ^ ^ logarithm 

of e to the base 10 Is the exponent of 10 l^rich yields e. 

The prr?H?.erties of the function f"*^ follow :i ^mediately from 
those for the exponential function f as we proceed to show. If 
f Is the f\inction 



the familiar equation 
may be vn'ltten:. 
Then of coxirsJe^ 



f: X— >a^, 



a° = 1 



f(0) = 1. 

f^(i) = 0. 
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This is immediately clear from the graph (nee Figure 4-lOa). 
In logarithmic notation this result is written 



log^l = 0. 



The fundamental equation 



^1 ^2 ^1 ^2 

a = a a 



becomes in terms of the exponential function f, 

f(x3^ + Xg) = f(x3^)f(x2). (4) 



A 

y 



i 





















1 1 




^ 




^1 ^2 




X 



Figure n.iob. 
A fundamental property of exponential furictlons. 

On the grapK' ^^-lOb) of y = a^, thi. identity (^0 

means that the or^iinatc which corresponds to the sum, of x^^ and 

Xg is the produce I :e ordinates y^^ and yg. In other words, 

addition on the x-axis corresponds to multiplication on the 
y-axis. Since the x ; y axes are interchanged in the 
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reflection of the graph of f in the line y = x to obtain the 

graph of, f""^, we expect that for f'^''', multiplication on the 
X-axis corresponds to addition on the y-axis. Hence for all 
real positive numbers x^^ and Xg 

log^x^Xg y^ + y2 = ^^Sa^i loga^2 ' 

which expresses, a familiar property of logarithmic functions 
(See Figure 4-lOc. ) 



y=iog«x 




Figure H-lOc , 
A fundamental property of logarithmic functions, 

Similarly, from the fact that 



p 

(a^) , p rational. 



or 



f(xp) = (f(x))P 



(6) 



we see that . for an exponential function f, multiplication of 
X by p corresponds to raising y = f(x) to the power p. In 
other words, if x— s.f(x). 



xp 



f(x) 



For the inverse function, raising x to the power p should 
correspond to multiplying y by p. That is 

log^xP = p log^x . (7) 
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which expresses another well-known property of the logarithmic 
fiinctlon. 

The results (5) and (7) may be established without appeal 
to the figure. From Equation ('!■) 



fix^ + Xg) = f (Xj^)f (Xg), 



hence 



f{x^ + Xg) 



= f 



f(x3^)f(x2) 



(8) 



Now x'-^f (xj^ + Xg) = Xj^ + Xg. We set y^^ = f{x^) so that 
x^ = f'^iv^) and yg = f{x^) so that Xg = ^""'■(yg)- Substitu- 
tion In (8) gives 



^1 ^2 " ^'"■^(yiy2^ 



But 



Xj_ ; Xg 



,-1/ 



If we replace f" by Its name loSa we have for all real 
posit e numbers y^^ and yg 

logg(yiy2^ " ^°^a'^l ^°^ay2 
which is equivalent to (iK 

Similarly, from Equation (6) 

'r(x)]P = f(xp), 

f-^ [ ^'^^^j ^ = f'^f (xp) 



= xp. 

V/lth y = f(x) and x = f'^iv) > Equation (9) becomes 
that is, 

which ir. equivalent to (7). 



(9) 
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Properties (5; and (7) enable us to use Table 4-6 to obtain 

logarithms to the base e of numbers not appearing in the table. 

Thus, to find log^lO we shall find log^2 and log^5: from 

e 6 c 

(5) we know that log^lO = loggS + loggS- 
Example 1 . Find loSgS. 

Solution . In order to apply (5) we must write nr, ^b*^ 
product of entries in the table, 

2 » (1.9155)(1.0408)(1.003) (See note below.) 

From (5) we have 

log^2 « log_1.9155 + log^l.0408 + log. I.003 

6 c 6 6 

« 0.65 + 0.04 + 0.003 = 0.693. 

Note: Since I.9155 is the largest entry (in the e*^ column of 
Table 4-6) not greater than 2 we divide: 2 4- 1.9155^ 1.0441. 
Furthermore, the largest entry not greater than 1.0441 is 1.0408, 
and 1.0441 4- l.p408« 1.005, so that 2« (l.9155)(l.044l) « 
(1.9155) (1-0408) (1.003). 

Example 2 . Find logQ5* 

Solution. We first write 5 as the product of entries in 
Table 4-6, 

5« (4. 4817) (1. 115648) « (4.4817)(1.1052)(1.009). 

From (5) 

logg5 ft! 1.50 -f 0.10 + 0.009 = 1.609. 

In Exercise 1 you are asked to find log^lO. We include a graph 
of X— >loggX in Figure 4-lOd for your convenience. 
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,!;?cerclses 4-10 

1. Use the resulta .: ^va- -les 1 and 2 to uuualn logglO. 

2. From 1.25« (1.2214)(1.0202)(1.005) and the data in Table 4-6 
determine logg5/4. 

5. Use the result of Example 1 to obtain logg4. 

4. a) Use your results in Exercises 2 and 5 to obtain loggS. 
b) Compare your answer with that given in Example 2. 

5. Prom 5« {2.7185){1.0513)(1.0408)(1.008) and the data in 
Table 4-6 determine loggj- 

6. Use values for logg2, logg5, and log^S obtained in this 
section to determine lDggO.25, loggO.5, logg2/5, logg5/5* 
logg2.5, logg6, loggS, logg9. 

Use the graph of f'^: x^loggX (Figure 4-lOd) to estimate 
the value of loEgO.25, lpgeO-5* logg2/5, logg5/5, logg2.5 

logg6, loggS, logg9. 

8. Compare your results obtained in Exercises 6 and 7. 

9. Vfhat is the value of x if 52 = 4 ? 

10. If a • a'" = (a^)"' , what is the value of m? 

11. Prove that for x any real number > 0, log^(x.-) = 0, 
and hence log^Cx^ = -loga^- 

12. Prove that log^ = log^x^^ - log^^Xg. 

13. Show that loggia = 1. Write this equation in exponential 
form. 

14. Express in exponential form 

a) logio55 = y ^) ^ ^°8lo5 = ^ 

b) log225 = X e) logg7 + logg6 = x 

c) loggd = b f ) ^10^25 - logg2 = X 
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15. Given logj^Q2 = O.3OIO find 

log^QS, log^Q(l/2), log^Q{23/^), log^o^^28/5) 

16. Express each of the following in logarithmic form. 

a) V125 = 5 

b) 10"^ = 0.01 

c) 27^/^ = 81 

d) 0.04^/^ = 0.008 

e) v^yi6 = 2 

17- Solve for x. 

logg(x + 9) + loggx = 2 



^4->ll, Special Bases for Logarithms » ' 

Our study of exponential functions was founded on the use 
2 as a base. In practice, the bases most generally used are e 
and 10. Nevertheless, logarithms to the base 2 are of some 
importance. For example, they play an important role in inform- 
ation theory, a very recently invented mathematical discipline 
of considerable and growing importance in the design and operation, 
of telephone, radio, radar, and other communication systems. 

"in the modern theory of information, originated by 
communication engineers, the usual unit of quantity of inform- 
ation is the binary digit (abbreviated bit). Thus if a language 
of :s±gnals is to be composed of three binary digits in succession, 
the language contains eight messages, namely, 000, 001, ... , 111, 
and each message is said to contain three bits of information. ' 
Note that this quantity of information is log28. In general 
if there are N different messages, the quantity of information 
in each message is said to be loggN." ^ 

*M. Mchardson, Fundamentals of Mathematics , Rev. Ed., Macmillan, 

1952, PP. 172, iTj:^ 
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Logarithms to the base e are usually called natural loga - 
rithms ; logarithms to the base 10 are called common logarithms , 
We shall write loggX simply as In x and show how to express 
common logarithms in terms of natural logarithms. We first 
consider the general problem of expressing the logarithm to any 
base a in terms of the logarithm to any other base b. 

By identity (2) of Section k-10 

X - . (1) 

logi^x 

We take the logarithm of x = b to the base a and use 

equation (7) of Section 4-10 to obtain 

loggX = (log^x)(log^b). (2) 

If we set X = a, (2) gives 

1 = (logba)(log^b) 



or 



log^b = -rri-r . (5) 
°a log^a 

To write common logarithms in terms of natural logarithms 
we use (2), thus 

In X = (logj^Qx)(ln 10), 

or 

T„ „ In X 

For example, log^o® = "HtS " TfTTO 2^3^ 0.454. 

Similarly, by using the entry O.5OIO5 to be found in a 
5-place table of common logarithms, we have 

Which agrees with the result obtained in Example 1, Section 4-10. 

In Section 4 we defined e = 2^^, so that e^ = 2; we now note 

In 2 

that k = In 2 since e =2. 
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Exercises 4-11 



1. a) If 2^ = 26, find lo&^^S in terms of p. 

b) If loggX = 5, find x. (Use Table 4-6.) 

c) Find log^(5-^/^). 

d) Find lpg2(8 x 16) . 

2. Express each of the following logarithms in terms of r, s, 
and t, if r = In 2, s = In 5, t = In 5. 

a) In 4 e) In 2.5 

b) In 6 f) In 2/9 

c) In 1/8 g) In 1^ 

d) In 10 h) In 8 VlOO 

5. Write the following logarithms as numbers. 

a) logj^QlOOO f) logQ ^16 

b) logQ Q^O.OOl g) In e^ 

c) log^(l/8l) h) Inye 

d) logi^52 i) logQ3^27 

e) log^Q(O.OOOl) J) log2-/52 

4. Given In 10 w 2.5026, In 5 « I.O986, find 

a) logiQ5 e) In 50 

b) logj^Qe f ) In 500 

c) log^lO g) In 0.5 

d) In 100 h) In 0.005 

5. In each case determine the value of x. 

logi,5 log,5 logpX 
a) 4 ^+5 ^=2 

.2 



b) log^^QCx'^ -1) - 2 log3^Q(x - 1) = log^^Q? 
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6. Solve the following equations. 



a) In X = 0 

b) In X + 1 = 0 

c) In X = 1 



7. 



8. 



9. 



11. 



12. 



15. 



(eln loj 



log 



Show that 
In 10 log 3^0® ^' 
For whs': value(s) of 
a) loggX = 0 
log^^x = 1 
log^c 



10 



d) In (x - 2) = 5 

e) In X + 5 = 0 

f) In (2x - 1) + 2 = 0 

log 



= 10 



»10^ 



= e, 



Hence show that 



X does it hold that 



b) 



c) 
d) 



X 



= c 



log^2^ = 2 
Explain why the niimber 



cannot be used as a base for 
logarithms. (Hint: Exaanlne the exponential function 

f: x-^1^ 

to see if it has an inverse function.) 
10. Find the values of x for. which 

(In x)^ = In x^ . 
Note: Use a table of logarithms in Exercises 11 and 12. 

How long will it take N dollars to double itself at 
4 per cent compounded annually? At 5 per cent compounded 
quarterly? 

If interest is compounded quarterly, at "what rate should 
N dollars be invested to double in 10 years? 
A culture of bacteria has a population of 10,000 initially and 
60,000 an hour and a half later. Assuming ideal growth 
conditions, find the time required to get a culture of 
500,000 bacteria. 
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a) Through the point (l, 4) draw a line with slope 
m = 2/3. 

b) Draw the line Lg which is symmetric to with 
respect to the line y = x. 

c) What point on Lg corresponds to the point (l, 
on L^? 

d) What is the slope of Lg? 

e) Consider the genex*al case: line drawn through 
point (r, s) with Blope '= m, and line Lg symmetric 
to with respe^vb to the line y = x. What point 
on Lg corresponds to the point (r, s) on L^? What 
is the slope of Lg? 

a) Plot the points (x, e^) for which x = -1.6, -1,4, , 
1.2, 1.4.. 

b) Through each of these points draw the graph of a line 
having slope m = e"*^. 

c) Show that these lines suggest the shape of the graph 
of f: X— >e^. 

a) For each point located In Exercise 15(a), locate the 
corresponding point which is symmetric with respect to 
the line y = x; then through these points draw lines 
symmetric to those of Exercise 15(b) with respect to 
the line y = x. 

b) Show that each point located in Exercise 16(a) lies 
on the graph of x — >ln x. 

c) Compare the slopes of the lines drawn in Exercise 16(a) 
with those of Exercise 15(b). 

Using the graphs of x — >e"^ and x — >ln x in PigiATes 4-6b 
and 4-.10d, compare the slopes of the Respective graphs at 
X = 0. 
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4-12 . Computation of e_ and In x . 

Because of its simple properties, the most important of the 
exponential functions is x->e^. Similarly x^ln x is the 
most important of the logarithmic functions. The computation of 
the values of these functions is therefore of great significance 
in mathematics. 

We found approximate values of e^ on the basis of a table 
of powers of 2^. We then determined values of the function 
X— >ln X which is inverse to x-^e^. 

A mathematician would proceed in a different way. He would 
compute the values of e^ directly (that is, without any refer- 
ence to powers of 2). We shall describe the general features of 
this method. An appendix carries the development somewhat further. 

A brief review of our treatment of polynomial functions will 
be helpful. We notice, for example, that in graphing 

f : X— ^2 + 5x + - x^ 
near (O, 2), we could replace f(x) by g(x) = 2 + 5x or by h(x) = 
2 + 5x + x^. For Ixl small enough, f (x) is approximately 
equal to g(x) , 

f(x) « g(x) . 
A better approximation is given by h(x), 

f (x) « h(x) . 

That is, - the error made in replacing f(x) by h(x) for a given 
X near 0,will ordinarily be less than the error made in 
replacing f(x) by g(x) . Of course, if we include the final 
term -x^, there is no error at all. 

Turning to e^, the idea is this: We ti-y to replace ^ 
x_>e^ by a polynomial function whose vrlues approximate e . 
Let ,us begin with |x| small, that is values of x which are 
near zero. Since the graph intersects the y-axis at (O, l) with 
slope 1, we have the linear approximation 

e^ « 1 + X (1) 
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To obtain a better approximation to e^, we need to use poly- 
nomials of higher degree 

e^ « 1 + X + agx^ , 

1 X -I- a^x^ + a^x-^ , 



The problem is to specify the values of a^, a^, etc. The 
appendix shows how this may be done. Here we merely report that 
the required approximations are 

X x2 
e^ « 1-+ X + ^ (2) 



2 5 

e^ « 1 + X + ^ + ^ (5) 



e^« l+x+|^+^^+...+i^ 



where nl = 1 •2* 3» • . . . 

In Pigxire 4-12a, we have drawn graphs of x— ^e"^ and of 

x-^1 + X + ^ +^ (Compare with (?)). 
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These gre:pitir> 
approximat-.ons ! . . 

As vie knovr' 
Is therefore a . ,r.u1 
approximating 
in which the given 
f is a polynomial 



r^e In plausible that at least tb- first 
listed are correct. 
J not a polynomial funct jh. There 
difference between the r oblem of 
polynomials and the prer^Tious case 
f is a polynomial function. If 
r we can use approximating poly- 



X 

.J 



nomials of higher ar -^ h srKe:" degree uritil we reach a polynomial 



which is identical - 
values for f. Fo: 
exponential, no ma', 
the approximating 

in error by some ar::. 
we can choose n Ir- 



will differ from e' t / 
this hope is realise. 

In particular, Jorr 

e ^ 1 



s :) and which therefore gives exact 
thr.s is impossible. In tza case of the 
V :arge an n we choose, zhe value of 
for a given x (/ O) v/j_ll always be 

Tr.e most that we can hope for is that 
'i:::gh so that for a given x. 



n 



+ 



^ • " ' ■ n! 
an arbitrarily small amount. Fortunately 



:c = 1 and 



n 



1 + 1, + i, + 



10, we obtain 
, 1 



:he purpcse of computation, the 

can be replaced by one of a 



Roiinding off to the lelghth decimal place, the right side of (h) 
has the value 2.7l82c::.Sl. The correct value to eight decimal 
places is 2.7182816:5. 

We have seen that £ 
exponential function z — >e 

A slunilar situation holds for 
X— »ln X. However, it is useless 
to try to approximate in x for x near zero since In x is 
not defined at x 0. It is usual to approximate In x for 
near 1. This may be done by using the following list of poly- 
nomial approximations 

In X X - 1 



list of polynomial fKx:z~~''.:3 . 
the logarithmic funatinn 



X 



In X ^ (x - 1) ~ g 
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(5) 

(6) 

(7) 



21k 



For values of x near 1, that is, for lx-1 -n-:.?.!!, 

these appn^oximations serve as a satisfactory subst±rur'.? for 
In X. Po3r example: 

In 1.1 w .1 i'r-^'" ( 

m 1.1 « .1 - ^ = .095 frr.T. r^^), 



^1.1« .1 - ^ + = .09553 frow 



The correct value of In 1.1 to five places is .0953 - 

(x - 1 " (x - Op 
Graphs of x — >ln x and of x— >(x - l) - ^ — ^ — 

are given in Figure i+-12b. These graphs show that tnr approxi- 
mation is good for x near 1, but is poor for x -ear 0, 
say at x = . 1. 



2 2 1 
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•'■•lis aiuuation is imc-'ovC' - by using an approximating poly- 
nomial . af higher degree. i5ie difficulty is fundamental, however, 
in th- EHnse that any given polynomial approximation will fail 
to give satisfactory answers i'r,r x near enough to 0. The 
reason is ^t as previouslT siated. In 0 does not exist, and 
for : vr^- small. In x is- negative and numerically very large, 

itfr^oximating polyr,~ ials are useful for calculating 
In X fe: o IX ^ 1.5, fcr- example. Other logarithms can be 
computr-d rrorn these. Thus, lif we know that In 1.4 « .33647, 

m i.9£ = in (1.4)2 ^ 2 mi:. 4 « .67294. 

For a further discusal~: of these matters, the student 
should cor-f'uit Appendix 4-1;. 



Exer:ilses 4-12 

2 3 X 

1. Use 1 X + + ^ to approximate e for 

X ,1, .Z, .5, --2. Compare the values obtained 

with those given in Table 4-6. 

2. Ve77ify the approximation to e foiand in (4). Hint: Use the 

-^ct tiiat 1 . , ^7 = F • Fl ' 

3. ^cording to (5), th£ tangent to the graph of x->ln x at 

('1, 0) has -he eq:2s:t=.on y = x - 1. Show that this is 
oonsistent ia±th th.^ tact that the tangent to tis graph of 
2;_-».e'^ at 0, 11 iias the equation, y = x . + .1.. 
Uss (7) to estimate -trie value of In 1.2 and In I.3 and 
-stE^e with the igrarii of In x (Figure 4-lOd) . 
5. Sror in 1..L « .09531 ±lnd In 1.21, using one of the 
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Historical Notes 

The theory of logarithms 1^ one of the major acMevements 
of the seventeenth century. Howev^rr, the rudiments of the 
.notion appeared as early as 15^^. 

Stlfel, who Is considered the greatest German algebraist 
of the l6th century, notice, the aavantage In setting u^ a 
correspondence between a ge-^-me^rlc CTOgression 

^, ^, |, I, 2, 4, 8, 16, 52, 64 

and an ar:-thmetlc progression 

-3, -2, -1, 0, ±, 2, 5, ^, 5, 6. 

His treatise Arlthmetlca Integrn^ . published in Latin, might be 
said to ccnualn the beginning or t^he theory of exponents and 
logarithms . 

John Napier (1550-1617)> tfe Scotsman, is often regarded 

as the Inventor of logarithms. ISie object or his strady was to 

facilitate trigonometric c:alcula!:;ion. One of the curlositle?" 

of mathematical history ±z the fact that Napier's Tattle of 

Logarithms appeared (161^/ before exponential symbolism was 

developed. ALtho^ga Napis'' used 1 - 10"'^ = 0.9599999 as: 

the basis for ::iis developiE-rHi-, the idea of an exponential base 

does not really apply to lr^;,ler^^ system in iimich zero is the 
7 

logarithm of 10' and the Logarithm Increases ^ the nurnbier 
decreases. 

Joost Birpgi (153"^ 163:5)1 crcncedrved. the ides, and indepencsntly 
created a tanie gH IcngErith-s- of munbers from 10^ t:c 10^ by 
tens, but dirr not pnx^.i^sh. ills treatise until 1620. Eis system 
was, similar t:o Napier 5, bxit his logarithms increase ^^±th the 
numbers sinca iie selected l.OOQl as his base. It is important 
to note that Kurgi^s object was to simplify all calculnrtions by 
means of logarithms. In this respect his point of view was > 
broader than Napisr's. 

Henry Brlggs.. the Englishman, (I556-I630) was grer"tl7r 
impressed and iiti'luenced by Napier's work. He devotee his 
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energies to the construction of a logsritamic table in which 
zero is the logarithm of 1. An advantage of Briggsi^ logarithms 
is that they are built about the base IC. In 1624 Brlggs 
published his work contal-tiing the logaa:l:iims of numbers from 1 
to 20,000 and from 90,000 to 100,000 to l4 places. 

Logarithms were developed principally in order to facilitate 
calciilation, and in fact simplified ccmputation to such an 
extent that they are conrnooly regarded ssrely as a l&bor saving 
device. This is unforttsiate since logarithms are of great value 
in advanced mathematics, apart from compufcation. 
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4-14. Summary . 

The exponential functrlons are de£inea by f: x-^ka , 
a > 0. This definitiaic r-qulres sn initerpretatlon fcT the symbol 
a^. For X a iati--3ial exponent, the SrixsirpretafcLon aq = VaP 
is familiar. Meanii^ is gi-rsn to a" .far irratl.>jna:- x so 
that the resulting fi=tiQn is conic7liniou3 and oberfE "-^e laws 



a^a^=,a^''y 
(a^f = 
[ser. 4-l4]^ 
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If X and y are arbitrary real numbers and r is rational. 

The graph of x — >a is concave upward everywhere. It has 
a tangent line at every point. If a = 2, the slope of the 
tangent at (O, l) is k « O.695. The most convenient base is 
a = e = 2.718. For this choice of base, the slope is 1 

at (0, 1) and e at (h, e ). That is, at every point on the 
graph of X -->e^, the slope is equal to the ordinate. 

Important phenomena such as growth, radioactive decay and 

cooling are adequately described by formulas of the type, 
*cx 

y = ^0^' f where yQ and c are suitable positive constants. 
The logarithmic function f"*^: x — ^log^x is the inverse of 

X y 

f: X— >a . Its graph is the reflection of the graph of x-^a 
in the line y = x. 

All logarithmic functions have the following properties. 
If Xj^, Xg and x^ are any positive numbers 

lOg^Xj^Xg = log^x^ + ^^S^Xg, 




= log^x^ - log^x^, 



log^Xj^^ = p "^^^Sq^i* P rational. 

The most important logarithmic functions are logj^g 
logg = In. To change from base b to base a, we use the 
equation 

log^x = log^x • log^b. 

In particular. 

In X = logj^QX In 10 « 2.^02 log^gX. 

Tables of e^ and In x may be computed from the poly- 
nomial approximations 

X x^ x^ 

e^« l+x+|j+...+iT 

and mx « (X - 1) -l24Jj£-.lx..^ ... ± J^^i^ . 

Some discussion of these approximations and the errors 
associated with using them, is given in the appendices. 
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Miscellaneous Exercises 

1. Assuming that the number N of bacteria at the end of n 
days is given by N = Ae", find: 

a) The number of days it takes to double the number of 

bacteria; express this in terms of the constant kj 
b) The per cent increase per day in the number of bacteria. 

2. If f is an exponential function x— >ca^ such that 
f(0) = 2 and f(l.5) = find a and c. 

5. Given the function f: x~^a^ for which f(2) = 0.25* 
find f(5). 

4. The gas in an engine expands from a pressure p^^ and volume 
to a pressure Pg and volume Vg according to the 
equation 




(Boyle's law is the special case where n ^= 1.) 
Solve for v^^ in terms of Vg* P^, P2 

n 

5. If s = - j^" ^ , express n in terms of - s, a, r, 

6. Solve the following equations for x. 

a) x^ ^ ^ ^) In x^ - 2 InTSE" = 1 

7. If a°-^ = X find log^a. 

8. Combine each of the following expressions into a single term* 

a) m I + In 100 - In 12. 

b) 2 In X - -J- In y + I In y - 4 In X. 

g. Without graphing, describe the relationship between the graphs 
of x-^ce^ and x— >e°^ for c = -1. 
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10. If f: x-»2^ and g: x ->3^> find 

a) (fg)(2) 

b) (gf)(2). 

11. Given the functions 

f : X -»2^ + 2"^ 
g: x^2^ - 2"^ 

find 

a) f (x) + g(x) 

b) f(x) . g(x) 

c) [f(x))2 _ [g(x))2 

12. Solve the following equation for x. 

log2(6x + 5) + loggX = 2 

13. Solve the equation 2^^"^^ = 9(2^) - 2 for x. 
(Hint: Let 2^ = y.) 

14. Solve for x: 2^^"^^ + 2^"^^ = 3. 

15. Show that no real number x can be found such that 

In (x - 4) - In (x + 1) = In 6. 

16. Prove. the following special case of the "chain rule" for 
logarithms: 

(log^b)(log^c)(log^d) = log^d. 

17. Solve the equation 

In (1 - x) - In (1 + x) = 1. 

18. Sketch the graphs of 

a) y = In |x| b) y = lln xl c) y = In e'^ 

19. At the instantaneous rate of 5 per cent per annum, what 
will be the value of $100 at the end of 5 years? 
(Give your answer correct to the nearest dollar.) 

20. What amount must have been deposited 5 years ago to amount 
to $100 now at the rate of 5 per cent compounded 
continuously? (Give your answer correct to the nearest 
dollar.) 
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21, At what rate of interest (compounded annually) must we 
Invest $100 if v/e want it to double in 10 years? 
(Give yoT-ir answer correct to the nearest tenth of one 
per cent.) 

.2. Under ndrmal conditions population changes at a rate which 
is (coxrs±d6red to :3e) proportional to the population at 
any time. The population at any time x is then satis- 
factorily given "by 

N(x) = N^e^, 

where l-:s tinB population at time x = 0, and k is 

a suitabua: -onstant. If a town had a population of 
25,000 ±n 1950 and 50,000 in 1955> what population is 
expected ±r. I965? 

25. The funaiiTicai f: x — ^e""^/^^, where t represents time, 

and H snni: C are constants, is important in the theory 
of cexniisl-u- -t:Tiies of electrical circuits. Using Table 4-6, 
evaluHXe f:'("^;), given the following data: 



a 



) t = :l.o, r = 2.0, c = 0.05 



b) t = 12 X _10""^, R = 48, C = 25 X 10'^ 

24. Solve tha equation A = e"^/^^ for t. Using this result, 
find t-he ^alue of t for each of the following sets of 
data. Suggestion: use the graph of x— >ln x, (Figure 4-lOd). 

a) R 10, C = 10"^, A = 1.0 

b) R = 2g X 10^, C = 6.0 X 10"^, A = 0.50 

25. Find, CD:?nsct to two decimal places, the root of 

" 3yi = 0 that is nearest 0. (Hint: approximate 

the ro'^ graphically, then use Newton's method.) 

26. a) Slc^ch lihe graphs of the functions 

x-^2^ and x^2x^ - 3x^ - 12x + 1 
using the same coordinate axes. 
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b) In how many points do the curves intersect in the 
interval -2 ^ x ^ 4? 

c) How many solutions has the equation 

2^ = 2x^ - - 12x + 1 if -2 x ^ 4? 

d) Answer questions (b) and (c) for the extended interval 

-2 ^ X < 12. 

27. If a flexible chain or cable is suspended between supports 
and allowed to hang of its own weight, the curve formed is 
a catenary . Its equation is 

y =|(eVa ^.e-x/aj^ 

a) Let a = 1. Prepare a table and graph the catenary over 
the interval -4 < x.^ 4. (Because of our choice of a, 
the catenary in this case will be a narrow curve if 
equal scales are used on the two axes. To offset this 
effect, choose appropriate scales.) 

b) You will notice that the catenary looks somewhat like 
a parabola. The point (0, l) is on the graph of the 
catenary, and the points (5, lO) and (-j5, lO) are 
very close to it. Find the equation of the parabola 
which passes through these three points, and draw its 
graph on the same axes as used in part (a). 

c) Another approximation to the catenary is given by the 
equation y = 1 + x /2, and a better approximation is 

2 4 

given by y = l+ x/2+x /24. Draw the graphs of 
these equations on the same axes an used In parts (a) 
and (b). 

28. In the study of probability theory, the normal distribution 
curve (sometimes described as a ^'bell-shaped'* curve) is 

of great importance. The equation of this curve is 
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Prepare a table and graph this c\irve over the Interval 
-3 ^ X <; 3, (Notice the symmetry of the curve.) 

By counting squares and multiplying this number by the 
area of one square (in terms of the scales chosen for 
the axes), show that the area between the curve and the 
X-axis, over the interval -3 ^ x ^ 3, is very nearly 1 

An interesting application of this curve can be made to 
the scores reported for the College Entrance Examination 
Board tests • If we associate test scores with values of 
X according to the following table, then by comparing 
areas under the curve ^ we can find what per cent of all 
scores will fall between any two scoreu. 



X 


-3 


-2 


-1 


0 


1 


2 


3 


Test 
score 


200 


300 


400 


500 


600 


700 


800 



For example, to find what per cent of the scores on a 
certain test will fall between 500 and 600, we find 
the area under the curve from x = 0 to x = 1". By 
counting squares, you should find that this area is 
about 0.34, or 34j6 of the total area under the curve 
This means that about 3^^ of all test scores on any 
given test will fall between 500 and 6OO. 

Using this technique, find the per cent of test 
scores that lie between 200 and 300, 300 and 400, 

700 and 800. Does the t^vm of these per cents 
equal 100^? 
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Chapter 5 
CIRCULAR FUNCTIONS 



5-1. Circular Motions and Periodicity 

Introduction . Prom yoxir earliest years you have been aware 
of motion and of change In the world aroTond you. The rolling 
of a marble along a crack In the sidewalk, the flight of a ball 
tossed by a boy at play, the Irregular rise and fall of a piece 
of paper fluttering in the breeze, the zig-zag course of a fish 
swimming erratically in a tank of water are a few of the varied 
patterns of movement you can observe. Very often, however, the 
motions you see have a quality not shared by the few just men- 
tioned. The succession of day and night, the changing of the 
seasons, the rise and fall of the tides, the circulation of blood 
through your heart, the passage of the second hand on yoxir watch 
over the 6 o'clock mark are patterns each having the character- 
istic quality that the motion involved repeats Itself over and 
over at a regular Interval. The measxire of this Interval is 
called the period of the motion, while the motion Itself is called 
periodic . 

The simplest periodic motion is that of a wheel rotating on 
its axlev complete turn of the wheel brings it back to the 

position it held at the beginning. After a point of the wheel 
traverses a certain distance in its path about the axle, it retxirns 
to its initial position and retraces its course again. The dis- 
tance traversed by the point in a complete cycle of its motion 
is again a period, a period measured in \anits of length instead 
of Tonits of time. If it sho\ald happen that equal lengths are 
traversed in equal times, the motion becomes periodic in time 
as well and the wheel can be used as a clock.* 

*The concept of time itself is inextricably tied up with that of 
clock, a periodic device which measures off the intervals. It 
would seem then that periodicity lies at the deepest roots of ovr 
vuiderstginding of the natural \aniverse. How one decides that a 
repetitive event recurs at equal intervals of time and can there- 
fore be considered a clock is a profound and difficult problem in 
the philosophy of physics and does not concern us here. (See 
physics . Vol. 1, pp. 9-17, Physical Science Study Committee, 
Cambridge, Massachusetts, 1957.) 
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The mathematical analysis of periodic phenomena is a vast 
and growing field, yet even in the most far-flvmg applications 
of the subject, such phenomena are analyzed essentially in terms 
of the simple periodicity of the path of a point describing a 
circle. In the treatment of the most intricate of periodicities, 
wheel motions always lie under the surface. An extended develop- 
ment of the theory of periodic phenomena is far beyond the scope 
of this coxarse, but the study of the fundamental circular period- 
icities is certainly within our reach. 

Circiaar Motions. Let us consider first the mathematical 
aspects of the motion of a point P on a circle. For convenience 
we take the circle u^ + v^ = 1, which has Its center at the origin 
of the uv-plane, radius 1 and consequently circumference 2Tr. 
Now we consider a moving point P vrfiich starts at the point (1, O) 
on the u-axis and proceeds in a counterclockwise direction around 
the circle. We can locate P exactly by knowijig the distance 
X which it has traveled along the circle from (1, 0). The dis- 
tance X is the length of an arc of the circle. Since every 
point on the circle u^ + v^ = 1 has associated with it an ordered 
pair of real numbers (u, v) as coordinates, we may say that the 
motion of the point P defines a function With each non- 

negative arc length x, we associate an ordered pair of real 
numbers (u, v), the coordinates of P (Figure 5-la), that is, 

^: X— >(u, v). 

However, It is inconvenient to work with a function whose 
range is a set of ordered pairs rather than single nvimbers. We 
shall instead define two functions as follows: 

cos: X— >u, v*iere u is the first component of ;^(x); 

sin: X— >v, where v is the second component of /^(x). 
The terms cos and sin are abbreviations for cosine and sine. It 
is customary to omit parentheses in writing cos(x) and sin(x) 
and write simply cos x and sin x. For instance, 

-/^{O) = (1, 0) : cos 0 = 1, sin 0=0 

= (0, 1) : cos J= 0, sin 1= 1 
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-fiir) = (-1, 0) : cos tt = -1, sin tt = 0 

ri^) - ? : cos |2: = ?, sin |!: = ? 

(You should supply the proper symbols in place of the question 
marks.) Prom their mode of definition, the sine and cosine are 
called circular factions . These circular functions sire related 
to but not identical with the familiar functions of angles studied 
in elementary trigonometry. We shall discuss the difference in 
Section 5-3, but we should notice now that when we write sin 2, 
the 2 represents the real n-umber 2 which can be thought of as 
the measure of the length of a circular arc and not 2 degrees. 





^ : X— ( 


u, v). 








m 




/ 










(1,0)i 













Figure 5-la. The function •f> . 
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Periodicity , Prom the definition of It follows that 
/>(x) = -f>{yi + 27r) and consequently, cos x = cos (x + 27r) and 
sin X = sin (x + 2ir) . Functions which have this property of 
repeating themselves at equal Intervals are said to be periodic . 
More generally, the fvinctlon f Is said to be periodic with 
period a, a / 0, If, for all x In the domain of f , x + a Is 
also in the domain ajid 

f(x) = f(x + a). (1) 

We usually consider the period of such a fimctlon as the smallest 
positive value of a for vrtilch (l) Is true. The smallest posi- 
tive period Is sometimes called the fundamental period. Prom 
this definition we note that each successive addition or subtrac- 
tion of a brings us back to f (x) again. We may show this by 
first considering f(x -f- 2a) where a > 0. We have 

f(x -f 2a) = f([x + a] + a) 
= f (x -i- a) 
= f(x), 

and fvirther 

f(x + 3a) = f([x + 2a.] + a) 
= f(x + 2a) 
=f(x). 

In general, we have 

f(x + na) = f(x) where n = 1, 2, 3, ... 
To show that this holds for negative n, we note that 

f(x - a) = f([x - a] + a) 
= f(x) 

f(x - 2a) = f([x - 2a] + a) 
= f(x - a) 
=f(x). 
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In general 

f(x + na) = f(x) where n = -1, -2, -3 . . . . 
We may express these two ideas by 

f (x + na) = f (x) where a > 0 and n is any integer. (2) 

In other words, to determine all values of f, we need only 
know its values on the interval 0 ^ x < a. Thus, suppose the 
period of f is a = 2 so that for all x in the domain of f 

f(x + 2) = f(x). 

Then to find f(7*3) we write 

f(7.3) = f(l.3 +3x2) 

^ = f(l-3). 

To fJbnd f:(-7-3), we write 

r::-7.3) = f(o.7 - ^ x 2) 
= f(0.7) 

Now returning to the unit circle, wg observe that the 
fxmctions cos and sin behave in exactly this way. Prom any 
point P on the circle, a further movement of 27r xonits 
aroxmd the circle (a = 27r in Equation (2)) will rettirn us 
to P again. Thus the circular functions are periodic with 
period 2Tr, and consequently 

cos (x + 2n7r) = cos x 

sin (x + 2n7r) = sin x 

where n is any integer. To give meaning to these formulas 
for negative n, we interpret any clockwise movement on the 
circle as negative. 

So now if we can determine values of cos and sin for 
0 ^ X < 27r, we shall have determined their values for all 
real x. 
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Exercises 5-1 

1. Give five examples of periodic motion, and specify an approxi- 
mate period for each. (For Instance, the rotation of the 
earth about Its own axis Is periodic with period 24 hours.) 

2. If ^(x + 2n7r) = -^(x), express each of the following as -^(b). 
where 0 ^ b < 27r. (For example, 

a: ^(4) c) f{^^) 

b) /?(37r) d) ^(40767r) 

3. aivB the coordinates of -^(x) for each part of Exercise 2 
3bove . 

4. ixiven that -jp has the period 27r, find two values of x 
isrhere 0 ^ x < such that 

b) ^(I37r) = -^(x), d) f{-ir)= f{x). 

5. For what values of x, where 0 ^ x < 27r, do the following 
relations hold? 

a) cos X = sin x, 

b) cos X = -sin X. 

Hint: Use the fact that (cos x, sin x) represents a point 

on the unit circle. 
We know that the functions represented by cos x and sin x 
have period 27r. Find the period of the functions repre- 
sented by 

a) sin 2x, c) cos 4x, 

b) sin |x, d) cos |x. 

*7. Let f and g be tvvo functions with the same period a. 
Prove that: 

a) f + g has a period a (not necessarily the fundamental 
period); 

b) f • g has a period a. 

*8. Let f be a function with period a. Prove that the composi- 
tion gf also has period a for any meaningful choice of a. 
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^9. Show that the functions sine and cosine have no positive 
period less than 27r. 



5-2 , Graphs of Sine and Cosine 

We wish now to pictiore the behavior of the two functions 

cos: X— ^u = cos X 

sin: x->v = sin x 

for all real values of x. To do this we shall first look at 
some of the general properties of these functions, find some 
specific values of the functions at given values of x, and 
finally construct their graphs. 

We already know tha± the sine and cosine functions are 
periodic with period 27r, and so we may restrict our attention 
to values of x where 0 ^ x < 2Tr. Now by noting that u and 
V are the coordinates of a point on a unit circle, we have 

u^ + v^ = 1. (1) 

But since u = cos x and v = sin x, we have 

2 2 

cos X + sin X = 1, (2) 



If we write (2) as 



and as 



2 2 
sin X = 1 - cos X 



2 2 
cos X = 1 - sin X 



it is apparent that neither sin x nor cos x can exceed 1 in 
absolute value, that is, 

-1 ^ sin X ^ 1 

-1 ^ cos X ^ 1, 

Another property of sin and cos derives from the symmetry 
of the circle with respect to the u-axis. Two symmetric points 
on the circle are obtained by proceeding the distance x in 
both the clockwise and the counterclockwise senses along the 
circle. In other words, if f {^) = (u, v), then 

[sec. 5-2] 

241 



232 

^(-x) = (u, --v) (Pigiire 5-2a). 
symmetric properties 

cos (-x) 
sin (-x) 



Erom this we obtain -he Important 

= cos X (3) 
= -sin X. 

















mj 1 







Pigiore 5-2a. Symmetry relations. 

Since we are ultimately Interested in graphing y = sin x 
and y = cos x, we have managed to narrow oior attention to a 
rectangle of length 2t and of altitude 2 in the xy- plaaie* as 
in Figure 5-2b. If we can picture the graph of the funcrtlons 



*Since we shall have occasion to refer to two coordinate planes 
for points (u, v) and (x, y), we wish to point out the distinction 
between them. The uv-plane contains the lanit circle with which 
we are dealing. This is the circle onto which the function ^ 
maps the real number x as an arc length. The xy-plane is the 
plane in which we take the x-axis as thr real number line and 
examine not the point function /'(x) but the fianctions 
cos: x-^y = cos x and sin: x-->y = sin x, each of which maps 
the real number x into another real ntomber. 
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Figure 5-2b. Rectangle to include one cycle of sin or cos. 

in the interval 0 x < 27r, the periodicity properties of cos 
and sin will permit us to extend the graph as far as we like by 
placing the rectangles end to end along the x-axis as in Figure 
5-2c. 





y 


















0 




4n 


X 













Figure 5-2c. Rectangles of periodicity. 

243 

[sec. 5-2] 



23k 



We therefore direct our attention to values of x such 
that 0 ^ X < 2ir. To begin with, the unit circle in the 
uv-plane is divided into four equal arcs by the axes; each 
arc is of length 7r/2, and the division points correspond to 
lengths of X = 0, ir/2, ir, 37r/2, with central angles of 
0°, 90°, l80°, and 270°, respectively. The corresponding points 
on the circle will be (1, O), (0, l), (^1, O) and (0, -1), as 



2d. 


Since cos x = u and sin x 


= V, we have 


cos 


0=1, 


sin 0=0, 


COS 


- - 0 


sin 1=1, 


COS 


TT = -1, 


sin TT = 0, 


COS 


^ - 0 


sin ^ = -1. 



We next consider the midpoint of each of the qiiarter circles 
In Figure 5-2d. These correspond to arc lengths of Tr/4, 3Tr/4, 
5Tr/^, and Jv/k, with central angles 45°, 135°, 225°, 315°. 




(-1,0) 



Figure 5-2d. f>{^) for x = 0, Tr/2, tt, 37r/2. 

2 44 

[sec. 5-2] 



235 



If we drop perpendiculars to the u-axis from these points as in 
Figure 5-2e, we note that radii to the points form angles of 45° 
with the u-axis. Prom geometry we know that for a 45° right 
triangle with hypotenuse 1, the sides are of length ^2/2 and 
hence that the coordinates of the midpoints of the quarter circles 
are (^/2/2, ^2/2), (V^/2, ^2/2), (V^/2, ^2/2), and (v^/2, -v^/2), 
"respectively. We may therefore add the following to otir list 
of values: 

cos Tr/4 = ^2/2 sin Tr/4 = y5/2 

cos 3Tr/^ = -^^2 sin 3Tr/^ = 72/2 

cos 5Tr/^ = -v^/2 sin 5Tr/^ = -^/^ 

cos 7r/^ = ^/^/2 sin IttA = -^/^ 




Figure 5-2e. ^(x) for Tr/4, 3r/^, ^r/^. Ir/^. 
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We can find the coordinates of the trisection points of the 
qviarter circles by a similar method. In Figure S-Sf , we show 
only two of the triangles, but the procedure is essentially 
the same in each quadrant. Prom the properties of the 30^-6o' 
right triangle, we :note that and have coordinates 




Figure 5-2f. f>{x) for x = r/6, Tr/3. 

{y/3/2, 1/2) and (1/2, respectively. We may fill in the 

coordinates of all of these points of trisection , as in Figure 5-2g, 
from which we can find eight new values for cos and sin. 
Collecting in one table all of the values which we have so far 
determined, we have Table 5-1. 
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Figure 5-2g» Further values of (P{x) . 
Table 5-1 



Values for cos and sin for one period. 



X 


cos X 


sin X 


0 


1 


0 


7r/6 


V5/2 « .87 


1/2 


ttA 


« .71 


v/a/2 « .71 


Tr/3 


1/2 


V3/2 » .87 


tt/s 


0 


1 


27r/3 


-1/2 


V3/2 « .87 


3Tr/4 


-V2/2»-.71 


v/2/2 » .71 




-V3/2 W-.87 


1/2 


TT 


-1 


0 


7ir/6 


-\/3/2 «-.87 


-1/2 


5irA 


-\/2/2 «-.7l 


-V§/2 «-.7l 


%/3 


-1/2 


-n/3/2 «-.87 


3Tr/2 


0 


-1 


5ir/3 


1/2 


-\/3/2 «-.87 


7ir/4 


« .71 


-\^2 «-.71 


llTr/6 


,y3/2 w .87 


-1/2 




1 


0 
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With this table we are now In a position to begin graphing 
sin and cos. Because we wish to look at the graph of these 
functions over the real numbers, we shall use an xy-plane as 
usual and work with the points (x, y) where y = cos x or y = sin x. 
We shall deal separately with each function, taking first 
y =s cos X. Prom Table 5-1 we can now plot some points in the 
rectangle in Pigvire 5-21d, obtaining Figure 5-2h. 



y i 








* 

V 






• 

• 








• 






• 






0 




TT 
2 


1 

TT 

• 

• • 
• • 


377 
2 

• 


277 


X 






Figure 


5-2h. Values of cos: 


X — > COS X. 







By connecting these points by a smooth curve we should obtain 
a reasonable picture of the fmction 

cos: X — >cos X 

as in Figure 5-2i. 



y ^ 








\ 2 


77 


377 j/^ 
2 / 


277 




o 




X 















Figure 5-2i. Graph of one cycle of cos. 
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If we wish to extend our picture to the right and left, we 
use the periodicity property to obtain Figure 5-2J. 



L 


y 






0 

-1- 


V 1 ■ > 1 V 

\ IT j< ZTT 




Figure 


5-2 J. 




Graph of cos. 




A similar treatment 


of y 




sin X leads to Figures 5- 2k, 





5-21, and 5-2m. 



1- 


y 






• • 
• • 

• • 




0 

-1. 


\ • 1 

IE 32 271 
2 ^ 

• • 

• • 
• • 


r X 







Figure 5-2k. Values of sin x: x— ♦sin x 
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Pigure 5-21. Graph of one cycle of sin. 



I- 


y 




— ^ -i. 
Pigvire 5-2m. 


Graph of sin. 





Since it is often necessary to work with 

y = A cos X 

y = cos Bx (4) 

y = cos (x + C) (A, B, and C constauits) 

or some combination of these expressions, it is worthwhile to 
inquire into the effect that these constants have on the behavior 
of y. In case of 

.y = A cos X (A > 0>, 

the A simply miiltiplies each ordinate of y = cos x by A, and 
the graph of y = A cos x would appear as in Figure 5-2n. 
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Figure 5-2n. Graph of y = A cos x. 

In Exercises 5, 6, and 7 you are asked to determine for 
yourself the effects of B and C in Equations (4). 

Exercises 5-2 

1. Using f(x + 2n7r) = f(x), and f: x-»cos x, find 

a) f(3Tr), d) f(^), 

b) f(^), e) fi-jrr), 

c) f(|^), f) fi-^). 

2. If f : X— >sin x, find the values of f in Exercise 1 above. 

3. For v*iat valuer of x (if any) will 

a) sin X = cos x? 

b) sin X = -cos x? 

c) sin X = sin (-x)? 

d) cos X = cos (-x)? 
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Graph on the same set of axes the functions f: x— »y defined 
by the following, using Table 5-1 to find* values for the 

functions. 

a) y = 2 cos X, 

b) y = 3 cos X, 

c) y = |- cos X. 

Repeat Exercise ^ using 

a) y = cos 2x, 

b) y = cos 3x, 

c) y = cos ix. 
Repeat Ejcercise k using 

a) y = cos (x + 

b) y = cos (x - f)^ 

c) y = cos (x + tt) . 

From the results of Exercises 5, and 6 above, what effect 
do you think the constant k will have on the graph of 

a) y = k cos x? 

b) y = cos kx? 

c) y = cos (x + k)? 

From the results of Exercise 6(b) above and Figure 5-2m, 
what can you say about cos (x - and sin x? 
As explained in the text, symmetric points with respect to 
the u-axis on the unit circle u^ + v^ = 1 are obtained by 
proceeding a distance x in the clockwise and counter- 
clockwise senses along the circle. In other words, if 
^(x) = (u, v) then 7P(-x) = (u, -v). It follows that 

cos X = COS (-x) 

sin X =-^in (-x) 
What relations between the circular functions can you derive 
in similar fashion from the following symmetries of the circled 

a) The symmetry with respect to the origin. 

b) The symmetry with respect to the v-axis. 
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5-3 . Angle and Angle Measure 

As we remarked in Section 5-1, the circular f\anctions are 
closely related to the functions of angles studied in elementary 
trigonometry. In a sense, all that we have done is to measure 
angles in a new way. To see precisely what the difference is, 
let us recall a few fundamentals. 

An angle is defined in geometry as a pair of rays or half-lines 
with a common end point. (Figure 5-3a. ) Let and Rg be two 
rays originating at the point 0. Draw any circle with 0 as 
center; denote its radius by r. The rays and Rg meet the 
circle in two points and which divide the circle into two 
parts. Here we consider directed angles and distinguish between 
the angles defined by the pair R^, R^ according to their order. 
Specifically, we set (7C= 2^ (r^, r^) and ^ = (R^, r^) where 




Figure 5-3a. Angles c>cand^. 

each angle includes that arc oi . e circle which is obtained 
by passing counterclockwi&e uhe circle from the first 

ray of the pair to the secona (Figure 5-3a). 

In establishing degree measure, we could divide a circle 
into 360 equal \inits and measure an angle by the nxomber of 
units of arc it includes. For instance, if we fo\ind that an 
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angle included i of the circumference we would say that the angle 

measured h x 36o° or 120°. In general, if we divide the circum- 
ference of a circle into k equal parts, each of length -j^ , then 
this length could be our unit of angle measure. Since the n\am- 
erical factor ^ appears in many important formulas, it is useful 
to choose k so :;hat the factor is 1, In order to do this, it 
is clear that k must equal 2ir. In this case, will be equal 
to r, the radius of the circle. When k = 27r we call the result- 
ing unit of angle measiire a radian. Radian measiire is related 
to degree measiire by 



1 radian 

and 



^ 2Tr ' ^ TT ^ ^ 



1° = radians. (2) 

You should note that this definition of the radian measure 
of an angle Implies that an angle of 1 radian intercepts an arc 
of length s equal to r, the radius of the circle. In general 
an angle of x radians intercepts an arc of length xr. That 
is, s = xr where x is the measvire of the central angle in 
radians while s and r are the lengths of the arc and the 
radius measvired in the same linear vinits. 

In working with radian measure, it is customary simply to 
give the measure of an angle oo as, say, J, rather than ^ radians. 
If we use degree measure, however, the degree symbol will always 
be written, as for example, 90°, 45°, etc. 

It is also possible to measure an angle oc by the area A 
of the sector it includes (Figure 5-3a). Specifically, we have 
that the area A is the same" fraction of the area of the interior 
of the circle as the arc s is of the circumference, that is, 

_A s_ (3) 

wv 

We saw above that the arc length s on a circle included by an 
angle oc may be expressed as s = rx where r is the radius of 
the circle and x is the radian measure of oc. It follows from 
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(3) that 



A _ X 

2 ~ 
Trr 2r 



or 



x-2A_. (4) 

r 

That is, the measure x of in radians is twice the area of 
the included sector divxded by the sqtiare of the radius. 



Exercises 5-3 

1. Change the following radian measure -to degree measiare. 

a) d) J^, g) 

b) g, e) 2ir, h) ifL, 

c) ^, f) ^, i)*i|2r. 

2. Change the following degree measure to radian measvire. 

a) 27.0^ d) ^80^, g) 8lO^ 

b) -30^ e) 195^ h) 190^ 

c) 135^ f) -105^ i) 18°. 

3. What is the measiare (in radians) of an angle which forms 

a sector of area 9Tr if the radius of the circle is 3 \mits? 

o 

h. What is the area of the sector formed by an angle of {q)'^^ 

if the radius of the circle is 2 units? 
5. Suppose that we wish to find a unit of measure so that a 

quarter of a circle will contain 100 such units. 

a) How many such units will be equivalent to 1°? 

b) How many such units will be equivalent to 1 radian? 

c) How many of these units will a central angle contain, 
if the included arc is equal in length to the diameter 
of the circle? 
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5-4 . Uniform Circular Motion 

Let us again consider the motion of a point P around a 
circle of radius r In the uv-plane, and suppose that P 
moves at the constant speed of s units per second. Let 
PQ(r, O) represent the Initial position of P. After one 
second, P will be at P^, an arc-distance s away from Pq. 
After two seconds, P will be at Pg, an arc-distance 2s from 
Pq, and similarly after t seconds P will be at arc-distance 
ts. (Figure 5-4a. ) Clearly Z^^o^^l " A-^l°^2 " A<^2°^3 ' ' ' 




Figure 5-4a. Uniform motion of P on circle 0. 

and likewise for each additional second, since these central 
angles have equal arcs, each of length s. Each of these central 
angles may be written as ^ = p After 2 seconds, OP will have 
rotated through an angle 2(a) Into position 0?^; after 3 seconds 
through an angle 3^ ; and. In general, after t seconds through 
an angle of t6) or Wt. In other words, after t seconds, P 
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will have moved from (r, 0) an arc-drstance st, and OPq will 
" have rotated from Its Initial position throojgh an angle of Oit 
Into the position OP. If we designate the coordinates of P by 
(u, v) we have 

u = r cos 60t , , 

(1) 

V = r sin 6)t. 

When Qt ^ 27r, P will again be in the position Pq. This 
motion of the point from Pq back into Pq again la called 
a cycle The time Interval during vftalch a cycle occurs Is 
called the period ; In this case, the period Is The number 

of cycles which occxir during a fixed unit of time Is called 
the frequency . Since we refer to the alternating current in our 
homes as "60- cycle", an abbreviation for "6o cycles per second", 
this notion of frequency is not altogether new to us. 

To visualize the behavior of the point P in a different 
way, consider the motion of the point Q which is the projection 
of P on the v-axis. As P moves around the \inlt circle, Q 
moves up and down along a fixed diameter of the circle, and a 

pencil attached to Q will trace thic diameter repeatedly 

assuming that the paper is fixed in position. If, however, the 
strip of paper is draym from right to left fit a constant speed, 
then the pencil will trace a curve, something like Pigxare 5-4b. 
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Figure 5-4b. Wave Motion 
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An examination of this figure will show why motion of this type 
is cai:'ed wave motion. We note that the displacement y of 
Q from its central position is functionally related to the time 
t, that is, there is a function f ■ such that y = f(t). By 
suitably locating the origin of the ty-plane, we may have either 

= cos wt or y = sin wtj thus either of these equations may 
be looked upon as describing a puz'e wave or, as it is sometimes 
called, a simple harmonic motion. The surface of a body of 
water displays a wave motion when it is disturbed. Another familiar 
example is furnished by the electromagnetic waves used in radio, 
television, and radar, and modern physics has even detected wave- 
like behavior of the electrons of the atom. 

One of the most interesting applications of the circular 
functions is to the theory of sound (acoustics). A sound wave 
is produced by a rapid alternation of pressure in some medium. 
A pure musical tone is produced by any pressure wave which can 
be described by a circular function of time, say: 

p = A sin 6Jt (2) 

where p is the pressure at-time t and the constants A and 
^ are positive. The equation (2) for the acoustical pressure, 
p, is exactly in the form of one of the equations of (l) even 
though no circular motion is involved; all that occurs is, a 
fluctuation of the pressure at a given point of space.* Here 
the numbers A and d have direct musical significance. The 
number A is called the amplitude of the wave; it is the peak 
pressure and its square is a measure of the loudness. The 
number U is proportional to the frequency and is a measure of 
pitch; the larger 0) the more shrill the tone. 

The effectiveness of the application of circular functions 
to the theory of sound stems from the principle of superposition. 
If two instruments individually produce acoustical pressures p^^ 
and pg then together they produce the pressure p^^ + Pg. If 

*The acoustical pressure is defined ao the ffJIf ^"f .J^^"^!" ^^^^ 
gas pressure in the wave and the pressure of the gas if it is left 

undisturbed. ^ ^ 
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Pq^ and have a common period then the simi p^ + p^ has the 
same period. This is the root of the principle of harmony; if 
two instruments are tuned to the same note, they will produce, 
no strange new note when played together. 

Let us suppose, for example, that two pure tones are produced 
with Individual pressure waves of the same frequency, say 

u = A cos La t (3) 

V = B sin 6)t ■ (4) 

where A, B and ^ are positive. According to the principle of 
superposition, the net press\ire is 

p = A cos ^Jt + B sin Wt. 

What does the graph of this equation look like? We shall answer 
this question by reducing the problem to two simpler problems, 
that Is, of graphing (3) and (4) above. For each t, the value 
of p is obtained from the individml graphs, since 

p = u H- V. 

To illustrate these ideas with specific numerical values in place 
of A, B and 6); let 

A = 3, B = 4, W = TT. 

Then we wish to graph 

p = 3 cos 7rt + 4 sin 7rt. (5) 

Equations (3) and (4) become 

u = 3 cos TTb, (6) 

V = 4 sin TTt. (7) 

By drawing the graphs of (6) (Figure 5-^c) and (7) (Figure 5-4d) 
on the same set of axes, and by adding the corresponding ordinates 
of these graphs at each value of t, we obtain the graph of (5) 
shown In Figure 5-4e. You will notice that certain points on 
the graph of p are labeled with their coordinates. These are 
points which are either easy to find, or which have some special 
Interest. _ 
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Pigtire 5-4c. Graph of 
u 3 cos TTt. 



Pigiare Graph of 

V ='^4 sin irt. 



The points (0, 3), (0.5, (1, -3), (1-5, and (2, 3) 
are easy to find since they are the points where either u = 0 
or V = 0. The points (0,29, 5) and (1.29, -5) are Important 
because they represent the first maximum and minimum points on 
the graph of p, while (0.79, O) and (1.79, O) are the first 
zeros of p. To find the maximum and minimum points and zeros 
of p involves the use of tables and hence we shall put off 
a discussion of this matter until Section 5-7, although a careful 
graphing should produce fairly good approximations to them. 
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Pigure 5-4e. The sum of two pure waves of equal period. 

Dashed c\xrve: u 5= 3 cos Trt. Dotted curve: v « 4 sin irt . 

Pull cxirve: p = 3 cos Trt + 4 sin rt; 0 ^ t ^ 2. (The scales are 

not the same on the two axes; this distortion Is Introduced In 
order to show the details more clearly. ) 
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Exercises 5-^ 

1. Extend the three cvirves in Figure S-^e to the interval 
Itj ^2. To the interval |t| ^3. What do you observe 
about the graph of p = 3 cos Trt + 4 sin rt over |t| 3? 
Is it periodic? V/hat is its period? Give reasons for 
yovr answers. 

2. Sketch graphs of each of the following curves over one 
complete cycle; and state what the period is, and what 
the range is, if you can. 

a) y = 2 sin 3t. 

b) y = -3 sin 2t. 

c) y = 4 cos (|). 

d) y = 3 cos (-x). 

e) y = 2 sin x - cos x. 



5^^ , Vectors and Rotations 

In the next section, we shall develop the important formulas 
for sin(x + y) and cos(x + y). Because our .development will 
rely on certain properties of plane vectors, we give, in this 
section, an informal sxammary of those properties. 

You have probably encountered vectors in yovir earlier work 
in mathematics or science. The physicist uses them to represent 
quantities such as displacements, forces, and velocities, which 
have both magnitude and direction. Some examples of vector 
quantities are the velocity of a train along a track or of the 
wind at a given, point, the weight of a body (the force of gravity), 
and the displacement from the origin of a point in the Cartesian 
plane. 

In a two-dimensional system, it is often convenient to repre- 
sent vectors by arrows (which have both a length, representing 
magnitude, and a direction) and to use geometrical language. 
We shall do this, and we shall restrict ourselves to vectors 
all of which start from a single point; in our discussion we 
shall take this point to be the origin. If S and T are 
vectors, we define the sum S + T to be the vector R represented 

[sec. 5-5] 

262 

EKLC 



253 



by the diagonal of the parallelogram which has sides S and T, 
as shown in Plgtire 5-5a. If T is a vector and a is a ntanber, 
then we define the product aT to be a vector whose magnitude 
Is |a| times that of T and whose direction is the same as T 
..if .a > 0 and opposite to T if a < 0; in either case, T and aT 
are colllnear. Pigiore 5-5b illustrates this for a = 2 and a = -2. 
It is an experimental fact that these definitions correspond 
to physical reality; the net effect of two forces acting at a 
point, for example. Is that of a single force determined by the 
parallelogram law of addition. 




Figure 5-5a. The sum of Figure 5-5b. A vector 

two vectors. multiplied by a number. 

These definitions of vector sum and of multiplication by a 
number make it possible to express all plane vectors from the 
origin In terms of two basic vectors. It is convenient to taice 
as these basic vectors the vector U from the origin to (1, O) 
and the vector V from the origin to (0, l). Then, for any 
vector R, there exist unique numbers u and v such that 

R « uU + vV; (1) 

In fact, the numbers u and v are precisely the coordinates 
of the tip of the arrow representing R (Figure 5-5c), To 
talce a specific example, the vector S from the origin to the 
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1 

point P(-^# can be expressed in terms of the basic vectors 

U and V as 

S = + ^v, 

as shown in Figure 5-5d. 




p 




.(0,1)-, 
















u 0 


U(1,0) 



Pigiire 5-5c. A vector in terms 
of the basic vectors U and V, 



Figure 5-5d. S = -^U + ^V. 



We now introduce the idea of a rotation of the whole plane 
about the origin 0. Such a rotation carries each vector into 
a unique vector, and we may therefore regard it as a function 
whose domain and range are sets of vectors. We have so far In 
this course considered mostly functions which map numbers onto 
nxambers, but it will be useful, in this section, to think of 
a rotation as a new kind of function which maps vectors into 
vectors. 

Any rotation of the sort we are considering is completely 
specified by the length x of the arc AP of the unit circle 
throTJigh which the rotation carries the point A(l, O). Let f 
be the rotation (function) which maps the vector OA (that is, 
U) onto the vector OP whose tip P has coordinates (u, v). As 
we have seen above, OP can be expressed in terms of the basic 
vectors U and V as uU + vV. Hence 

f (U) = OP = uU + vV, (2) 

2 6 1 
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as pictured In Figure 5-5e. The same rotation f carries the 
point B(Oj 1) Into the point Q(-v, u), as can be shown by con- 
gruent triangles^ (see Figure 5-5e), so we also have 

f(V) = OQ = -vU + uV. (3) 

{The figure Is valid only when 0 < x < The result, however. 
Is true for any real . x; for a more general derivation, see 
^.Exercises 8 and 9,) 







8(0,1) 


F^v) 












vV / 






/ uU . 
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U iMlfi) 











Flgiire 5-5e. The effect of a rotation 
on the basic vectors U and V. 

Now suppose that we subject the plane to a second rotation g. 
In which points on the unit circle are displaced through an arc 
of length y. Since g also Is a function, we may regard the 
successive applications of the rotations f and g as a com- 
posite function gf, as In Section 1-5. Prom Equation (2) and 
th6 definition of composition, we have 

(gf)(U) = g(f(U)) = g(OP) = g(uU + W). (4) 
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Figure 5-5f. 

We must now pay some attention to two important properties 
of rotations. First, a rotation does not change the angle 
between two vectors, and collinear vectors will therefore be 
rotated into collinear vectors. Second, a rotation does not 
change the length of any vector. Now, if a is a number (/ O) 
and T is a vector, then the vector aT is collinear with T, 
If Y is a rotation, the two stated properties ensure that T 
and f(T) have the same length, that aT and f(aT) have the 
sajne length, and that f(aT) is collinear with f(T). We will 
therefore get the same vector from T if we first multiply by 
a and then rotate, or first rotate and then multiply by a: 

f(aT) = af(T). (5) 

The same two properties of rotations also ensure that a parallelo- 
gram will not be distorted by a rotation. Since the addition 
of vectors is defined in terms of parallelograms, it follows that 
rotations preserve sums; that is, if f is a rotation, and if 
S and T are vectors, then 

f(S + T) = f(S) + f(T), (6) 
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From (5) and (6), 

g(uU + vV) = "ug(U) + vg(V), 
and we may therefore rewrite (h) as 

(gf)(U) = Visin + vg(V). (7) 

Exercises 5-5 

1. Let T be the vector OP where P is the point '^). 
Write T in the form uU + vV. If T = f(U), find the arc 
on the unit circle which specifies the rotation f. 

2. In Exercise 1, replace P by 

(a) the point , 

v3 1 

(b) the point ^, -g") . 

3. Find f (U) if the rotation f is specified by an arc of the 
vinit circle which is 

(a) ^ units long. 

(b) 27r units long. 

h. Write f (U) in the form uU -f vV if f corresponds to an 
arc of the xxnit circle which is 

(a) ^ units long . 

(b) ^ units long. 

5. Do Exercise ^ for an arc 4p units long. ' 

6. Let f correspond to a rotation of ^ units and g to a 
rotation of ^ units. Show that, since V f (U), the result 
in Exercise 5 is equivalent to g(V). 

7. If f and g are any two rotations of the plane about t>e 
origin, show that fg = gf . 

8. If the rotation f corresponds to an arc x and the rotation 
g to an arc |, show that f(V) = (fg)(U) (gf)(U). 

9. In Exercise 8, put f>(';'! ^ uU + vV, and her.ce show that 
f(V) = g(uU) + g(vV) = -f vg(V) = uV - vU. 
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5-6 . The Addition Formulas 

We are now ready to bring the circular functions Into the 
plctixre. Since f maps the vector OA onto OP so that 
A(l, 0) Is carried through an arc x of the unit circle to 
v). It follows from the definitions of Section 5-1 that 

u = cos X and v = sin x. 

Hence Equations (2) and (3) of Section 5-5 can be written 

f (U) = (cos x)U (sin x)V (l) 

and f(V) = (-sin x)U + (cos x)V . (2) 

Since, moreover, the rotation g differs from the rotation f 
only in that the arc length Involved is y Instead of x, we 
may similarly write 

g(U) = (cos y)U + (sin y)V (3) 

and g(V) = (-sin y)U + (cos y)V. (k) 

Substituting these results in (7) of Section 5-5 gives us 

(gf)(U) = (cos x) ((cos y)U + (sin y)v) 

+ (sin x) ((-sin y)U + (cos y)vj 

= (cos X cos y - sin x sin y)U 

+ (sin x cos y + cos x sin y)V. (5) 

Furthermore, the composite rotation gf cam be regarded as a 
single rotation through an arc of length x + y, and we may 
therefore write, by analogy with (l), 

(gf)(U) = (cos(x + yi)u + (sin(x + y))v. (6) 

We now have, in (5) and (6), two ways of expressing the 
vector (gf)(U) in terms of the basic vectors U and V. Since 
there is essentially only one such way of expressing any vector, 
it follows that the coefficient of U in (5) must be the same 
-as the coefficient of U in (6), or 

cos(x + y) = cos X cos y - sin x sin y, (7) 

and a similar comparison of the coefficients of V in the two 
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expressions yields 

sin(x + y) = sin x cos y + cos x sin y. (8) 

Biese are the desired addition formiilas for the sine and cosine. 

We also obtain the subtraction formiilas vea^y quickly from 
"Equations (7) and (8). Thus 

cos(x - y) = cos^x + (-yj) = cos x cos(-y) - sin x sin(-y). (9) 

Since, however, (Section 5-2, Equations (3)) 

cos(-y) = cos y 

and sin(-y) = -sin y, 

we may write (9) as 

cos(x - y) = cos X cos y + sin x sin y. (10) 

In the Exercises, you will be asked to show similarly that 

sin(x - y) =5 sin x cos y - cos x sin y. (H) 

Prom Formulas (7) and (8) and (10) and (11), it is easy to 
derive a large number of familiar trigonometric formulas. 

Example . Find cos(x + tt) and sin(x + tt). 
Solution . By (7), with y = tt, 

cos(x + tt) = cos X cos TT - sln X sin tt. 

Now, cos TT = -1 and sin tt = 0. Hence cos(x + tt) = -cos x. 
Similarly, from (8), sin(x + tt) = sin x cos tt + cos x sin-Tr 

= sin x(-l) + cos x(0) 

= -sin X. 

Exercises 5-6 

1. By use of the appropriate sum or difference formula show that 

a) cos(^ - x) = sin x, 

b) 3in(^ - x) = cos x. 



c) cos(x + ^) = -sin X, 
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d) sln(x + ~) = cos X, 

e) cos(7r - x) = -cos x, 

f ) sin(7r - x) = sin x, 

Sir 

g) cos(^ + x) « sin x^ , 

h) sin(^ + x) = -cos x, 

i) sin(5 + x) = cos(J - x). 

2. prove that sin(x - y) = sin x cos y - cot3 x sin y. 

*3. Show that form\ilas (7), (8), and (ll) may all be obtained 

from form\ila (10), and, hence, that all of the relationships 
mentioned in this section follow from formiila (10). 

4. Prove that the function tangent (abbreviated tan) defined by 

is periodic, with period tt. Why are the values ± + ^nir 
excluded from the domain of the tangent function? 

5. Using the deilnition of the function tangent in Exercise 4 
and the formulas (7), (8), (lO), (11 ), develop formvQas for 
tan(x + y) and tan(x - y) in terms of tan x and tan y. 

6. Using the results of Exercise 5, develop formulas for 
tan(7r - x) and tan(7r + x). Also show that tan(-x) =: -tan x. 

7. Express sin 2x, cos 2x and tan 2x in terms of functions of x. 
(Hint: Let y = x in the appropriate fonmalas.) 

8. Express sin 3x in terms of functions of x. 

9. In Exercise 7 you were asked to express cos 2x in tenns of 
functions of x. One possible result is cos 2x = 1 - 2 sin x. 
In this expression substitute x = and solve for sin ^. 

2 

10. In Ejcercise 9, cos 2x may also be written as 2 cos x - 1. 
Use this formula to get a formula for cos 

11. Using the definitions of the function tan and the results 
of Exercises 9 and 10, derive a form\ila for tan This 

will be an expression involving radicals, but by rationalizing 
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In succession the nxamerator and the denominator you can get 
two different expressions for tan ^, not involving radica:is. 

In Section 5-5 we developed the algebra of rotations, and 

in this section we have applied this algebra to derive the 

addition formvilas for the sine and cosine functions. As we 
shall now indicate, there is a close parallel between the 
algebra of rotations and the algebra of complex numbers. 

If two complex nximbers are expressed in polar form, as are 

^1 ^ 1*0^ (cos Xj^ + i sin x^)' 

and Zg = r2(cos Xg + i sin x^) 

then their product can be found by multiplying their absolute 
values r^ and rg, and adding their arguments, x^ and x^: 

z^z^ = ^1^2^^^^^^! ^2^ ^ sin(Xj^ + Xg)) . 
Multiplying any complex number z by the special complex number 
cos X + i sin x = l(cos x + 1 sin x) 

Is therefore equivalent to leaving the absolute value of z 
unchanged and adding x to the argument of z. Hence, if we 
represent z by a vector in the complex plajie, then multiplying 
by cos X + i sin x is equivalent to rotating this vector thro\agh 
an arc x, as in Section 5-5- 

Let us replace the vector U of Section ,5-5 by the complex 
number 

1 = cos 0 + i sin 0. 

Then the product 

(cos X + i sin x).l = cos x + i sin x 

represents the vector formerly called f(U) (see Figvire 5-6a), 
and (gf)(U) becomes 

(cos y + i sin y)(cos x + i sin x)l 
= ((cos X cos y - sin x sin y) + i(sin x cos y + cos x sin yj)^ 1 
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Figure 5-.6a. Representation of T = cos x -f i sin x. 

If we replace (gf)(U) by 

^cos(x -f y) -f i sin(x -f y))* 1 

we have 

cos(x + y) -f i sin(x -f y) = (cos x cos y - sin x sin y) 

-f i(sin X cos y -f cos x sin y) . 

By equating real and Imaginary parts we obtain the addition 

formulas (7) and (8). 

The subtraction formulas may be derived equally simply. 
Since g"''' is equivalent to rotating through an angle -y, we have 
(g"^f)(U) = g"*'*(f(U)) and therefore 

(cos(x - y) + i sin(x ~ yj) * 1. 

Hence 

cos(x - y) = cos X cos y + sin x sin y 

and 

3in(x - y) = sin x cos y - cos x sin y. 
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5-7 > Construction and Use of Tables of Circular Functions 

It would be difficult to give In a short span an Indication 
of the enormous variety of ways In which the addition formulas 
of Section 5-6, 

cos(c<+^) = cos oc cos/? -slnoc sln/3 (1) 

sln(oc+/3) = sln<?ccos/? +cosocsln^ (2) 

cos(oc-^ ) = cos c<cos/3 +slnoCsln/3 (3) 

sln(c<-/3) = slncx cos/3 -cosocsln/? (4) 

turn up In mathematics and In the application of mathematics to 
the sciences. In this section and In Sections 5-8 and 5-9, we 
shall describe some of the more common applications. The first 
of these Is a table of values of the sine and cosine fxmctlons, 

Irt;Exerclse 1 of Section 5-6, you used the difference formulas 
to show- that 

sln(^ - x) = cos X 

and 



cos(^ - x) = sln'x. 



These formulas permit the tabulation of sin x and cos x 
In a very neat way. If we had a table of cosines for 0 ^ x ^ 
this would. In effect, give a table of sines In backward 
order. For example, from the table of special values In 



Section 5-2, we obtain the sample table shown, where y = 5- - ^ 



X 


cos X 


2 ^ 


0 


1 


TT 

2 


IT 
S 


V5 

2 


IT 

3 


V 

T 


v/5 
2 


IT 

T 


JL 
3 


1 

2 


IT 


IT 

2 


0 


0 


- - y 

2 ^ 


sin y 
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In this table the values of the cosine are read from the top 
down and the values of the sine from the bottom rtp. Since it 
is a very inefficient use of space to put so few col^m^ns on 
a page, the table is usually folded in the middle about the 
value X = y = ^ and is constructed as in the following sample; 



X 


COS 


X 


sin X 


IT 

2 


- X 


0 


1 




0 




IT 

2 


IT 

"5" 


v/3 
2 




1 
2 




IT 

3 


IT 

T 


V2 
2 




2 




I 


Z. _ y 
2 ^ 


sin 


y 


cos y 


. y 



At the end of the chapter we giva three tables 



II. 



TII. 



A table of sin x and cos x for decimal values of 
X up to 1.57 (slightly less than . 
A table of sin ~ and cos^ in decimal fractions 
of |- up to 1.00. 

A table of sin°x, cos°x and tan°x, in degrees up 
to 90°. 

{We define sin°: x°-^ sin x , with similar definitions for cos° 
and tan°. It 3s usual to write sin x in place of sin°x, etc., 
when the context makes it clear what is intended. We shall 
follow this practice.) 



1. 

2. 



3. 



Exercises 5-7a 
Why is Table I not folded as are Tables II and III? 
Find from Table I, sin x and cos x when x Is equal to 



a) 0.73 

b) -5.17 

Prom Table I, find 

a) sin X « 0.1099 

b) cos X « 0.9131 



c) 1.55 

d) 6.97 (Hint: 2ir w 6.28) 
when 0 ^ X ^ J and 

c ) sin X w 0.6495 
274 d) cos X « 0.5403 
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4. Prom Table II, find slni)t and cos Lit If | and 

a) t « 0.31 c) t = 0.62 

b) t =r 0.79 d) t ^ 0.71 

5. Prom Table II, find t (Interpolating, if necessary), 
If .= J, 0 ^ t ^ 1 and 

a) slnWt« 0.827 c) sin Wt « 0.^75 

b) cos 6)t « 0.905 d) cos £Jt « 0.795 

6. Prom Table III, find sin x and cos x (Interpolating, If 
necessary) when 

a) X = 45° c) X = 36.2° 

b) X - 73° d) X = 81.5° 

7. Prom Table III, find x when 0 ^ x ^ 90° and 

a) sin X « 0.629 c) sin x« 0.621 

b) cos X « 0.991 ' d) cos x« 0.895 



Extending the scope of the tables . Table I, at the end of 
this chapter, gives values of the circular fianctlons 
cos: X — >cos X and sin: x — >sln x only for 0 ^ x < ^, but we 
can extend Its scope to. the set of all real numbers by using 
(a) Equations (l) - (4), (b) our knowledge of the circular 
functions of all multiples of ^ (see, for example, Table 5-1), 
and (c) the fact that any real n\imber can be expressed as the 
sum (or difference) of r.wo numbers of which one Is a multiple 
of ^ and the other Is In the Interval (x: 0 ^ x < . Similar 
remarks apply to Tables II and III. The technique Is best ex- 
plained through exEunples. 

Example 1^. Plnd sin 2. 

Solution . Since 1.57, we write 2 = 1.57 + 0.43, and, 
using Equation (2), we then have 

sin 2 = sln(1.57 + 0.43) 

«sln(J + 0.43) = sin J cos 0.43 + cos J sin 0.43 

= cos 0.43 « 0.9090. 
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Alternatively, 2.= 3,l4 - l,l4 « ir - 1,1^, and therefore 

sin 2 « sin(7r - 1.14) = sin tt cos 1,14 - cos ir sin 

= sin l,l4 w 0,9086. 

Example 2, Find cos 4,56, 

Solution, Since 4,56 = 3, l4 + 1, 42 w tt + 1,42, we have 
cos 4,56 w cos(7r + 1,42) = cos tt cos 1,42 - sin tt sin 1,42 

= -cos 1,42 w -0,1502. 

This technique can be used to simplify expressions of the 
form sin (n^ + x) and cos(n^ + x). 

Example '3^. Simplify cos(^ + x) , 

Solution , cos + x) = cos ^ cos x - sin ^ sin x 

= cos ^ cos X - sin ^ sin x 
= -sin X, 
Example 4^, Find cos 0,827r, 

Solution , In this case, it is easier to use Table II, 
Since 0,827r = 0,507r + 0,327r, we have 

cos 0,827r = cos(|^4- 0,327r) 

= cos ^ cos 0,327r - sin sin 0,327r 

= -sin 0 , 327r = -sin 0,64(J) « -0,844, 



Exercises 5-'7b 
Using the table that you think most convenient, find 

1, sin 1,73 9. cos(-l35°) 

2, cos l,37r 10, sin 327° 

3, sin(-,37) 11' cos(-327°) 

4, sin(-,377r) 12, cos 12.47r 

5, cos 2,87r 13, sin 12,4 

6, cos l,87r *14, cos(sin ,37r) 

7, cos 3,71 *15- sin(sin ,7) 

8, sin 135° 
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5-8 > P\ire Waves; Frequency , Amplitude and Phase 

As we remarked in Section 5-^, the superposition of two 
pxire waves of the same frequency yields a pure wave of the 
given frequency. Now we shall be able to prove this result. 
In order to be more specific, instead of assToming that either 
of Equations (l) in Section 5-^ defines a pure wave, let us 
say that, by definition, a pure wave will have the form 

y = A cos( 6)t - <x^ ), 

where A and W are positive and 0 ^ oc < 2ir. The niomber 
is called the phase of the pure wave. The sine function now 
becomes simply a special case of (l), and defines a pure wave 
with phase ^, 

y = DinWt = cos(6Jt - p. 

The phase of a pure wave has a simple Interpretation. We will 
take' the graph of 

y = cos ^t 

as a standard of reference, and the cycle over the interval 
(0 ^ t < ^) between two peaks of (3) as the standard cycle. 
Now the graph of y = A cos( CJt - «r ) reaches its peak, corre- 
sponding to the first peaik of its standard cycle, at the point 
where 6)t -cy: =0, that is, at t = Since is positive, 

it is clear that the wave (l) reaches Its first pesik after the 
standard wave (3) reaches its first peak, since (3) has a peak 
at t = 0. Hiat is, the wave (l) lags behind the wave (3) by 
an amount Since the period of (3) is this lag amounts 

to the fraction 



of a period. (Figure 5-8a.) We see from (2) that sln^t lags 
behind cos i)t by a quarter-period. (See Figure 5--^^ c and d. ) 

We now wish to test the idea that the stmi of two pure 
waves which have the same period but differ In amplitude and 
phase, is again a pure wave of the same period with some 
new amplitude and phase. You will recall that in Section 5-^ 
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we sketched the graph of 

y = 3 cos TTt + 4 sin Trt (4) 

by adding the ordinates of the graphs of u = 3 cos Trt and 
V = 4 sin TTfc. The graph supported this idea. At that time 
we also had to leave open the question of the exact location 
of the maximum and minimum points and the zeros of the graph. 




Figure 5-8a. Graphs of two cosine curves. 

We are now in a position to deal with these problems. 
Since finding the maximum and minimum points and finding the 
zeros involve essentially the same procedure, we shall confine 
our attention to the maximum and minimum points. 

Our basic problem still is to express 

y = 3 cos TTt + 4 sin Trt 

in the form of 

y = A cos( Wt - oc) (1) 

that is, to show that y is a pure wave, but in the process 
we shall be able to obtain the exact location of the maximum 
and minimum points of ttie graph of the sum. If we write? out 
(1) in terms of the formula 

cos( - oc ) = cos^ coscx: + sin^ sin ex. (5) 
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we obtain 

y =: A cos( W t - c?c ) = A(cos cos oc + sin O^t sinoc ) 

or 

y = A cos Wt cosoc + A 3±nU)t sinoC, (6) 
In our case, (iJ=: tt and we have 

y = A cos TTt cos oc -H A Bin irt sinoc. (7) 

Upon comparing (7) with (4), we note t* 

A cos oc = 3 end A sin = 4 (8) 

then (7) and (4) will be identical. We shall therefore seek 
values of A and oc which satisfy the Equations (8). To do 
this, we may begin by squaring the Equations (8) and adding them, 
to obtain 

3^ + 4^ = cos^oc + sin^cK 
9 + 16 = A^(cos^c<: + sin^oc ) 

or 

2 

A"^ = 25. 

Since A is positive, v/e have 

A = 5, (9) 

and consequently from (8), 

ok 
cos c><. = — and sin oc = (10) 

From Table I 

oc« 0.927. (11) 

Now, by using (9) and (11), we may put (4) in the form 

y = 3 coii TTt + 4 sin Tt ^ 3 cos(7rt - 0.927), (12) 

showing that it is a pure wave with amplitude 5, period 2 

(as before), and phase O.927. We note that . ^ 0.295 

is very close to the value 0.29 obtained graphically in Section 

5-4. We are also in a position to locate the maxjjnum and 

minimiam points of our graph. From (12), y will be a majxlmum when 
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cos(7rt - 0.927) = 1> 

that is, 

irt - 0.927 = 0 

t = 0.295, 

TT 

and y will be a minimum when 

cos(Trt - 0.927) = -1, 

that is, 

irt - 0.927 = 

t = 1 + ^-^^ « 1.295, 

where, in each case, we have taken the smallest positive value 
of t. 

We now put the general equation 

y = B cos(!i>t + C sin d)t (13) 

in the form (l). If we proceed exactly as before, using (6) and 

f~2. 2 

(13), we find that for specified B and C, A =VB + C and a 
solution of the equations 

cos =1 and sin oc = 5 (l4) 

will determine a unique oc in the interval from 0 to 2Tr, 
from which the form (1) follows. (See Exercise 3 below.) 



2. 



E xercises 5-8 

1. What is the smallest positive value of t for which the 

graph of Equation (4) crosses the t-axis? Compare your result 
with the data shovv-n In Figure 5-^e. 

Sketch each of the following graphs over at least two of its 
periods. Show the amplitude, period, and phase of each. 

a) y = 2 cos 3t 
3t 

b) y ='2 cos(-^) 

c) y = 3 cos(-2t) 

d) y = -2 sind) (Remember that the phase is defined to 
3 positive. ) 
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e) y = -2 sin(2t + tt) 

f ) y = 5 cos(3t + g) 

Express each of the following equations in the form 
y = A cos(7rt - ex) for some appropriate real numbers 
A and ck . 



a) 


y 




4 sin irt - 3 cos tt* 


b) 


y 




-4 sin TTt + 3 cos Tt 


c) 


y 




-4 sin TTt - 3 cos Tt 


d) 


y 




3 sin Tt + 4 cos trt 


e) 


y 




3 sin TTt - 4 cos TTt 



Without actually computing the value of cfz , show on a 
diagram how A and oc can be determined from the coeffi- 
cients B and C of cos^t and rin iOt if each of the 
following expressions of the form B cos ^t + C sin 0)t is 
made equal to A eos(^t - oc ). Compute oc , and find the 
maxlmiom and minimum values of each expression, and its 
period. Give reasons for your answers. 

a) 3 'sin 2t -f 4 cos 2t 

b) 2 sin 3t - 3 cos 3t 

c) -sin(^-) -f cos(^) 

Verify that the superposition of any two pure waves 
A cos(6Jt - ) and B cos(^Jt ^ /S ) is a pure wave of the 
same equency, that is, that there exist real values C 
and"?" such that 

A cos( ^Ot ^ oc ) -f B cos((!aJ t ) = C cos( 63 1 - Zf ). 

Solve for all values of t: 

a) 3 cos TTt 4- 4 sin Trt = 2.5 

(Method: From equation (12) we see that this equation 
is equivalent to 5 cos (Trt - 0.927) = 2.5. 
For every solution, we have 

cos(7rt - 0.927) = 0.5, 

which is satisfied only if the argument of the cosine 
is ^ + 2n7r or + 2n7r. It follows that the equation 
is satisfied for all values of t such that 
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Trt - 0.927 = ±^ ■'r 2mr or such that 

Question: What is the smallest positive value of 
t for which equation (a) is satisfied?) 

b) 3 cos irt + 4 sin irt = 5 

c) sin 2t - cos 2t = 1 . 

d) 4 cos 7rt - 3 sin irt = 0 

e) 4 cos Trt + 3 sin irt = 1 

7. Show that any wave of the form 

y = B COs(yUt - yff ), (/* / 0)> 

can be written in the form (l), that is, 

y = A cos( (Ot - o<. ) 
where A is non-negative, (0 positive and 0 ^ oc < gir. 



5-9 . Identities 

In the analysis of general periodic motions the product of 
two circular functions often appears, and the expression of a 
product aa the sum or difference of two circular functions is 
quite useful. Such expressions can be derived by taking the 
sums and differences of the circular functions of x + y and 
X - y. In fact we have 

cos X cos y = |-[cos(x + y) + cos(x - y)] (l) 

sin X sin y = -|[cos(x + y) - cos(x - y)] (2) 

sin X cos y = |[sin(x + y) + sin(x - y)]. (3) 

One interesting fact about these product formulas is that 

they can be used to obtain formulas expressing sums as products, 
we merely set x + y and x - y =/3 in Equations (l), C2) 

and (3). Observing that x = ^ ^ ■ and y = ■ °^ g ^ ■ we have 

282 
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cos oc + cos/5 ^2 cos ^ ^ cos "^g/^ (4) 
cos o< ^ cos/9 - -2 sin ■ ^ ^ sin ^ g ^ (5) 
sin cx + sin^ =2 sin ^ ^ cos (6) 

Pontiulas (1), (2), (3), and (4), (5), (6) need not be 
memorized. ,The important thing is to know how to derive them, 
(See Exercise (1) below.) 

It is often usefial to have some expression involving circvilar 

functions in more than one form. That is, we sometimes wish to 

replace one expression by another expression to which it is 

equal for all values of the variable for which both expressions 

are defined. A statement of this kind of relationship between 

two expressions is called an identity. For example, 

2 2 
sin X = 1 - cos X 

is an identity, because it is true for all real x. To show 

that a given equation is an identity, we try to transform one 

side into the other or both sides into identical expressions. 

As an example, consider the equation 

3 2 
cos © -i- sin e cos e = cos e. 

We note that by factoring cos e from the terms on the left, 
we have 

2 2 
cos ©(cos e + sin B) ^ cose, 

2 2 
and since cos O + sin e = 1, we have 

cos & = cos Q , 

and the identity is established. 



Exercises 5-9 

1. Derive formulas (1), (2) and (3) from the appropriate 
formulas In Section 5-6. 

2. In formulas (1), (2) and (3) let x = mcK and y = no^ thus 
deriving formulas for 

a) cos m c< cos ncK, 
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b) sin m oc sin ncc , 

c) sin moc cos noc . 

Using (6) derive a formiila for sin c< - sin^ . 

Using any of the formulas (•.), (5), (6) derive a formula 

for cos X - sin x. 

Using any of the formiilas developed in this chapter, find: 

a) sin ^. ; (Hint: = J - |) 

b) cos If • , 

c) tan ^ ; 

d) cos . 

Using any of the formulas developed in this chapter, show 
that for all values where the functions are defined the 
following are identities: 

a) cos 0 - sin e = cos 2©; 

P 2 2 

b) cos - sin <?c = 1 - 2 sin oC ; 

c) \ 1 = tan^oc; 

cos oc 

d) cos( oc - tt) = cos( oc + tt); 

e) tan |^ = ^ ' ^^gote ^ ^^^^ Exercise 5-6, 11.) 

^\ 2 1 o tan e + sine , 

f) cos = 2 tan e 



g) 



1 12 
1 + sin oc = (sin i-ot + cos ; 



h) (sin e + cos e )^ = 1 + sin 2e ; 

N . r^ 2 t an e . 

i) sin 29 = 73 — ' 

1 + tan'^e 

. 1 + cose sine _ _2_. 
— sine 1 + cos© sin 

,v sin 2o<: cos 2oC _ 1 ' "•' " \ 

sin o<. " cos oc cosoc ' 

In Exercise 7 of Section 5-6 you derived the formula: 

p 

cos 2x = 2 cos X - 1. 
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\ 2 2 

a; Solve this for cos x thus expressing cos x as a linear 

ftmction of cos 2x. 
b) Consider cos x as (cos x) and by the same methods as 
used in (a) show that 
4 1 

cos X = gr(3 + 4 COS 2x + cos 4x). 

8. Using the formiila cos 2x = 1 - 2 s-in x derive the fonriTila 
for sin x : 

4 1 

sin X = gr(3 - 4 cos 2x + cos 4x). 

9. Show that the following are identities: that is, they are 
true for all values for which the functions are defined. 

a) sin 2 0 cose - cos 2esine = sine. 

b) sin(x - y) cos z + sin(y - z) cos x = sin(x - z) cos y. 

c) sin 3x sin 2x = |-(cos x - cos 5x). 

d) cose - sin a tan 2e = ^ . 

e) sin^e = ^(3 sine - sin 3e ). 

f) sin X + sin 2x + sin 3x = sin 2x(2 cos x + 1). 

\ / 1 + tan x \ ^ _ 1 4- sin 2x 
\1 - tan xy ~ 1 - sin 2x- 



5-10 . Tangents at x = 0 to the Graphs of y = sin x 
and y = cos x 

a) The tangent T to the g i G 
of sin: x — >sin x at P(0,0) turii.. out 
to be the line y = x, as we shall show. 
(See Figure 5-.10a. ) We shall at first 
consider only points on G v/hich are to 
the right of P, that is, we shall take 
X > 0. We shall also assume that x < ^; 
this will do no harm/ since we are con- 
cerned only with the shape of G near P. 

In Figure 5-1 Ob^ which shows a portion of the unit circle, 
BC is perpendicular to OA and hence is shorter than the arc 




Plgxore 5- 10a. Graph 
of y = sin x and y = x 



ba; 
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But if the length of arc BA is 
X, then the lengths of CB and 
OC are sin x and cos x, 
respectively, and therefore 



sin X < X, 



(1) 



This means that, in Figure 5-1 Oa, 
G lies below the line y = x, to 
the right of P, as we ;-:6*;e in- 
dicated. 

In Pigxire 5-1 Ob, AD has been 
drawn perpendicular to OA at A, 
meeting OB extended at D. By 
similar triangles. 



AD CB 
OA OC 



sind therefore 



Figure 5-lOb. Part of 
the unit circle. 



AD = 



sin X 
cos x' 



Now, the area of triangle OAD is 

|(OA)(AD) = |(1)(|^), 
the area of sector OAB is 

and the area of triangle OAD is greater than the area of 
sector OAB, or 

1 sin X ^ !_„ 

2 cos X ^ 2^ • 

Because, cos x Is positive for 0 < x < 

sin x > X cos X. 
Since 1 > cos x 

and, again, cos x is positive, we have by m\iltipllcation 



(2) 



Now, from (l). 



cos X > cos X = 1 - 

2 2 
sin X < X 



. 2, 

sm X, 



f or 0 < X < ^, 
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so that cos X > 1 - X . (3) 

It now follows from (2) that 

sin X > (1 - X )x, 

2 

and therefore, for all x <£ , 

sin X > (1 - £ )x. (4) 

Combining this result with (l), we conclude that, to the right of 
P, • G lies between the lines y = x and y = (1 - £ )x for x 
Ofi^'ill enovigh. (-See Figure^ 5-lOc). Since G is symmetric with 
respect to the origin, it lies between the same lines on a corre- 
sponding interval to the left of P. ^Therefore, the line y = x 
is the best linear approximation to G near P. 




y=(i-€)x 






y 




y = l 






0 


X 


Figure 5-lOd. 
approximations 


Linear 

to y = cos X, 



Figure 5-1 Oc. Linear 
approximations to y = sin x. 



b) Let us now turn to the graph of cos: x— >cos x near 
P(0,l), the point of intersection with the y- axis. Since the 
graph is symmetric with respect to the y-axis, it is sufficient 
tp consider positive values of x. (See Figure 5-lOd). 
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We know, for 0 < x < |, that 

cos X < 1; 

hence G lies below the line y = 1. By (3), moreover, 

2 

cos X > 1 - X , 
that Is cos X > 1 + (-x)x, 

or cos X > 1 - 6 X 

for 0 < X < 6 . 

Since £ can be chosen arbitrarily small. It follows that the 
tangent T Is necessarily the line y = 1. 



5_11 , Tangent to the Graph of Sine or Cosine at a General Point 

To find an equation of the tangents to the graphs of 
x->sin X and of x~>cos x at a point where x = h, we must 
use the addition formulas. We v^rlte x = h + (x - h) , Then 
3ln[h + (x - h)] = sin h cos(x - h) + cos h sln(x - h), 
cos[h + (x - h)] = cos h cos(x - h) - sin h sln(x - h). 

We now replace cos(x - h) and 3ln(x - h) by their best linear 
approximations, namely by 1 and by x - h, respectively, and 
obtain for the required tangent lines 

y = sin h + (cos h)(x - h) (l) 
^""^ y = cos h . (sin h)(x « h) . (2) 

According to (1), the slope of the line tangent at (h, Bin h) 
to the graph of the function sin: x--^ sin x is cos h. Hence 
the associated slope function is cos: x— » cos x or 

sin' = cos. 

Similarly, from (2), the slope of the line tar^ent at (h, cos h) 
to the graph of the function cos is -sin h. Hence 

cos' = -sin. 

288 
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Exercises 

1. Write an equation of the line tangent to y = sin x at 
the point where 

a) x = 5 

b) X = 

c) X = 1. 

2. Write an equation of the line tangent to y = cos x at 
the point where 

b) X = 2. 

3. What Is the error Involved In using x as an. approximation to 
sin X when 

a) X = 0 c) X = .2 

b) X = .1 d) X = .3? 



5-12 * Analysis of G eneral Waves 

In Sections 5-4 and 5-8 we considered the superposition of 
two pure waves of the same period (or frequency) . We found 
that the superposition of such waves Is again a pure wave of 
the given frequency. Next we ask what conclusion we can draw 
about the superposition of two waves with different periods. 
Suppose, for example, that we had to deal with 

y ^ 2 sin 3x - 3 cos 2x. 

Unfortuiiately, sin 3x and cos 2x have different fundamental 
periods, and tt, so they cannot be combined Into a single 
term, the way we could If we had only cos 3x* and sin 3x, 
say, or cos 2x and sin 2x. However, any multiple of a 
period can be looked upon as a period. That Is, we can consider 
y = 2 sin 3x as having a period of 27r, or any other 

Integral multiple of Similarly, y = 3 cos 2x can be 

considered as having a period of tt, 27r, 37r, etc. Now comparing 
theae values, we note that both expressions can be considered 
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as having a period of 2Tr, and hence their difference will also 
have a period of 2ir. In effect, we simply find the least 
common multiple of the periods of two dissimilar expressions 
of this form and we have the period of their sm or difference. 
There Is little else that we can conclude In general. About 
all we can do to simplify matters Is to sketch separately the 
graphs of 

u = 2 sin 3x, V = 3 cos 2x, 
and y = u - v. The resiilt Is shown by the three curves In 
Plgtore 5-12 a. 
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The superposition of sine and cosine waves of different 
periods can produce quite complicated curves, -In fact, with 
only slight restrictions, any periodic function can be approxi-. 
mated arbitrarily closely as a svxn of a finite member of sines 
and cosines. The subject of harmonic analysis or Fourier 
series is concerned with approximating periodic functions in 
this way. The principal theorem, first stated by Fourier, is 
that a function f of period a c^m be approximated arbitoarily 
closely by sines and cosines for each of which some miiltiple 
of the fundamental period is a. Specifically, 

f (x) « Aq + (A^ cos + Sin ^) 

+ (Ag cos -if^ + sin ^) 

+ (1) 

, /A 2mrx , T3 „ 2mrx \ 

+ (A^ cos + cos -^), 

and the more terms we use, the better is our approximation. 

As an example, consider the f motion depicted in Figure 5-12b. 
This function is defined on the interval -tt ^ x < tt by 

0, if X = -TT 

-1, if -TT < X < 0 



f(x) = 



(2) 

0, if X = 0 ^ ^ 

1, if 0 < X < TT. 



For all other values of x we define f(x) by the periodicity 
condition 

f(x -f 2ir) = f(x). 

This function has a particularly simple approximation as a 
series of the form (1), namely, 

^/Sinx , sin 3 x . sin 5x ^ , sin(2n ^l)x\ /^n 

-{—J— + — 5 — + — 5^ + . . . -f — ^^rri — ) • (3) 

.291 
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y 



-2rr 



-n 0 




Pigvire 5-12b. Graph of periodic fvinction. 

' 0, if X = -TT 

1, if 0 < X < TT 

0, if X = 0 

-1, if -TT < X < 0 J 

4, sin X ^ sin 3x . sin 5x , . sln(2n - 

Povirier series: -( — j — + — + — + . . . + - 1 ' 



X— >f(x) = 



f(x + 2t) = f(x), 



As an exercise, you may graph the successive approximations 
to f(x) by taking one, then t>ro, then three terms of the series, 
and see how the successive graphs approach the graph of y = f(x). 

The problem of finding the series (l) for. any given periodic 
function f is taken up in calculus. 



Exercises 5-12 

1. Sketch graphs, for |x| < ir, for each of the following curves. 



a) y = ? 



sin X. 
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b) y = i(Sinx + linJX). 

2. a) Find the periods of each of the successive terms of 
the series (3) / jnamely, 

oin X 3^ sin 5x 

b) What terms of the general series (l) are missing? Prom 
the symmetry properties of the function f defined by 
(2) can you see a reason for the absence of certain tems? 



5^13 , Inverse Circular Functions and Trigonometric Equation s 

We have now reached the point in ovu? study of the circular 
functions where we might well ask if there exist inverse ftinctions 
for them. The necessary and sufficient condition developed in 
Section 4-9 for a fionction f to have an inverse is that it be 
one-to-one. In other words for every 2 different numbers x^ 
and Xg in the domain the values of the fixnction must be different. 
That is, if x^^ and are in the domain of f , and ji x^ 
then f(x^) ^ fCxg). It is obvious that this condition is not 
satisfied for sine, cosine, and tangent since these functions 

are periodic. For example we know that: sin 0 = sin 27r, 

TT Qtt tt 4ir 

cos ^ =: COS and tan ^ = tan etc. It follows that there 

can be no inverse functions for sine, cosine or tangent. 

Suppose, however, we restrict the domain of sin to 

(x: -fix if). 

Since sin x^ < sin x^ if ^ < ^2 ^ 1"' follows that the 
sine f-unction, thus restricted, is strictly increasing and by 
Corollary 4-2-1 therefore has an inverse which we call sin'"*'*. 
(See Figures 5-l3a and 5-l3^.) 

By Imposing different restrictions on the domain of the sine 
function (for example, by choosing as the domain the set of real 
numbers x such that ^ ^ x ^ ^) we may again obtain a one-to-one 
function which has an inverse; However, the function x-~->sin x. 
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where 1 x ^ I", gives rise to what is called the principal 
Inverse sine function and when we speak of the inverse sine it 
is this one that we mean. 





I- 






-IT -1 

2 




0 


1 n 

2 











Figure 5 -13 a 
y = sin X, -| 1 X ^ ^ 



Graph of 




Pigiire 5-l3b. Graph of 
y = sin'^^x, -1 1 x 1. 



Fortunately there is \jniversal agreement among mathematicians 
on the definition that we have given. 

In like manner if we suitably restrict the domain of cosine, 
we obtain a function which * is one-to-one and' therefore has a:n 
inverse. Again there are different possibilities and we choose 
the restriction 0 < x < tt, and call the inverse, cos"" . 

The domain of both sin" and cos""*^ is the interval [-1, +1] 
but the ranges are different; that of sin"-^ being the interval 
[-^-i while that of cos"-^ is the interval [0, tt]. 

Example 1. Find sin"*^ 0.5. 

Solutio n. We know that sin [ sin"" 0.5] = 0.5. We want that 
number in the restricted region -| ^ x ^ | such that sin x = 0.5. 



It is of cotirse ^ 
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Example 2. Find cos'"'^(-0. 4) . 

Solution , cos(cos"-^(-0.4)) = -0.4. We want the number x, 
0 1 X ^ TT, such that cos x = -0.4. Using Table I we find that 
X = 1.98. 

Example 3r Find sin""-^(sin tt) . 

Solution . You might be tempted to say tt but you shoxild 
note that sin tt = 0 hence sin"''^(sin tt) = sin"*^ 0=0. What 
this example clearly shows is that sin"*^ and sin are not inverse 
functions unless the domain of sin is restricted to x ;^ ^ 

as we required to begin with. 

Example 4. Find cos(sin""-^(-^) ) . 

Solution . We find that sin"'''*(-'i^) = Since cos(-^) = +0.5, 

cos(sln"^(.'^)) = +0.5. 

To consider the problem of finding an inverse of the tangent 
ftmction we must detemine if there is a restricted domain where 
it is a strictly increasing or strictly decreasing fiinction. 
Now the tangent is defined as follows: 

tan- sin x 

tan. x->^5^. 

Since division by 0 is not defined, the domain of tan excludes 
all zeros of cos; these are the odd multiples of ^. 

Because the functions sin and cos have period 27r, it 
follows that this is also a period of tan, but, as we shall 
see, it is not the fundamental period. If a is any period 
of tan, then it must be true, for all x in the domain of tan, 
that 

tan(x + a) = tan x, 

or, using the definition of tan, 

sin(x + a) _ sin x 
cos(x + a) cos X* 

Clear-lng of fractions and rearranging, we have 

sin(x + a) cos x - cos(x + a) sin x = 0. (1) 

2 95 
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The left-hand member of (l) is precisely Equation (4) of 
Section 5-7, with c<. = x + a and ^ = xj hence (1) becomes 

sin ((x + a) - x) = 0, 

or sin a = 0, 

Hence a may be any multiple of tt, and the smallest positive 
one of these, and therefore the fundamental period of tan, is 
TT itself. 

We wish now to show that tan is a strictly increasing fimc- 
tion over the interval {x: - J < x < |) . First of all, over the 
non-negative portion of this interval, namely {x: 0 ^ x < |*}, 
sin is increasing and coo is decreasing, that is, if 

0 1 < < |> 

then sin x^^ < sin Xg and cos x^^ > cos x^. 

sin sin Xg sin Xg 

Hence tan x^^ = cos x^^ < cos x^^ < cos x^ " ^^"^ ^2' 

and tan is therefore strictly increasing over this interval. 

ta„(.x) = fifj^l} - ^ . -tan x, 
Which shows that the graph of tan is symmetric with respect to 
the origin. Hence we conclude that tan is also strictly increas- 
ing over {x: -| < x ^ 0} and therefore over the entire interval 
{x: < X < |}. It follows from Corollary 4-2-1 that, over 
this interval, tan has an inverse tan""'". We can draw the graph 
of y = tan x in this region by considering a table of values 
and the behavior of sin x and cos x. 
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X 


sin X 


cos X 


tan X - ^ 
cos X 


-Tr/2 


-1 


0 


undefined 


-Tr/3 


-0.87 


0.5 


-1.7 


-ttA 


-0.71 


0.71 


-1 


-Tr/6 


-0.5 


, 0.87 


-0.58 


0 


0 


1 


0 


Tr/6 


0.5 


0.87 


0.58 


ir/4 


0.71 


0.71 


1 


Tr/3' " 


' 0^87 


" 0.5 


1.7 


Tr/2 


1 


0 


undefined 




Figure 5-13c. Graph of y = tan x, 

TT 

X 



2 ^ 



^ 2 
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The graph of y = tan""^ x is found by reflecting the graph 
of y c tan X in the line y = x. 




Pig\are 5-1 3d. Graph of 



y = tem'^^x. 



2 ^ 



< ^ 



The inverse trigonometric frmctions will be very usefvQ if 
-you study the integral calciilus later on. They can also be used 
to express the solutions to many trigonometric equations, much 
as radicals can be used to express the solutions to many algebraic 
equations. 

Trigonometric Equations . We have solved some trigonometric 
equations before. We shall here do a few more. In solving an 
equation we are as always looking for the set of all those numbers 
which make the given statement true. 

Example 5.. Solve sin x = ^ 
Solution . One ntmiber in the solution set is sin" 0.5 which 
we know is |. Are there any others? Because the sine is periodic 
with period 2t we know that all numbers of the form g + 2mr 
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belong to the solution set. Now in the region from to p 
the sine is a strictly increasing one-to-one function and 
thus can take on each value in its range only once, but from 
^ to-^ it is strictly decreasing and again one-to-cne so it 
takes on every value once more. We know that sin(7r - x) = sin x 
and therefore ''^ - ^ or ^ is the only other number in the interval 
[x: 0 ^ X < 27r) which satisfies the equation. The complete 
solution set of possible values then consists of 

^ + 2n7r and ^ + 2n7r. 

Testing in the original equation, we find that they all check. 
Example 6. Solve sin x + cos x = 1. 
Solution , 3in x + cos x = 1 

sin X = 1 - cos X 

p 2 
Squaring, substituting for sin'^x its value in terms of cos x, 

collecting and factoring, we get 

1 - cos X = 0 or 2 cos x = 0. 

Hence 

cos X 1 or cos X = 0 
Using the periodicity we then get 



X = 0 + 2n7r or x = |- + 2n7r or + 2n7r. 

These are possible solutions of the original equation but 
we must test them to be sure. 

sin 2mr + cos 2mr =0 + 1 = 1 Check. 

sin(| + 2n7r) + cos(| + 2n7r) = 1 + 0=1 Check. 

sin(.f + 2n7r) + cos(-J + 2n7r) = -1 + 0 ^ 1. Pails to. check. 

Therefore the solution set is {2n7r, ^ + 2n7r} . 

Example J^. Solve 6 cos x + 5 sin x = 0. 

Solution. We substitute cos^x = 1 - sin x to get an 
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equation in sin x. 

6(1 - sln^x) + 5 sin x = 0 

6-6 sin X + 5 sin x = 0 

6 sJLn^x - 5 sin x - 6 = o 

(3 sin X 2.) (2 sin x - 3) = 0 

' P 3 
sin X ^ -J or sin ^ = ^ 

3 

But — is not in the range of sine so there are no values of x 

which satisfy the second equation. The first equation yields 

—1 2 

one number: x = sin" (--j) and the complete solution set is 

{sin"'-'-(-|-) + 2n7r, ir - sln'"''-(-.|-) + 2n7r) . Testing we find that 
these all check. 



Exercises 5-13 

1. Sketch the graph of y = cos""'"x, indicating clearly the 
domain and range of the function. 

2. Evaluate 

a) sin^^(-|) c) tan"^(V3) 

b) cos^^of") d) cos"^ 1 - sin"^(-l) 

3. Find: 

a) sin(cos""-'- 0.73); c) sin[cos"-^ I* + sin^-'-C-l") ] j 

b) cosCsln'-'-C-O.^T)); d) sln[2 cos"^ 

4. a) Show that sin(cos""'" ^) = cos (sin""" j) . 

b) Is it true that for all x, sin (cos"" x) = cos (sin*" x)? 

5. Show that sln(tan"""'"x) = i . ^ l. Why is the sign + rather 

than - or +? , 

6. Express in terms of x: 

a) sin(2 tan^-'-x); c) tan(cos"^x); 

b) tan(2 tan""^x)j d) sin[sirr^x -f cos-^x]. 
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In the solution of the following equations be sure that you have 
(a) not lost any true solutions or, (b) Introduced any numbers 
as solutions which do not satisfy the original equations. " 

7. Solve for x: 

a) sin X + cos x = Oj 

b) 4 cos^x -1=0; 

8. Solve for x: 

a) 2 cos X - sin x = 1; 

b) 9 cos X + 6 cos X = 8i 

9. Solve for x: 

a) 2 sin''''*x= J- j 

b) sin 2x = cos(7r - x) j 

*ia It sometimes happens that you want to solve an equation of 
the form x = tan x or x 2^ = 2, or x + 2 sin x « 0. No 
methods we have developed so far seem to do this. However, 
our present knowledge of graphing functions enables us to 
get at least approximate solutions of these equations. 
We put the given equation in the form 

f(x) = g(x) 

where f and g are functions whose graphs are familiar. 
The points of intersection of the graphs will give values 
of X which satisfy the original equation. 

a) Solve: 

b) Solve: 

y = 2 

c) Solve: 

d) Solve: 

e ) Solve : 
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c) 3 tan X -./3 = 0' 

d) 4 =■ 0: 

c) tan X = : 

d) cos 2x - 1 = sin x. 

c) 2 sin""-^2x = 3 j 

d) 3 sin 2x = 2 , 



X r= tan X. 

x.2^ = 2 by first setting 2^ = §• and graphing 
2 

and y = X • 

X + 2 sin X = 0. 

X = sin X. 

—X 

sin X = e 
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5-1^. Sviminary of Chapter 5 

We define the circular functions cos and sin as follows: 
if the points P(u, v) and A(l, 0) are on the \m±t circle, 
and if the coiniterclockwise arc AP is x iniits long, then 
u =s cos X and v = sin x. 

A fiinction f is periodic, with period a, if, for each 
X in the domain of f , x + a is also in the domain of f, 
and f(x + a) = f(x). The smallest positive a i -oh satisfies 
this relation is the fiondamental period of f . "^xe fiandamental 
period of both cos and sin is 2ir\ 

We define tan: x >^^^ ^ , with fi^ndamental period tt. 

cos X 

Radian and degree measure of angles are defined. They are 
related by the formula tt radians = l80°. 

We summarize some of the properties of a class of plane 
vectors and define a class of functions from vectors to vectors, 
called rotations. These fianctions are used to derive the formulas 

sin(x + y) = sin x cos y + cos x sin y 

cos(x + y) = cos X cos y T sin x sin y. 

A pure wave is defined to have the form y = A cos(^t - oc ), 
A > 0, Od > 0, 0 <^ c<: < 2Tr. The number oc is the phase of the 
wave; a sine wave has phase J. The sum of two waves of a given 
period is a wave of the same period; in particular, if u = B cos 6)t 
and V = b sin6)t, then u + v = A cos(Wt - oc ), where 

A =>/B^ + C^, cos = |. and sin = p 

The sum of two waves of commensurable periods is a wave whose 
fvindamental period is the Teast common multiple of their funda- 
mental periods. A very general class of periodic fxjnctions can 
be approximated with arbitrary accuracy by a finite sum of cosines 
and sines. 

The slope fvinctions associated with cos and sin are, 
respectively, -sin and cos: cos' = -sin, sin* = cos. 

3 02 
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M iscellaneous Exercises 
Determine whether each of the following functions Is periodic; 
If a function Is periodic, determine Its fundamental period. 

a) y = |sln x| . 

b) y = X - [x], where [x] Is the greatest Integer n such 
that n X. 

c) y = X sin X. 

d) y = sin X. 

e) y = sln(x^). 

«v _ sin X + 2 cos X 
' ^ ^ 2 sin X + cos X ' 

g) y = sin X + |sln x| . 

*h) y = sin X + sln(V§x) 

Consider the function f : x — >f(x) vrtiose domain Is the set 
of positive Integers and for which f(x) Is the Integer In 
the x-th decimal place In the decimal expansion of 
What Is the range of f? Is f periodic? If so, what Is 
Its fundamental period? Find f(97). 

Given a function f:x — >f(x), with the properties 

f(x + 2) « f(x), f(-x) = -f(x), and f(|-) = 3, evaluate the 

following: 

a) f(|) 

b) Hi) 

c) f(9) + f(-7) 

Change the following angles to degrees: 

a) ^ radians 
P 

b) ^ radian 

Change the following angles to radians: 

a) 87° c) ^degrees 
p 

b) — degrees , ' . 
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6, What Is the area of a sector with perimeter c and central 
angle k? 

7. Find the fundamental period, amplitude, and range of each 
of the following curves. Sketch the curve over one cycle. 

a) y = 2 sin 3x. 

b) y = -3 sin 27rx. 

c) y = 2 cos 

d) y = 6 sin x cob 

e ) y = V^. . 2x • 

8. Determine A, B, and C so that the function 
f : X — >3 cos(27nc + ^) can be described as 

f: X — >A sln(Bx + C). 

9, If a condenser with a capacitance of C farads and containing 
a charge of Qq coulombs Is placed In series with a coll of 
negligible resistance and an Inductance of L henrys, the 
charge Q on the condenser t seconds later Is given by 



Q = sin. 



If L = 0.- ^enry, and C ^ 10"-^ farad, find 

a) the fundamental frequency of this clrcul 

b) the time tg when Q = 0 for the first time; 

c) th^:::lme t^ when Q = 0.5 Qq the f!.* .r, time; 

d) th:r time tg when Q = 0.5 Qq time. 

10. Show that 

cos X - cos 2x 
"T " sin $x - sin X 
3x 

for all values of x for which tan -j^ is defined. 

31. Sketch the graphs of the following: 

a) cos X + |co3 x| . 

b) I sin xi ^ sin 2x, 

*12, Prove the rollowing: (Hint: the formtila for sin^x + y) is 

needed. ) 

a) |sln^^ - cos x| ^ V^. b) \V3 sin x + cos x| ^ 2, 
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*13. Find addition formulas for the following functions; that is 
express f(x + y) in terms of f(x) and f(y). 

a) f : X — >f(x) = 2x + 3. 



b) f : x->f(x) = 



(Hint: what is x in 
terms of f(x)?) 



c) f: X— >2(cos X + i sin x). 

Is there an x between 0 and 2ir such that 

sin(cos x) = cos(sin x)? 

15, Sketch the graphs of the following, grouping together those 
with the same graphs. 



b 
c 
d 

e 

f 

g 
h 

...i 

J 
k 
1 



y =2 sin X. 



y ^aJi cos^x 

y = I sin x| . 

2 2 
y = sin X. 

2 ''^ 
y =: 1 - COS . 



- cc^ 



„2 1 ^ OPS 2l% 

y - 5 - 

y = 2 sin |- c>'w>3 
y = 2|sin |1 cos 
y = 2 sin ^ ?<qs 
y = 2|sin I :C(os || . 
y = 4 sin ?= oot^ ^. 
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Table I 





Values of 


sin X and 


cos X for 


0 <: 


1.57. 


X 


sin X 


cos X 


X 


sin X 


cos X 


.00 

.01 
.02 
.03 
.04 


.0000 
.0100 
.0200 
.0300 
.0400 


1.0000 
1.0000 
.9998 
.9996 
.9992 


.40 
.41 
.42 
.43 
.44 


.3894 
.3986 
.4078 
.4169 
.4259 


.9211 
.9171 
.9131 
.9090 

.9048 


.06 

*.o5 
.09 


.0500 
.0600 
.0699 
.0799 
.0899 


.9988 
.9982 
.9976 
.9968 
.9960 


.45 
.46 

.47 
.48 
.49 


.4350 
.4439 
.4529 
.4618 
.4706 


.9064 
.8961 
.8916 
.8870 
.8823 


.10 

.11 

.12 
.13 
.14 


.0998 
.1098 
.1197 
.1296 
.1395 


.9950 
.9940 
.9928 
.9916 
.9902 


.50 
.51 
.52 
.53 
.54 


.4794 
.4882 
.4969 
.5055 
.5141 


.8776 
.8727 
.8678 
.8628 
.8577 


:ii 
:ll 

.19 


.1494 
.1593 
.1692 
.1790 
.1889 


.9888 
.9872 
.9856 
.9838 
.9820 


.55 
.56 
.57 
.58 
.59 


.5227 
.5312 
.5396 
.5480 
.5564 


.8525 
.8473 
.8419 
.8365 
.8309 


.20 
.21 
.22 
.23 
.24 


.1987 
.2085 
.2182 
.2280 

.2377 


.9801 
.9780 
.9759 
.9737 
.9713 


.60 
.61 
.62 
.63 
.64 


.5646 

.5729 
.5810 

.5891 
.5972 


.8253 
.8196 

.8139 
.8080 
.8021 


.26 

.27 
.28 
.29 


.2474 
.2571 
.2667 
.2764 
.2860 


.9689 
.9664 
.9638 
.9611 
.9582 


.65 
.66 

.67 
.68 
.69 


.6052 
.6131 
.6210 
.6288 
.6365 


.7961 
.7900 
.7838 
.7776 
.7712 


.30 
.31 
.32 
.33 
.34 


.2955 
.3051 
.3146 
.3240 
.3335 


.9553 
.9523 
.9492 
.9460 
.9428 


.70 
.71 
.72 
.73 
.74 


.6442 
.6518 
.6594 
.6669 
.6743 


.7648 
.7584 
.7518 
.7452 
.7385 


.36 

.37 
.38 

.39 


.3429 
.3523 
.3616 
.3709 
.3802 


.9394 
.9359 
.9323 
.9287 
.9249 


.76 
.77 
.78 
.79 


.6816 
.6889 
.6961 
.7033 
.7104 


.7317 
.7248 

.7179 
.7109 
.7038 
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Table I - Coat, 







n a V 
0 A. 


A 


o^il A 


COS X 


,80 


.7174 


.6967 


l.?0 


.9320 


.3624 


• U J. 




• ooy;^ 


1 • £:! 




oc on 




• ( o±± 




1 00 
1 • 


Q OQl 


oko^ 




• 1 of y 








0 oJio 








1 ok 


QkcR 

.y4po 


ookA 
• o240 . 


.85 


.7513 


.6600 


1.25 


.9^90 


.3153 


.85 


7R7R 


6RPk 


± • c\> 


• yOd^ 




87 






T 07 




• 2yD J 


88 


7707 




T oR 

± • cO 


• ynou 


oR^7 


8q 


7771 




-I. • dy 


• youo 


077 1 
• d( f 1 


.90 


.7833 


.6216 


1.30 


.9636 


.2675 


• y± 


• 1 oyD 


fil '^7 


T OT 

1 • oi 


• yoDci 


• 2o(y 


QO 


• 1 yi:>9 




1 • o2 


O^R7 

• yoof 


• 24o2 




• ou±o 


• Dy f 0 


^ TOO 


• y f 11 


ooRc 




• 00 ( D 


cRoR 


1. 34 


.9735 


• 2200 


.95 


.813^^ 


.5817 


1.35 


.9757 


.2190 


• yo 


Pt 00 
• 01yd 




1 • 30 


• yr f y 


• 2092 




P0L.0 




1.37 


• 9799 


•I994 


• yo 


• 0 JOi? 


cc7r\ 


1 • 30 


.9019 


• I090 


•yy 


R o^r> 


ckR7 


1 • 39 


.9037 


.1790 


1.00 


.8U5 


.5^03 


1.40 


.9854 


.1700 


T m 
± • u± 


Rk^R 
• 0*f DO 


oo-i-y 


1 Jn 


• 9of 1 


• iDOx 






cook 


T Jl 0 

1 • 42 


0RR7 

.yoof 


n cno 
• ±OUd 






c;i kR 


T k 0 


• yyui 


1 Jmo 
• 140o 


1 nil 


RKOk 




T Jl Jl 
1 • 44 


• yyiD 


• 1304 


1.05 


.867Jf 




1.^5 


.9927 


.1205 


J. • uo 


R7ok 


kRRo 


1 « 4D 


noon 


T T n^ 
« IIUO 


1 n7 

JL • \J f 


R770 


kRm 


X • 4f 


ooko 

• yy4y 


• lUUO 


± « uo 


• 00 


k7T Q 


1.48 


.9959 


.0907 


T no 
± • \jy 








• yyD( 


.(JOU( 


1.10 


.8912 


.4536 


1.50 


.9975 


.0707 


1 .11 


.8957 


ll ll llT 
. 4447 


1.51 


.9982 


.0608 


1.12 


.9001 


.4357 


1.52 


.9987 


.0508 


1.13 


.90^4 


.4267 


1.53 


.9992 


.0408 


l.lJf 


.9086 


.4176 


1.54 


.9995 


.0308 


1.15 


.9128 


.4085 


1.55 


.9998 


.0208 


1.16 


.9168 


.3993 


1.56 


.9999 


.0108 


1.17 


.9208 


.3902 


1.57 


1.0000 


.0008 


1.18 


.92^6 


.3809 






1.19 


.928Jf 


.3717 
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Table II 

IT 

Tables of sin and cos in decimal fractions of 

JL 

2 ■ . 

1.00 

.08 
'ji 
.96 

-.11 

.93 
.92 
.91 

.90 

.89 
.88 

.87 
.86 

.85 
.84 
.83 
.82 
.81 

.80 

.79 
.78 

.76 
.75 
.74 
.73 
.72 
.71 

.70 



cos y ^ sin y ^ y 



X 


sin X — 


cos X 


..00 


.000 


1 .000 


.01 


.016 


1 . 000 


.02 


.031 


1 .000 


.03 


r\UQ 
.040 


.999 


.0^ 


• O63 


.998 


.05 


.078 


.997 


.06 


• 09^ 


.996 


.07 


.110 


.994 


.08 


.125 


.992 


.09 


.141 


.990 


.10 


.15° 


riQQ 


.11 


.172 


.905 


.12 


.187 


.982 


.13 


.203 


.979 


.14 


.2IO 


.970 




.233 


• 972 


.16 


.249 


.969 


.17 


.264 


.965 


.18 


.279 


• 960 


.19 






.20 


.309 


.951 


.21 


.324 


.946 


.22 


.339 


.941 


.23 


.353 


.935 


.24 


.368 


.930 




.383 


.924 


:i 


.397 


.918 




.412 


.911 


:% 


.426 


.905 


.29 


.440 


.898 


.30 


.454 


.891 
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Table II - Cont. 



•30 A5^ .891 .7: 

.31 A68 .Q8h .69 

.32 A82 .876 .68 

.33 A95 .869 .67 

.3^^ .509 .861 .66 

.35 .523 .853 .65 

.36 .536 .844 .64 

.37 .5^9 .836 .63 

.38 .562 .827 .62 

.39 .575 .818 .61 

.^0 .588 .809 .60 

Al .600 .800 .59 

.^2 .613 .790 .58 

.^^3 .625 .780 .57 

-^^4 .637 .771 .56 

-^5 .6k9 .760 .55 

.46 .661 .750 .54 

.47 .673 .740 .53 

.48 .685 . .729 .52 

.49 .696 .718 .51 

.50 ,707 .707 .50 



cos y I sin y ^ 
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0 

1 

2 
3 
4 
5 
6 

I 

9 
10 

11 
12 

13 
14 
15 

16 

19 
20 

21 
22 
23 
24 

25 

26 

2' 

29 
30 

31 
32 
33 
34 
35 

36 
3 

39 
40 

41 
42 
43 
44 

45 



Table III 



sin X 

0.000 
.018 
.035 
.052 
.070 
.087 

.105 
.122 

.139 
.156 
.174 

•191 
.208 

.225 
.842 
.259 

.276 
.292 
.309 
.326 
.342 

.358 
.375 
.391 
.407 
.423 

.438 
.454 
.470 
.485 
.500 

.515 
.530 
.545 
.559 
.574 

.588 
.602 
.616 
.629 
.643 

.658 
.669 
.682 
.695 
.707 



CO. 

1.000 
1.000 
0.999 
.999 
.998 
.996 

.995 
.993 
.990 
.988 
.985 

.982 
.978 
.974 
.970 
.966 

.961 
.956 

.951 
.946 
.940 

.934 

.927 
.921 
.914 
.906 

.899 
.891 
.883. 

.875 
.866 

.85' 
.84 

.839 
.829 
.819 

.809 
.799 
.788 

.766 

.755 
.743 
.731 
.719 
.707 



\0 . 
. 01. > 
.035 
.052 
.070 
.088 

.105 
.123 
.141 
.158 
.176 

.194 
.213 
.231 
.249 
.268 

.287 
.306 

.325 
.344 
.364 

.384 
.404 
.425 
.445 
.466 

.488 
.510 
.532 
.554. 
.577 

.601 
.625 
.649 
.675 
.700 

.727 
.754 
.781 

.839 

.869 
.900 
.933 
.966 
1.000 





Sli 


0 

cos X 


46 

49 
50 


0.719 
.731 
.743 

.755 
.766 


0.695 
.682 
.669 
.656 

.643 


51 
52 

5? 
54 

55 


■M 

.799 
.809 
.819 


.629 
.616 
.602 
.588 
.574 


56 

59 
60 


.829 
.839 
.848 

.857 
.866 


.559 
.545 
.530 
.515 

.500 


61 
62 
63 
64 
65 


.875 
.883 
.891 

.899 
.906 


.485 
.470 
.454 
.438 
.423 


66 

% 

69 
70 


.914 
.921 
.927 
.934 
.940 


.407 
.391 
.375 
.358 
.342 


71 
72 
73 
74 
75 


.946 
.951 
.956 
.961 
.966 


.326 
.309 
.292 
.276 
..259 


76 

11 


.970 
.974 
.978 
.982 
.985 


.242 
.225 
.208 

.191 
.174 


81 
82 
83 
84 
85 


.988 
.990 
.993 
.995 
.996 


.156 
.139 
.122 
.105 
.087 


86 

11 

89 
90 


.998 
.999 
.999 
1.000 
1.000 


.070 
.052 
.035 
.018 
.000 



1.036 
1.072 
1.111 
1.150 
1.192 

1.235 
1.280 
1.327 
1.376 
1.428 

1.483 
1.540 
1.600 
1.664 
1.732 

1.804 
1.881 

I. 963 
2.050 
2.145 

2.246 
2.356 
2.475 . 
2.605 
2.747 

2.904 
3.078 
3.271 
3. 487 • 
3.732 

4.011 
4.331 
4.705 
5.145 
5.671 

6.314 

7.115 
8.144 

9.51^ 

II. 43 

14.30 
19.08 
28.64 

57.29 
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Appendices 
Chapter 1 

L^S. Set Notation 

A -set is a collection of objects - not necessarily material 
objects - described in such a way that there is no doubt as to 
whether a particular object does or does not belong to the set. 

We use capital letters (A, B, ,,.) as names of sets. In 
•particular, R is the name of the set of all real numbers, 

A- :set may be described by listing its elements within 
braces^ as 

A = (1, 2, 3, 4), 
or by using the set-builder notation/ as 

A a= (x: X is a positive integer and x < 5). 
(this should be read "A is the set of all x such that x is 
a posit±ve integer and x is less than 5.") 

The Greek letter £(epsilon) is used to indicate that an 
element belongs to a given set, as 

2 € A, 

(Read this "2 is an element of the set A^* or "2 belongs to the 
set A.") 

The intersection of two sets A and B, written aOb, is 
the set of all elements that belong to A and also belong to B: 
AflB^ Cx : x.eA and x G B) . 
The. union of two sets A and B, written AljB, is the set 
of all elements that belong to A or to B or to both: 
AUB = (x : xC A or xC B]. 
More extensive discussions of sets can be found in the 
following: 

Repor t of the Commission on Mathematics - Appendices, College 
Entrance Examination Board, 1959, Chapters 1, 2, 9. 

The Growth of Mathematical I deas ^ Grades K-12 , 24th Yearbook, NCTM, 
1959, Chapter 3. 

Insights into Modern Mathematics ^ 23rd Yearbook, NCTM, 1937, 
Chapter 3. 



Elements of Modern Mathematics , K. 0. May, Addlson-Wesley 
Publishing Co., Reading, Mass., 1959, Chapter 3. 

Fundamentals of Freshman Mathematics , C. B. Allendoerfer and 
C. 0. Oakley, McGraw-Hill Book Co., New York, 1959» 
Chapter 6. 

Introduction to the Theory of Sets . J. Breuer, translated 

by H. F. Fehr, Prent Ice-Hall, Inc., Englewood Cliffs, N.J. 
1958. 
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2-11 . Mathematical Induction 

The primary art of the creative mathematician Is to form 
general hypotheses In the light of a limited numlaer of facts. 
Secondary, perhaps, but equally essential. Is the art of proof. 
. The successful mathematician Is one who can make good guesses, by 

which we mean guesses that he can prove. The best way to show how 
I to guess at a general principle from limited observations Is to 
> give examples. 

Example 1 . Consider the sums of consecutive odd positive 
Integers: 

1 « 1 
1+3 = 4 

1+3+5=9 
1 + 3 + 5 + 7 = 16 
l+3+5 + 7 + 9«25 
Notice that In each case the sum Is the square of the number of 
terms. 

Conjecture. The sum of the first n odd positive Integers 
Is rr. (This Is true; can you show It?) 

Example 2 . Consider the followlngMnequalltles: 

1 < 100, 2 < 100, 3 < 100, 4 < 100, 5 < 100. 

Conjecture . All positive Integers are less than 100. 
(False, of course.) 

Example 3 . Consider the number of complex, zeros, repetitions 

counted, for polynomial functions of various degrees. 

zero degree: x->aQ, aQ ^ 0, no zeros 

first degree: x— >aj^x + aQ, a^^ / 0, one zero at x ta — 2 

^1 

second degree: x— jagX^ + a^^x + a,-,, a^ 0, two zeros at 
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Coalecture.. Every polynomial function of degree n has 
exactly n complex zeros when repetitions are counted. (True. 

See Section 2-8.) 

E xample 4 . Observe the operations necessary to compute the 

zeros" from the coefficients In Example 3. 

Conjecture. The zeros of a polynomial function of degree n 
can be given In terms of the coef f If Aents by a formula Involving 
only addition, subtraction, multiplication, division and the 
extraction of roots. (False. See Section 2-1.) 

Example 5 . Take any even number except 2 and try to 
express It as the sum of as few primes as possible: 

4 = 2+2, 6 « 3 + 3, 8=3+5, 10 = 5 + 5, 12 = 5 + 7, 

14 = 7 + 7, etc. 
Con.1ecture . Every even number except 2 can be expressed 
as the sum of two primes. (As yet, no one has been able to 
prove or disprove this conjecture.) 

Common to all these examples Is the fact that we are trying 
to assert something about all the members of a sequence of things: 
the sequence of odd Integers, the sequence of positive Integers, 
the sequence of degrees of polynomials functions, the sequence of 
even numbers greater than 2. The sequential character of the 
problems naturally leads to the Idea of sequential proof. 
If we know something Is true for the first few members of the 
sequence, can we use that result to prove Its truth for the 
next member of the sequence? Kavlng done that, can we now. carry 
the proof on to one more member? Can we repeat the process again 

arid again, and again? 

Let us try the Idea of sequential proof on Example 1. 
Suppose we know that for the first k odd Integers 1, 3, 5, 



• • 9 



2k— 1 

1 + 3 + 5 + ... + (2k - 1) = 1^^' 
can we prove that upon adding the next higher odd number 
(2k + 1) we obtain the next higher square? Prom (l) we have 
at once by adding 2k + 1 on both sides, ' 
[1 + 3 + 5 + ... + (2k -1)1 + (2k + 1) = k2 + (2k + 1) = (k + 1) 

[sec. 2-11] 
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It is clear that If the conjecture of Example 1 la true at any 
stage then It Is true at the next stage. Since It Is true for 
the first stage. It must be true for the second ptage, therefore 
true for the third stage, hence the fourth, the fifth, and so 
on forever. 

Example 6 . In many good toy shops there Is a puzzle that 
consists of three pegs and a set of gradioated discs as depicted 
In Pig. 2-lla. The Idea Is to transfer the pile of discs from 
one peg to another under the following rules: 

a) Only one disc may be moved at a time. 

b) No disc may be placed over a smaller disc. 



Two questions arise naturally: Is It -possible to execute 
the task under the stated restrictions? If It Is possible, how 
many moves does It take to complete the transfer of the discs? 
If It were not for the Idea of sequential proof, one might have 
difficulty in attacking these questions. 

As It Is, we observe that there Is no problem In transferring 
one disc. 

If we have to transfer two discs, we transfer one, leaving a 
peg for the second disc; we transfer the second disc and cover 
with the first. 

If we have to transfer three discs, we transfer the top two, 
as above. This leaves a peg for the third disc to which It Is 
then moved, and the first two discs are then transferred to 
cover the third disc. 

The pattern has now emerged. If we know how to transfer 




Figure 2-lla. 
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k discs, we can transfer k + 1 In the following way: first, we 
transfer k discs leaving the last disc free to move to a new 
peg; we move the last disc and then transfer the k discs again 
to cover the bottom disc. We see then, that It Is possible to 
move any niunber of graduated discs from one peg to another without 
violating the rules (a) and (b) since, knowing how to move one 
disc, we have a rule that tells us how to transfer two, and then 
how to transfer three, and so on. 

To determine the smallest niunber of moves it takes to trans- 
fer a pile of discs, we observe that no disc can be moved unless 
all the discs above it have been transferred, leaving a free peg 
to which to move it. Let us de.slgnate by mj^ the minimiAm number 
of moves needed to transfer k discs. To move the (k + l)th 
disc we first need mj^ moves to transfer the discs above it to 
another peg. After that, we can transfer the (k + l)th disc to 
the free peg. To move the (k + 2)th disc (or to conclude the 
game if the (k + l)th disc is last), we must now cover the 
(k + l)th disc with the preceding k discs, and this transfer of 
the k discs cannot be accomplished in less than mj^ moves. We 
see then that the minimum number of moves for k + 1 discs is 

"^k + 1 2mj^ + ^- 
This is a recursive expression for the minimum number of 
moves, that is, if the minimum is known for a certain number of 
disco, v;e can calculate the minimum for one more disc. In this 
way we have defined the minimum number of moves sequentially: 
by adding one disc we Increase the necessary ntimber of moves to 
one more than twice the preceding number. It takes one move 
to move one disc, therefore, it takes three moves to move two 
discs, etc. 



Let us make a little table, as follows: 



k 


1 


2 


3 


4 


5 


6 


7 


"^k 


1 


3 . 


7 


15 


31 


63 


127 



k = number of discs 

m, = minimum number of moves 
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Upon adding a disc we roughly double the number of moves. 
This leads us to compare the number of moves with the powers of 
two: 1, 2, 4, 8, 16, 32, 64, 128, and we guess that = 2^ - 1, 

If this is true for some value k, we can easily seq that it must 
be true for the next, for we have 
%+! = 2mj^ + 1 

= 2(2^ - 1) + 1 

= 2^'^'^ -2+1 

= 2^+^ - 1, 

and this is the value of 2^ -1 for n = k + 1. We know that the 
formula for m^^ is valid when k = 1, but now we can prove in 
sequence that it is true for 2, 3, k, and so on.* 

The principle of sequential proof, stated explicitly, is 

this: 

First Principle of Ma thematical Induction : Let 
^1* ^2' ^3' *** be a sequence of assertions, and let H be the 
hypothesis that all of these are true. The hypothesis H will be 
accepted as proved if: 

1) There is a general proof to show that if any assertion 
Aj^ is true, then the next assertion A^^^^ is true. 

2) There is a special proof to show that A^^ is true. 
If there are only a finite number of assertions in the 

sequence, say ten, then we need only carry out the chain of ten 
proofs explicitly to have a complete proof. If the assertions 
continue in sequence endlessly, as in Example 1, then we cannot 
possibly verify directly every link in the chain of proof. It 

♦According to persistent rumor, there is a puzzle of this kind in 
a most holy Buddhist monastery hidden deep in the Himalayas. The 
game consists of sixty-four discs of pure beaten gold and the pegs 
are diamond needles. The story relates, that the game of trans- 
ferring the discs has been played by the monks since the beginning 
of time, day and night, and has yet to be concluded. It has also 
been said that when the sixty-four discs are completely trans- 
ferred, the world will come to an end. [The physicists say the 
earth Is about four billion years old, give or ?;ake a billion or 
two. Assuming that the monks move one disc every second and play 
in the minimum number of moves, is there any cause for panic?] 
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is Just for thlE i^f=^on— -in effect that we can handle infinite 
chain of proofs -Klviiout specifically examining every link-- that 
the concept of ^squi^ntial proof becomes ao valu:able. Irr 1< . In 
.fact at the hecirr: of the logica.' '^^e^J^v^nb of mathemdtit^? 

Througn an -iri.: : '-^nate assoct/v-tl^. :>f concepts thi. me thod 
-f sequential r- . 3 been named : -maticaa induction," 

Induction, in 1;. co non English sens-s, is the guessing o^'' 
general propcE:.Ti^ from a number of observed facts. ''/'*3 Is 
the way one arr;^^-y^ at assertions to prove. "Mathematl'^ 
induction" is artv^^^^y a method cf deduction or proof ai:ui .rot a 
procedure of gu^<s}:J.ig, although to u.-- it we ordinarily - 3t have 
some guess to tes- . This usage has i^en in the languag or a 
long time and we v :uld gain nothing jy changing it now. Let us 
keep it then, and -emember that mathematical usage is special and 
often does not resemble in any respect the usage of common 
English. 

In Example 1, above, the assertion A is 
l+3+5+...+(2n-l)=n. 
We proved, first, that if is true, that is, if the sum of 
the first k odd numbers is then A^^^^ is true, so that the 

sum of the first k + 1 odd numbers is (k + l)^. Secondly, we 
observed that A^ is true: 1=1^. These two steps complete 

tho proof. * 

Mathematical induction is a method of proving a hypothesis 

about a list or sequence of assertions. Unfortunately, it 

doesn't tell us how to make the hypothesis in the first place. In 

the example Just considered, it was easy to guess, from a fev; 

specific instances, that the sum of the first n odd numbers is 

n^, but the next problem may not be so obvious. 

Example 7 . Consider the sum of the squares of the first n 

positive integers, 

1^ + 2^ + 3^ + . . . + . 

We find that when n = 1, the sum is 1, when n = 2, the sum is 
5, when n = 3, the sum is 14, and so on. Let us make a table 
of the first few values: o i O " 
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r. 








6 


7 




Svur 


: : - li. 


30 


55 


91 


140 





Though some mathema iGv.tvn? nir^t immediately be able t see a 
formula that will glv^ a tiir - xim, most of us would ha-^a to admit 
that the situation is }curti> We must look around for some trick 
to help us discover tl-- Jdtra^in that is surely there, and what we 
do will therefore be a - -rs^^-- % individisal matter. It is a mis- 
take to think that on>j! '^f cdpj. roach ia possible. 

Sometimes experier ; l;i a useful guide. Do we krxjw the 
solutions to any simil. •y:sil/J.e^s? Well, we have here the sum of 
a sequence, and Exampl aii^o lea It with the sum of a sequence: 
the sum of the first n aunbers la n^. How about the sum 

of the first n intege ' t.^iouiisalves (not their squares)? What is 

1 + 2 + 3 + * ^ -z7 
This seems to be a rela ed l^r-Lblem, and we can solve it with ease. 
The terms form an arith:^ r^ti. ; progression. In which the first term 
is 1 and the common dll!; ::nce Is also 1;" the sum, by the usual 
formula, is therefore gTni -f l) = ^n^ + in. So we have 

1 + 3 + 5 + - . ^ f2n - L) = n^ 

l+2+3+... + n= ^n^ + ^n. 

Is there any pattern here -::hat might help with our present problem? 

These two formulas have one common feature: both are 
quadratic polynomials in Might not the fomula we want here 

also be a polynomial? It .^shiH: unlikeH^^ that a quadratic poly- 
nomial could do- the Job ir. -^r-r more ccsmplicated problem, but how 
about one of higher degrade? Lat^s try a cubic: assume that 
there is a foiTTiula 

1^ + 2^ + . . . + n^ = an^ + bn^ + cn + d, 

where a, b, c, and d are numbers set to be determined. 
Substituting n = 1, 2, 3, anr: k successively in this formula, 
we get 
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l^aa + b+ c+ d 
1^ + 2^ = 8a + M-b + 2c + d 
l2 + 2^ + 3^ = 27a + 9b + 3c + d 
l2 + 2^ + 3^ + 4^ = 64a + l6b + 4c + d 

Solving, we iilnd 

a = -J, b = -i, c = -g, d =. 0. 

We therefore conjecture that 

1^ + 2^ + . . . + n^ = ^n^ + ^n^ + ^n 

= ^n{n + l)(2n + l). 

This, then, la our assertion A^j now let us prove It. 
We have Aj^: 

12+2^+ ... + k2 = -^k (k + l)(2k + 1). 
Add (k + 1)^ to both sides, factor, and simplify: 

l2 + 2^ + ... + k2 + (k + 1)2 » ^k(k+l)(2krH) + (k+l) = 

« (k+l)[-^k(2k+l) + (k+1)] 
= •5(k+l).(k+2)(2k+3), 

and this last equation Is Just ^ ^, which Is therefore true 
if Aj^ Is. Moreover, A-j^, which states 

l2 „ •^(1)(2)(3), 
Is true, and A^ la therefore true for each positive Integer n. 

There Is another extremely useful formulation of the 
principle of mathematical Induction. This form Involves the 
assumption In tha sequential step that every assertion up to a 
certain point la true, rather than Just the one assertion 
*inmedlately preceding. Specifically, we have this: 

Second Principle of Mathematical Induction . Again, Isfc 
A , A , A3, ... be a aequence of assertions and let H be the 
hypothesis that all of these are true. The hypothesis H wJ~ 
be accepted as proved If 
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1) Tjiar^ is a general proof t:^ show tthiSt, If every preceding 
assertion A^, k^, Is true, jien the next assertion A^^. - 
Is true. 

2) Ther^ Is a special proof t show thdt A^^ Is true. 

It Is ncr hare to show that elThar prlntuinle of. mathematlciai 
Induction can d3 G*=rlved from the other, trax ahall not do s^x 
here. 

The value of this form of the principle Is that It permits 
the treatment of many problems which would be quite difficult to 
handle'bn therbas±a of the first principle. Such problems usually 
present a more complicated appearance than the ones that yield 
directly to an attack by the first principle. 

Example 8. Every set S of natural numbers (whether 
finite or infinite) contains a least element.* 

Proof . The induction is based on the fact that S contarrs 
some natural number. The assertion Aj^ is that if k S then 
S contains a least elemerd:;. 

Initial Step , The assertion A^^ is that if S contains 1 
then it contadins a least number. This is certainly true :slnce 
1 Is the smallest natural number and so is smaller than any othez'^ 
memter of S. 

Sequential Step : We assume the theorem is true for all 
natural numbers up to and Including k. Now let S be a set 
containing k + 1. There are two possibilities: 



* This example is valuable because it can be used as a third prin- 
ciple of mathematical .induction., although not an obvious one to 
be sure. An amusing example of a "proof" by i^hls principle is 
given in the Amerimn Math. Moxruhly, Vol. 52(1945) by 
E, P, Beckenbac£i, 

Theorem: BVery natural member is interesting. 

Argument: Consider the S of all uninteresting nairural 

numbers. This eet containa ^ -ieast element. What an interesting 
number, the sn^ilest in the of zmlnterestlng numbers] So S 
contains an Interesting numcssr after all. 
Contradiction. 

The traubiiia T^±rh this "^proof", cz£ course., is that we ha^ tth 
definition ocf "j±nt?se sting" ; one ms£3irs interest is another manls^ 
boredom. 
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a) S cout,axns a natural aumrven p less than k + 1. 

In "lat ca-, i p is less than o- eciiil to k. It follows that S 
cont:3.1ns a ie£;s~ " e lement . 

b) £. cont^Kins no natural n-anrit-ar less than k + 1. In that 
casr k + 1 Is '. ^ st . 

one 0.1 tire xirportant uses of thematical induction is in 
.definition --7- -^-^s ion; that Is, -sa define a sequence of things 
in the foXlDK^ -s:. manner: a dei-in^tion is given for the initial 
object of t:^ Becuence and a rule : supplied so that if any term 
la known th- zrale provides a defj=±tion for the succeeding one. 
For example, we could have definrr:: a" (a O) recursively in the 
following vi'^y: 

Initial Step , a = 1. 

Sequential Step : a" + ^ = a • a" n = ( 0, 1, 2, 3, . . . ) 
Here is: another useful definition by recursion: 
Let nj dennte the product of the first n positive 
integers. We can def-lne nl recursively as follows: 
Initial Ste?- . 1! = 1. 

Sequenfcial Step . ( n - 1) 1 = \ n + 1) ( ni ) . 
Such definitions are convenient in proofs by mathematical 
inductior^ Hers is azi example Involving the two definitions 

we have ii^st glTTjesn. 

g.y;:^Tg For -=0.1 poslzztive integral values n,2 " ^ nl 
The by mathemarlcal iri=2^tion is direct. We havo 

In::.-££al Step . Z " = 1 — ■ = 

Sguu^^tlal Step . AssiEntei: "hat the assertion is: true at 
tte » sts?, we see- px^^ It for the (k l)th step. 

Ey ■■To. f- ^.-^. gT- we ha-i-e 

1)! = (k- 

^rom t~- >-2iDCthe3lE,, > " and consequently, 

,^ 1), ^ rfelHlt.') > (,k+l)2^-^ 2 2.2^-^ = 2^ 
since l- iM-c Is a pos=ulve Anti^er) . We conclude that 
(k + 

Trie proof Is complete. 

Before we conclude these reia:-rks on mathematical induction, 
a word of _csjation. For a complers proof by mathematical induction 
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It -±3 Important to show the truth of irath the Initial step and the 
seqoicentlal step of the Induction principle being used. There are 
rraany examples of mathematical Inductlxm xone haywire because one 
of these steps falls. Here are two e^^canmies: 
Example 10 , 

Assertion , All natural numbers nre even. 

Argument , For the proof we utlHae the ser^^ond prlnc-cple 
of mathematical Induction and take for A^^ the ajssez^lon that all 
natural nmbers leias than or equal to k are even. Now consider 
the natural nvjzt^er k + 1, Let i be ^ny natural, ntimber with 
1 ^ k. The nunrber J such that 1 + J k + 1 can easily be 
shown to be a nairaral number with J j<l k. But If 1 ^ k and 
J ^ k, then botti 1 and J are even., and hence k-r 1 = 1+ J, 
the sum of two even numbers, and must ±tself be even! 
Example IL , 

Assertion , Every girl has blrs eyes. 

Argument , Let us begin with one girl, Ey girl fjziend, 
who ha'ppens to have blue eyes. Now lei: us assume that in every 
nset of k girls that Includes :iiy girl, all have blue eyes.. 
Consider any set of k + 1 glrl^,. If ci:ny girl Is T«movex3 f-rom 
this set we have k girls left^- and hence all the girls Isft 
have blue eyes, Tt might be su^i^^'^^ed that the girl removed from 
the set had broim eyes. Yet it \jl ea^sy to see thait. this eannotr 
Ae true. Leave the girl suppose:]: tro have brown eyeis In tte setr ' 
^and remove some otner girl, Sip.<>t=: 1< girHs remain, -ndiey 3uat 
all have eyes of tne same c lor^ ixh^ ei^es by assunmt±on. It 
follows that all k + 1 .glrics hav^^ blue :5yes, and the proof Is 
complete. 

Find the holes in the ":.wo arguments. 

Exercises 2'"11 

■ 1. Prove by mathemHtieal induction: 

l+2+3+,,. + n= -|n( n + 1) . 

2, a) By mathematical, induction prove the familiar result 

giving the 3X3^1 of an .arithmetic progression to n ^rnjs:: 
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a + (a+d) + (a42d) + ... + (a + - |[2a + (n-ljd]. 

b) Do the same f^or a geometric progres^slmi: 

a + ar + ar + . . . + = ^ 1 ' 

Prove the following four exercises by mathnn^tJlcaJ. Induction for 
all positive integers n: 

3. l2 + 32 + 5^ + ... + (2n . 1)2 = l(4n3 ^ n). 
2n _^ 2^. 

5. If P > -1 then for evezry positive inte.2^r n, 

( 1 + P)^ 1 + np. 

6. I + 2-2 + 3.2^ + ... ^ -^2^^-^ = 1 (n ~ 1)2^. 

7. Prove by the seoond principle of mathematical induct}.iGr.j 

a) For all natural nrcrrcars, n, the mrmber tl + 1 eilsheHr is 
a prime or can be factored into prliiiejs, 

b) For each natural nuiESiDer n > 1, let be a -pesaJL. inwli^ 
with the property that' for a.t least otis pair cif na^turai 
numbers p, q with ? — q — n, 

U = + U . 

n F q 

V/hen n ^ 1 we define '^^ ^ a raer^ a ±s sov^ ^:2sn 
real number. Prove thai: = m S^r all n. 

c) Attempt to prove (a) (b) f:ram fi^slr pr±i3ii±ple to 
see what d±fficulti£33 .^rrise. 

In the next three problems, f:±:::«sx d is ecver .c. iormul^ .fiar t-fce 
sum and then prove, by matheinatxcal inductdonu that your rormula 
is correct. 

^- T72 273 3Tir + • • • " ni^n + ij ' 

9. 1^ + 2^ -f 3^ ... + rr^ (K:'nt:: Coit:pa:r^ tiiis sioma you 

h€re with Example 1 the --HXt^, or .a::::sr!nHtively, a^sszme 
that the required reax:^ la a pnlynainjsJ. of deEroe 
10. 1.2 + 2.3 + 3-4 + -r--n(m-l). {m—cz Compare t±£3 one 
with Example 8. ) 
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11. In gaometry it has been proved of any 3 points, P^^, P^, P^, 
that mtP^Pg) + m(P2P3) ^ mtP^^Pg) (triangle inequality), 

where rn(Pj^Pj) denotes the distance between points P^ and P^. 

Let Pg, P^ denote any n points in *the plane, 

n:^ 3. 
Prove that 

mCP^Pg) + mCPgPg) + m(P3Pi^) 4-^ . _ + Vl^n^ ^ "'^ Vn^- 

12. Prove that for all positive integers n, 

(1+ (1+ 2n|l) = (n+ l)^. 

*13. Prove that n(n^ + 5) is divisible by 6 for all Integral n. 
*14. A band of pirates is sitting in a circle dividing up their 

loot , One nian is their leader. Accord ing to their code . 

each rran in the circle must get the arithmetic average of 

the amounts received by the two men on his right and left. 

This irule does not apply to the leader. In what proportions 

may tiiey divide the loot? 
*15. Consider the sequence of fractions 

T' 2' 5' T2' • • • ' q^' " ■ 

where each fraction is obtained from the preceding by the 
rule 

Pn = Pn^l ^ ^^n^l 

^n = Pn^l + ^n-1 

Show that for n sufficiently large, the difference between 

Pn/q^ andV2" can be made as small as desired. 

Show also that the approximation toVS^is improved at 

each successive stage of the sequence arid that the error 

alternates in sign. Prove also that p and q are 

^n ^n 

relatively prime: that is, the fraction ^n/q is in 

' n 

lowest terms. 

•*16. Let p be any polynomial function of degree m. Let q(n) 
denote the sum 

q(n) p(l) + p(2) + p(3) + ... + p(n) . (1) 
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Prove that there Is a polynomial q of degree nH-1 
satisfying ( l) , 

«*17. Let the function f be defined recursively as follows: 
Initial Step , f(l)=3 

Recursive Step . f(n + l) = 3^^"^ 
In particular, we have 

f(3) = 3^ = 3^"^, etc. 
Similarly, let g(n) be defined thus: 
' Initial Step . g(l) = 9 
Recursive Step . g(n+l) =9^^"^. 

Find the minimum value m for each n such that 

f(m) 2 g(n). 
Answer: m = n + 1. 
**18. Prove that, for all natural numbers n, 

n ■«.,/^)" - (1 -./T)" 

is an Integer. (Hint: Try to express x - y in terms 
of x"-l - y":\ - y"-2, etc.) 
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Appendices 
Chapter 2 

2-12 . Significance of Polynomials ^. - - - 

The Importance of polynomials In applications to engineering 
and the natural sciences, as well as in the body of mathematics 
Itself, Is not an accident. The utility of polynomials Is based 
largely on mathematical properties that, for all practical purposes 
permit the replacement of much more complicated functions by poly- 
nomial functions In a host of situations. We shall enumerate some 
of these properties: 

a) Polynomial functions are among the simplest functions to 
manipulate formally. The sum, product, and composite of poly- 
nomial functions, the determination of slope and area, and the 
location of zeros and maxima and minima are all within the reach 
of elementary methods. 

b) Polynomial functions are among the simplest functions to 
evaluate. It Is quite easy to find the value of f(x), given 

f: X — >aQ + a^x + agX^ + ... + a^x^ (l) 

with a specific set of coefficients aQ, a^,..., a^ and a 
specific number for x. Nothing more than multiplication and 
addition is Involved, and the computation can be shortened by 
using the method of synthetic substitution. 

The foregoing two properties of polynomial functions are those 
that make them valuable as replacements for more complicated 
functions. 

c) Frequently an experimental scientist makes a series 

of measurements, plots them as points, and then tries to find a 
reasonably simple continuous curve that will pass through these 
points. The graph of a polynomial function can always be used for 
this purpose, and because It has no sharp changes of direction, 
and only a limited number of ups and downs. It Is In many ways 
the best curve for the purpose. 

Thus, for the purpose of fitting a continuous graph to a 
""finite number of points, we would prefer to work with polynomials 
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and we need not look beyom the polynomials, as we shall prove. 
We can state the proib:iem formally as follows: 

Given n distinct maimers x^^, x^, x^ and corresponding 
valuers y^^, yg^ •-•^ ^ function is supposed to assume, 

it is possible to find a po.lynomial function of degree at most 
n - i whose graph: contains rhe n points (x^, y^), i = 1, ---^ n. 
You have already ^one thl^ for n = 2: you found a linear or 
constant function whose graph contained two given points 
(xj^, y^), (Xg, ^2^^ ^ ^1' ^2 ^^^"^ different from y^^, 

the result is a llnea:r function; if yg = y^^^ it is a constant 
function. 

One way of dci:i^ this is to assume a polynomial of the stated 

form, 

f(x) = a^ — a^^x + agX^ + . . . 4- a^^^^x^"*^, 

and -write the n. esTiiations 

f(x^)=F^^. i=l, 2, n. 

This gives n "?-'f>^^-r equations in the n unknowns 

a^^ a^, a^ =2id in these circumstances such a system will 

always have a sclut-ion.. 

Example L . Suppose: that we want the graph of a function to 
pass through t±ie points (-2,2), (1,3), (2,-1), and (4,1). We 
know that there ±s a polynomial graph of degree no great e:r than 3 
which goes throu^ these points. Assume, therefore, 

f(x) = a-Q-f a^^x + agX^ + ^^^'^^ 
Then, if the graph of f is to go through the given points, 
we must have f(-2:7' - 2, f(l) - 3, f(2) - -1, and f(4) = l5 
that is, 

aQ - 25^ ^ ^ag - Sag = 2, 

ao + -1 + ^2 + ag = 3, 

a.Q + + ^ag + Sag - 

aQ + +^^2 +^^^3 - ^' 
Solving these, we find aQ := 20/3, a^^ « -31/12, ag « -37/24, 
a^iid a^ = 11/24. Hen:ce 

f(x) --^(160 - 62x - 37x2 + llx^). 
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The labor of solving systems of linear equations such as 
these can be rather discouraging, especially If there are many 
equations. For this reason, various methods have been worked out 
for organizing and reducing the labor Involved. One of the most 
Important of these methods, called the Lagrange Interpolation 
Formula, Is based on the following simple line of reasoning. We 
can easily write down a formula for a polynomial of degree n^i 
that la zero at n-1 of the given x's. 





1 

^ 1 — 
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1 


' X4 

1 








1 











Figure 2-12a 

A set of values to be taken on by a polynomial function. 
Suppose, for Instance, that we have four points (x^^,' y^^), 
^^2'^2^' (^3*^3^ (x^^y^) ^3 In Figure 2-12a. The polynomial 
gj^(x) « C^{x - X2)(x ^ X3)(x - X|^) (1) 

has zeros at Xg, Xg, and X|j^. By proper choice of C^^, we can 
make gj^(x^) « y^. Let us do soj Take C^^ such that 

^1 " Si^^i) °l(^l ^2^^^1 " ^3^^^1 " ^4^' 
that Is, take 

yi 

°1 " {x^ - XgKXi - XgMXj^ - x^)' (2) 
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If we substitute from (2) into (l), we get 

(x - X2)(x - X3)(x - Xi^) 
= ^1 • (x^ - Xgjlx^ - X3)(xi - x^) 

If y-j^ 0, Equation (3) defines a polynomial of degree 3 
that has the value y-j^ at x-^ and is zero at Xg, Xg and x^^. 

Similarly, one finds that 

(x - Xj^)(x - X2)(x - Xj^) 
^2^^^ = ^2 • (xg - x,)(x2 - X3)(X2 - x^^) ' (^) 

(x) = y . - ^1^^^ - ^2^(^ - 
^3 ^ ^3 - Xj^)(x2 - XgXxg - xj^) 

and (x - Xj^)(x - X2)(x - Xg) 

^^^""^ ' * - x^)(xi, - x^){x^ - X3) 

are also polynomials, each having the property that It Is zero 
at three of the four given values of x, and Is the appropriate 
y at the fourth x. This is shown in the table below. 

The Lagrange Interpolation Formula Illustrated. 



(6) 



Values of 


X 


^1 


^2 


^3 


X4 


Corresponding y 


yi 


^2 


^3 




Value of 


gl(x) 


yi 


0 


0 


0 


Value of 


g2(x) 


0 


^2 


0 


0 


Value of 


g3(x)' 


0 


0 


^3 


0 


Value of 


64 (x) 


0 


0 


0 




1 sum 












= gl(x) 


+ g2(x) 


+ g3( 


x) + 


g4(x). 





(7) 



then it is clear from the table that 
g(x3^) = y3^ + 0 + 0 + 0 = y^^. 
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evAg; = U + yg + 0 + 0 = 
gCxg) = 0 + 0 + + 0 » yg, 

g(xj^) = 0 + 0 + 0 + yj^ = yj^. 

Prom Equations (3), (4), (5), and (6) it is also clear that g 
is a polynomial in x whose degree is at most 3. Hence 
Equation (7) tells us how to find a polynomial of degree ^ 3, 
whose graph contains the given points. 

Example 2 . Find a polynomial of degree at most 3 whose 
graph contains the points (-1,2), (0,0), (2, -l), and (4,2), 

Solution . We find that 

= ^( x - 0)(x - 2)(x - 4) _ 2x(x - 2)(x - 4) 

g2(x) = 0, 



and 



g(x) = - ■j|x(x-2)(x-4) + ^(x+l)x(x-4) + •^(x+l)(x)(x-2) 



Vx2 . 3x). 



2^ 

Remark. The right-hand sides of Equations (3), (4), (5), 
and (6) have the following structure: 

N.(x) 

gi(x) = y^^ i i = 1, 2, 3, 4. 

The numerator of the fraction Is the product of all but one of 
the factors 

(x - x^), (x - Xg), (x - X3), and (x - Xj^), 

and the missing factor is (x - x^^) . The denominator Is the 
value of the numerator at x = x^^; 

^i = ^i^^i^' 

This same structure would still hold if we had more (or fewer) 
points given. 
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d) Instead of a finite set of points to which a simple 
continuous function is to be fitted, a mathematician is sometimes 
confronted with a continuous but very complicated function that 
he would like to approximate by a simpler function. Fortunately, 
there is an extremely powerful theorem of higher mathematics 
that enlarges the breadth of application of polynomials to this 
situation. In a sense this theorem permits the "fitting" of a 
polynomial graph to any continuous graph. In other words, any 
continuous function whatever can be approximated by a polynomial 
function over a finite interval of its domain, with preassigned 
accuracy. More specif ically^, if the function x — >f(x) is 
continuous over a ^ x ^ b, and c is any positive number, there 
exists a polynomial function g such that 

|f(x) - g(x) I < c for all x in a ^ x b. 




A strip between f(x)-c and f(x)+c. 
This is known as the Weierstrass Approximation Theorem. The 
geometric interpretation of the theorem is indicated in 
Figure 2- 12b. The graph of f is a continuous curve, but it may 
have sharp corners or even infinitely many maxima and minima be- 
tween X = a and x = b. No polynomial graph behaves like that. 
But suppose that we introduce a strip, centered on the graph of 
f, extending between the graphs of the functions 
X > f(x) - c 

and 

X > f(x) + c, 

where c is any preassigned positive number, however small. 
Then the theorem guarantees that there is a polynomial function 

g:x >g(x), 

whose graph on a <^ x ^ b lies entirely inside this strip. This 
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Is the precise meaning of the statement: "Any continuous function 
whatever can be approximated by a polynomial function over a 
finite interval of its domain, with preassigned accuracy." 

Remark , If you want to read more about how polynomials are 
used to approximate more complicated functions, see the book 
Approximations for Computers , by Cecil Hastings, Jr., Princeton 
University Press, 1955. The author also publishes a newsletter 
called "All the Pit That's News to. Print" and supplies people in 
the computing business with simple functions that may be used to 
replace more complicated ones. 

Exercises 2-12 . 

1. Carry out the computations in Example 1, above. 

2. Simplify the expression for g(x) in Example 2, above. 

3. Find a polynomial function of degree less than or equal 
to 2 whose graph contains the points (-1,2), ( 0, -l) , ( 2, 3) . 
Find a polynomial function whose graph contains the points 
(0,1), (1,0), (2,9), (3,34) and (-1,6). 
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Appendices 
Chapter 3 

3-12 , Area Under A Polynomial Graph 

In most of the preceding sections of this chapter our atten- 
tion was focused on the problem of finding slopes of graphs of 
polynomial functions. As we were able to observe, the solution 
of this problem had important consequences. By developing a 
technique for finding slopes of graphs, for example, we were able 
to solve maximum and minimum problems. 

In the present section we turn to another problem, that of 
calculating areas bounded by graphs of polynomial functions. The 
^solution of this problem has important consequences also. It 
leads directly to the general concept of integration, which is an 
indispensable tool for a(^vanced work in much of mathematics and 
science. The extended study of this key concept must,, however^ 
await further developnents in your mathematical education. 

For simplicity iwe shall concentrate our attention on findia®. 
areas of certain ;3pe22lal kinds of regions. These regions will 
located in the first quadrant and bounded by the graph of a poly^ 
nomial function xhe x-axis, the y-axis, and a second vertical 
line, as in Pigure 3- 12a. (It is not too hard to see that any 





y 








X 

^ 


0 


Figure 3-12a. > 


c 



Area under a graph 

region bounded by graphs of polynomial functions can be split up 
into regions of this general shape.) Note that we do not specify 
the value of the coordinate x at which the second vertical line 
cuts the X-axis. This will allow us to find general formulas 
rather than particular numbers, and thus will lead to greater 
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understanding. In what follows we shall denote the desired area 
by A(x). 

Usually the first step a mathematician will take In attacking 
a new problem Is to Investigate a few special cases of the problem. 
He generally finds this Investigation very helpful In getting the 
"feel" of the problem and In setting his mind working toward a 
general solution. In this spirit we begin with the simplest of 
the polynomial functions and examine the area under the graph of 
a constant function x — >c where c Is a fixed positive number. 
This case Is very easy to handle. In fact, since we know that the 
area of a rectangle Is equal to the product of Its base and Its 
height, we see that the desired area Is a(x) = ex. 
(See Figure 3- 12b.) 




Figure 3-12b. 

Area under f: x >c. 

Note that the "area function" x > ox Is a linear function 

whose slope function Is f: x >c. 

In order of complexity, the next case we should examine Is 




This Is Illustrated 



Figure 3-12c . 
Ar^a under f: x >mx + b. 
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This case, too Is easy to handle. Since the area of a 
trapezoid Is one half the sum of the bases times the height (and 
.noting that the "height" of our trapezoid Is the length of the 
horizontal segment from 0 to x) we have 

A„ A(x) =il2l+^llxi. X 

(m»0 + b) + (mx + b ) ^ 
= . X 

_ mx + 2b 
2 

= (mx^/2) + bx. 

Note that the "area function" x >(mx^/2) + bx Is a quadratic 

function whose, slope function Is. f:x >mx + b. 

After the constant functlor^ and the linear functions, the 
next simplest polynomial functions are the quadratic functions. 
Even i;hough~thfise functions seerrto be but a step removed-~from the 
llneaj? functions, we shall aee that they Introduce an entirely new 
order of conqDlexlty . The reason, for this Is that the graphs of 
quadratic functions are curves, and we have no formulas for calcu- 
lating areas of regions bounded by curves (except, of course, 
when the curves are circular). Hence It will be wise to move more 
slowly, and first study a very special case^-say the function 
f: X >x^. (See Figure 3-12d.) 





y 


/ 

X 


0 


X 



. Figure 3-l2d. 

2 

Area under f: x >x 

If It were possible to cut the region up Into a finite niimber 
of rectangular or triangular parts we could add up the areas of 
the parts to obtain the total area. There Is, however, no way to 
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do this. The best we can do is to approximate the area. We can 
cover the region with rectangles and obtain in the sum of their 
areas a value that is somewhat larger than the one we seek. On 
the other hand, we can p^^ck rectangles into the region without 
overlapping, and obtain In the sum of their areas a value that is 
somewhat too small. In this way we may at least hope to arrive at 
an approximate value that we might be able to use in constructing 
our area function. 

A systematic way to approximate the area by means of 
rectangles is illustrated in Figure 3-12e. 




Figure 3-12e. 

Area approximated by interior rectangles. 

The procedure we shall follo^Ai is as follows: First we shall 
split the line segment from 0 to x into n equal parts or sub- 
intervals, where n is some unspecified positive integer. Each 
of these sublntervals will be the base of a rectangle, the largest 
rectangle that can be drawn under the curve with this subinterval 
as a base. (See Figure 3-12f.) / 




Figure 3-12f. 

Area of subinterval approximated by interior rectangle. 
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V/e a hall then calzrulate the sum of the areas of all these tscp. 
tangles to obtain an approxlnation to the area between the .^aph 
and the x-axis. 

If we split the line segment from 0 to x into n srual 
parts, the length of each part will be x/n and the end poJ.rts 
of the parts will be the numbers ' 

0, ^, 2(|), 3(^), ... , (n - 1)(|), n(^). 

The graph has a height above each of these end points.. The 
heights corresponding to these end points are 

f(0), f(x/n), f(2x/n), f(nx/n), respectively/, 

or- 

0, x^/n^, 4x^/n^, ... , n^x^/n^, respectively. 

With the first sub interval as a base no rectangle can be 
drawn, because the curve touches this subinterval at the origin. 

With the second subinterval as a base the height of the 
largest rectangle that can be drawn under the curve Is f(x/n) = 
x^/n^. Since the base is x/n, the ^rea of trnis rectangle Is 

* (xW)(x/n) = xVn^. 

V/ith the third subinterval as a base the height of the 
largest rectangle that can be drawn under the curve is f(2x/ai) 
4x /n . Since the base is x/n, t:tae area of this rectangle Is 

(4xW)(x/n) =:= 4xW. 

Continuing in this fashion we see that the sum of the areas 
of all these rectangles must be 

(xW)(x/n) + (llxW)(Vn) + (9xW)(Vn) + ... 

+ [(n-l)2 xW] (x/n). 

3 3 

If we factor x /n from each term, this may be written 

^ [ 1^ + 2^ + 3^ + ... + (n^l)^] 

n^ 

and, as we saw. in Example 7 of Section 2-11 of appendices, the sum 
squares in this is 

■^(n-l)(n)(2n-.l) ^ ^{2r? ^ 2r? + n) . 
[sec. 3-12] 
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Hence the sum of the areas of all these rectangles Is 

^ . ^{2n^ ^ 3n2 + n) 

Since the rectangles we have been dealing with are all drawn below 
the curve, it is clear that this approximation is too small. 
(See Figure S-iae.) It is desirable, therefore, to obtain another 
approximation by finding the combined area of rectangles that 
extend above the curve. This will give us too large an approxima- 
tion, and the desired area will lie between these two approxima- 
tions. By calculating the difference between the two approxima- 
tions, therefore, we shall get an idea of how far off these 
approximations really are. To obtain a useful approximation that 
is too large, we find the sum of rectangles as illustrated in 
Figure 3-12g.. 




Figure 3-12g. 
Area approximated by exterior rectangles. 

This sum is obtained in almost exactly the same way as the one 
we Just obtained. This over-estimate is 

(xW) [l2 + 2^ + 3^ + ... + (n-l)2 + n^] 

= (xVn^) [(1/6) (2n3 - 3n^ + n) + n^] 

= (xVn^)(l/6)(2n2 + 3n^ + n) . 

Now the difference between the two estimates is only the single 

term (xVn^)n^ = xVn, which is small if n is large compared 
to X. Hence either estimate will be quite good when n is 
very large. 
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To determine what the desired area A(x) must be, let us 
express the under-estimate as 

^{2n^ - 3n^ + n) 

and multiply through to obtain 



x3 



X 

2n 



6n' 



2* 



Similarly, the over-estimate is 



x3 
"2n 



6n' 



2* 



Given the fixed number x, if n is very large compared with x 
the last two terms of each expression must be very, small.- The 

o 

only value that the area A(x) can have, . therefore, is x /3. 

o 

Note, finally, that the "area function" x — > x /3 is a function 

p 

whose slope function is f: x — >x . 



3^13 » Slopes of Area Functions 

In Section 3-12 we examined the problem of finding the area 
under the graph of a polynomial function. For simplicity we 
concentrated our attention on finding the area of a, region located 
in the first qioadrant and bounded by the graph of a polynomial 
function f, the x-axis, the y«axis and a second vertical line, 
as in Figure 3-13a, 




Figure 3- 13a. 
Area under a graph 
In order to find general formulas rather than particular 
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numbers, we did not specify the value of the coordinate x at 
which the second vertical line cuts the x-axis. Calling the 

indicated area A(x), we obtained a function x >A(x), which 

we called the "area function^" In what follows we shall designat 
this area function by the letter A, 

A: X >A(x). 

The results we obtained in Section 3-12 can be tabulated as 
follows: 



Function 
f 



Area function 
A 

associated with f 



Slope function 
of area function 



X - 

X- 

X — >x 



mx + b 
2 



X 
X 



cx 

r 

2 
„3 



+ bx 



X — >mx + b 

2 



It is impossible to miss the similarity between the first 
and third columns of this table. Since these two columns are 
identical except for heading, we are practically compelled to 
suspect that there must be some relationship between a function 
f and the slope function A« of its- associated function 'A. 
With evidence of this sort to support us, we boldly conjecture: 

If A. is the area function associated with a function f, 

then A« = f • 

In Figure 3-13c, we have plotted the graph of the area 
function 

A: X >A(x) 

associated with the function 

f: X — >f(x)' 
shown in Figure 3- 13b, 

We wish to prove that at P(h,A(h)), the slope of the tangent to 
this graph is f(h). We shall confine our attention to points t< 
the right of P. '^ii 
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Figure 3-13^>. Figure 3-13c. 



Graph of a function f • Graph of the associated 

area function A. 

On the graph of f^ x— >f(x) (see Figure 3-13c), we shall 
similarly confine attention to points to the right of R(h,f(h)). 
For def initeness, we assume that the graph of f rises from R 
to Now the area BCTR under the graph Is A(x) - A(h). 

Since this area is greater than that of the rectangle BCSR and 
less than that of the rectangle BCTU, we have 

A(x) - A(h) > f(h)(x - h) 

and 'a(x) - A(h) < f(x)(x - h). 

Hence A(x) > A(h) + f(h)(x - h) (1) 

and A(x) < A(h) + f(x)(x - h). (2) 

If X - h is small enough, f(x) exceeds f(h) by any arti- 
trarlly small amount € . That is, for x - h small enough, 

f(x) < f(h) + e . 
Subsirltuting in (2), 

A(x) < A(h) + (f(h) +e)(x - h). ^ (3) 

Now, (1) and (3) tell us that the graph of A lies between 
the straight lines 

y^^ = A(h) + f(h)(x - h) 

and y = A(h) + (f(h) +e )(x - h) 
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(see Figure 3-13d) for points 
near enough to P on the 
right. Since this Is true no 
matter how small C Is chosen, 
we conclude that 

y = A{h) + f(h)(x - h) 

Is the equation of the required 
tangent. (Similar considerations 
apply for points to the left of P.) 




Figure 3- 13d. 
Linear approximations to 
the area function. 



We assumed that the slope of f was not negative In an 
Interval to the right of (h, f(h)). We could equally well have 
assumed that the slope was not positive In such an Interval; our 
argum^-^nt would still hold, with slight modifications which you 
might Investigate. For all the functions that Interest us, one 
or the other of these possibilities must hold, and the argument 
Is therefore quite general. We can then state what we have 
proved as a theorem. 

Theorem. If f Is a polynomial function, and has an 
associated area function A, and If h Is any positive number 
In the domain of f, then A«(h) exists and equals f(h). 

Let us turn back to the problem of finding the area function 

associated with f: x — >x^. The theorem makes It unnecessary to 

carry out the rather lengthy summations of Section 3-12. It Is 

sufficient to find a function A such that 

2 

A' : X— X . 

If A Is a polynomial function of degree n, then the degree 

of A« Is n « 1. Going backwards. It Is natural to assiome that 

A has the form 



In this case, 
hence, to obtain 



A: X 
A«: X 

A: X' 



• ax . 

^3ax'^; 



X 
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we must choose a » 1/3, 

and therefore A: x — ^ "j^^ 

Is a possible solution for the required area function. 
There are other possibilities of the form 

A: ^x^ + C, (1) 

where C Is any constant ^ since regardless of the choice of C 
A* would be given by 

A « : X — > x^ . 

It can be shown that all solutions for A are of the form (l). 
Now, In fact, we wish to have A( O) « 0. This is possible only 
If C = 0, so that our simpler solution was the only correct one 
Let us apply this method to two further examples. ■ 
Example !• Find the area function corresponding to 

f: X — >x^. 

Solution* Since A« = f , we seek an A of the fom 

A: X — >ax . 

It Is easy to show that a = l/k. Moreover the function 

A: X — >jX^ 

has a zero at x = 0, as It should. 

Example 2. Find A if f: x — >2x^ + 8x - 3, given that 
A(0) = 0. 

Solution. Since A«: a — > 2x^ + 8x - 3, 
by inspection A: x— >-|x^ + kx^ - 3x + C 

is a solution. If a(0) =0, C must be 0. Hence 

A(x) = |x^ + 4x^ ^ 3x. 

Exercises . 3*^13 
1. Find fV if f is the function 

a) X— >x2 - X + 3. c) X— >x^ - 3x^ + X + 1776. 

b) X — >x^ ^ X + 18. d) X— »x^ - 3x^ + X - 198i^. 
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Find two functions g auch that g' is the function 

a) X — > 2x, 

b) X — >3x^ 

c) X— > 6x5 -3x^+8 

d) X — >x + x"" + !• 

For each part of Exercise 2 you obtained two functions. How 
are these functions related to each other? 

Find the area bounded by the coordinate axes, the line x = 2, 

and the graph of the function f, where f is 
2 

a) X — >x • 

b) X — >2x + 1. 

c) X — >4x^ + X. 

2 

a) Sketch the graph of f:x — > 3x + 1. 

b) Mark the region bounded by this graph, the coordinate 
axes, and the line x = 1, Find the area of this region. 

c) Mark the region bounded by your graph, the coordinate 
axes, and the line x = 2, Find the area of this region. 

d) Mark the region bounded by your graph, the x-axis, and 

the lines x = 1 and x = 2. How is this region related 

to the regions you marked in (b) and (c)? Find its area. 

2 

Find the area bounded by the graph of f:x > l6 - x , 

the X-axis, and lines x = 2 and x = 3. (Hint: see 
Exercise 5»). 

Find the area bounded by the graph of f:x — > Ux^ ^ x, the 
x-axi3, and the lines x = 1 and x = 2. 

a) Find two different functions g such that g* = f, 
where f:x — > 6x^ + 2, and for each of them find the 
value of g(2) - g(0), 

b) What is the area bounded by the coordinate axes, the 
graph of f:x — >6x^ + 2, and the line x = 2? 

a) Fo-nd two different functions g such that g« = f where 
f :x — >4x + 3, and for each of them find the value of 

g(2) - g^fi 
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b) What la the area bounded by the graph of f :x — > 4x + 3, 
the x-^axls, and the lines x = 1 and x = 2? 
10. If g and h are two different functions such that 

g« = h«, what Is the relation between the number g(5) - g(3) 
and the number h(5) - h(3)? 
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Appendices 
Chapter 4 



iLzlS* The Law of Growth . Functiona l Equations 

An avenue through which exponential functions appear In 
mathematics Is the study of various natural phenomena. Physicists 
observe that radioactive elements decay In such a way that a fixed 
percentage of the atoms of the element turn Into something else In 
every time Interval of fixed length. Suppose that A(x) Is the 
amount of the radioactive element under study that Is present at 
the time x. The amount A(x) can be measured In any convenient 
units: all the way from the number of Individual atoms, up 
through milligrams, grams, tons (although the last-named unit 

would be useful only for operations on a very large scale) . Now 
the physicist waits until a time x + y which is later than x 
and observes the amount A(x + y) of his radioactive element still 
existing. Since the element decays, there will be less of it. He 
computes the ratio 

Alx} • 

He may also start at another time u instead of x and then wait 

for the same additional time. That is, he can observe the amounts 

A(u) and A(u + y) of his radioactive element at times u and 

u + y. The time intervals from x to x + y and from u to 

u + y have the same length but they start at different times x 

and u. The physicist then computes the ratio 

A(u + y) 
Aluj • 

He will then see that, up to errors in weighing and the like, the 
ratios are the same: 

A(x + y) A(u + y) , . 

A(x) ~ k{uy-''^ (1) 
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Exactly the same sort of thing, except for growth Instead of 

decay, is observed by biologists in the increase of bacterial 

population under suitable conditions of tempera tiore, food supply, 

and living space. Suppose that N(x) represents the number of 

bacteria in the colony at time x. Counting the little creatures 

at time x + y, the biologist finds that their number has 

increased: N(x + y) is greater than N(x) . He computes the ratio 

N(x + y) 
N(x)' • 

Counting his bacteria at another time u and then at time u + y 

(Just as far beyond u as x + y Is beyond x), he gets 

population coimts H(u) and N(u + y) . Computing the ratio 

N(u + y) 
mu) 

he finds that it is the same as the first ratio: 

N(x + y) ^ N(u + y) (2) 

This law of growth is, as a matter of fact, fairly rare among 
actual populations of bacteria, animals, and so on, but it is 
fomd in some cases to be a good approximation to what actually 
happens . 

You will note that the Equations (l) and (2) for the functions 
A and N are exactly the same. The only difference is that A 
decreases as time increases and N increases as time increases. 
Even this is not reflected in the Equations (l) ar . (2). 

It is easy to see that there is some connection between ex- 
ponentials and functions N that satisfy (2). To take a simple 
case, suppose that when his experiment starts there are Nq 
bacteria in the colony and that the colony doubles in size in a 
unit of time, which might be an hour, a day, a week, etc. (The 
unit used is of no consequence in our present argument). We have 
then 

N(l) _ 2 - ^ill 
if we start the experiment at time zero. Thus N(l) = 2Nq. 
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The law of growth (2) tells us that 



and thus N(2) = 




Proceeding in this way, we see that 

N(3) = 8Nq, 
N(4) = i6Nq, 



N(k) = 2^Nq 

for every positive integer k. Thus there is certainly a 
connection between the law of growth expressed in (2) and powers 
of numbers . 

It turns out that functions satisfying laws of growth or 
decay like (2) are exactly exponential functions. They are not 
polynomials, or even remotely like polynomials, but form an 
entirely new class of 'functions . In this section, we shall study 
functions with this particular growth or decay property; that is, 
we shall write down in precise terms what our growth phenomenon 
means and then study the ftinction in terms only of this growth 
phenomenon . Our attitude is that of the naturalist who wishes to 
identify or reconstruct an entire animal from the skeleton alone. 

We first derive an equation which our functions must satisfy. 
Suppose that we have a function g, defined for all real numbers, 
for which the proportional increase is the same in intervals of 
equal length. To state this precisely, let x, y, and u be 
any real numbers . Let us look at the values of g at the points 
X, X + y, u, and u + y. We obtain the numbers g(x) , 
g(x + y), g(u), and g(u + y) . The intervals on the real line 
.from X to X + y and from u to u + y both have the same 
length, namely, y. Thus the propoi tionate increase of g will be 
the same in these two intervals (see Figure 4-15a) . 
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The proportional increase pnnaic, The proportional increase 
of g in this interval equaxs ^ ^^is interval , 



x+y 



Figure U-15a 



This means simply that 



= (3) 

We repeat that- the Equation (3), which is called a functional , 
equation and which describes the behavior of the ftinctlon g, is 
to hold for all possible choices x, y, and u. The Equation 
(3) has meaning only if g assumes the value 0 nowhere. 

— We-are-golng-to -tinker with the equation (3) and show "what 

the function g will have to be. The trick here is that we can 
choose X, y, and u in any way we please. This will produce 
surprising results. 

Our first maneuver is to leave x and y arbitrary and to 
set u = 0. This means merely that we will begin one of our test 
intervals at 0. The Equation (3) then becomes 

Multiply both sides of this equality by g(x) . This gives 

Equation (4) is still a little clumsy. It will help matters 
to divide both sides of (4) by the number g(o) . (Recall that g 
cannot be zero anywhere if (3) is to hold.) Doing this, we get 
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We now look at the function f: . This function f is 

Just as tinknown a function as g, .but it satisfies a simpler 
functional equation that does g. If we replace J^^j by f in 
(5), we obtain the functional equation 

f(x + y) = f(x)f(y), (6) 

Which must hold for all real numbers x and y. 

We re-state what we have done so far. if g is a function 
that satisfies (3), then -^gj is a fmction that satisfies the 
functional equation (6) . 

Exercises ^-15a 

1. Prove that the function f: ^ — > 0 satisfies the functional 
equation (5). Does this fianction satisfy the functional 
equation (3)? If not, why not? Can you explain how it 
happens that there are functions satisfying (6) that do not 
satisfy (3)? 

2. Prove that the function f: > 1 satisfies the functional 

equation (5). Does this function satisfy the functional 
equation (3)? 

3- Let f be a solution of ths functional equation (6) that is 
nowhere zero and let A be any non-zero real number. Prove 

that the function g: x >Af (x) is a solution of the ' 

functional equation (3) . 



Let us now state our program. We want to determine an un- 
l<:nown function f, about which we know only that it satisfies the 
functional equation 

f(x + y) = f(x)f(y) (6) 

for all X, yC R. There are two trivial solutions of (6) for 

which f is a constant function, namely" f: x >0 and 

f- X ^1. in order to eliminate these two trivial cases, and 

also to obtain consideijably more useful results, we shall impose 
on f the further condition that it either is strictly increasing 
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or is strictly decreasing. 

We have eliminated the two trivial constant solutions of (6). 
Aside from these, there are no polynomial functions that will 
satisfy (6)* In fact, let f: x — > aQ + a^^x + . . + a^x^, 
a / 0, be any polynomial function of degree n > 0. Then if f 
satisfies the functional equation (6), we would have in particular 

f(x + x) = f(2x) = f(x)f(x).= (f(x))^ 

for all real niombers x. Now f (2x) is a polynomial of degree n, 
like f(x) itself, while (fU))^ is a polynomial of degree 2n. 
Since two polynomial functions are equal for all real nvimbers, if 
and only if they have the same degree and the same coefficients 
for each power of x appearing in the polynomials, we see that 
f(2x) = ^f(x)^^ is an identity impossible to satisfy for all x 
if n > 0. 

Exercises 4-15b 

1. Prove that the polynomial f; x — > mx + b is not a solution 
of (6) if m 0. 

2 2 2 

2. Find real numbers x and y such that (x + y) ^ x y . 
Prove from this that f: x — > x^ is not a solution of the 
functional equation (6) . 



We have thus seen that the functional eqioation (6) has no 
familiar functions as its solutions except for the trivial solutions 

X >0 and f: x >1. We return, then, to our problem. We 

have an lanknown function, defined for all real numbers, that satis- 
fies Equation (6). Since (6) is supposed to be satisfied for all 
X and y, we can choose x and y in any manner we wish, and 
draw all of the consequences we can from clever (or lucky) choices. 

Our first choice is to take as x some number a for which 
f(a) / 0. There is such a number, since f is not a constant 
function. We take y = 0. Doing this, we get 

f(a + 0) = f(a)f(0). 
[sec. 4-15] 
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Since a + 0 = a, 

f(a) = f(a)f(0) . 

-Dividing by f(a) {f^ O), we find 

f(0) = 1, (7) 

which is a nice first bit of information about f. 

Our next selection of x and y is to keep x arbitrary 
and to set y = -x. This gives 

f ^x + (-x)) = f(x)f(-x), 

or 

f (0) = f (x)f(-x) . 
In view of (7), this may be rewritten as 

f(x)f(-x) =\. (8) 

Exercises 

1. Use the Identity (8) to prove that the function f is zero 
for no value of x. 

2^. Prove from the Identity (8) that 
for all real numbers x. 



Exercise 2 in the preceding set shows that we can find 
f (x) for all real x if we know f(x) for positive values of 
X. (If X is negative, then f(x) is the reciprocal of f(-x), 
where -x is positive.) We sketch the situation in Figure 4-15b. 
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-This value 



is the 



reciprocal of 



(-x,f(-x)) 



this 



(-x,0) 



value 



,t(x,f(x)) 



(x,0) 



ix + ix. The functional equation (6) then 

2 2 



Figure 4-15t> 

We now observe a curious fact about f . Given any number x, 
we can write x as 
shows that 

f(x) = f(f + |) = = (9). 

We see from Exercise 1 above that f(|) is different from zero. 
We know that the square of any non-zero real number is a positive 
real number. The Equality (9) therefore proves that f(xl is 
p;reater than zero for all real numbers x. 

This observation is important, and we shall come back to it 

shortly. 

We have already seen that when x = y, the functional 
equation (6) gives us 

f(x + x) = f(2x) = f(x)f(x) = [f(x)]^. 

This is a very important step in the development, and the follow- 
ing exercises lead to a generalization of it. 
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Exercises 4>-15d 

1. By setting y = 2x In the functional equation (6), prove that 

o 

f(3x) = [f(x)] for all real numbers x. 
2.. Prove by finite Induction that 

f(mx) ^ [f(x)]"' (10) 
for all positive Integers m and real numbers x. 



Now In the Identity (lO), let us make the substitution 
X where y Is any real number. This give" 



m^ 

Simplifying and writing x for y, we get 

f(x) = [f(^) A . • (11) 

true for all real niombers x and positive Integers m. 

Let us see what the Identity (ll) means. It means that we 

find f(x) from f(^) by raising f(^) to the m-th power. 

Turning this around, we can find f(^) from f (x) by taking the 
positive m-th root of f (x) . That Is, 

^'(^) the unique positive number whose m-th 

power Is f (x) . 

We write the last sentence In symbols as 

1 

f© = [f(x)]"'. (12) 

Novf put nx for x In the Identity (12), where n Is a positive 
Integer. This gives 

1 

rnXv . rn/ \ iHl 



f(i^) = [f(nx)]'". 
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We already know that f(nx) = [f(x)]" (see (10)), and therefore 
the last equation can be re-vo-itten as 



To save a little witing, we replace the quotient ^ in this last 
identity by the symbol r. Thus we have 

f(rx) = [f(x)]^ (13) 

for all real numbers x and all positive rational numbers r. 

It is now time to take stock of where our reconstruction of 
^he fimction f has brought us. We select any convenient non- 
zero number for x, in the Identity (13). The number 1 has 
obvious advantages, and so we take it. For brevity, we write a 
for the number f (l) . (Remember that a is positive.) Then, 
what does our Identity (13) tell us? We can get some idea by 
choosing some specific values for r. 

Putting r = 1, 2, 3, 4, 5, 6, . . . we write 

f(l) = a 

f(2) = a^ 

f(3) = a^ 

f(4) = a^ 

f(5) = 

f(6) = a^ 



Putting r - ^, -j^ ^, 

'f(|) = 



f • • • 9 



a 



1 



we write 



and so on. 



f(l) = a^ 
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Exercises 4-15e 

1 . Find the numbers f (^) , f , f (|) , f (^) , f (|) , f (|) , 
and f("^) in terms of the number a = f(l). 

2. Find the number f ( I ' ^tf " ^ ) terms of a = f(l). 

3. Suppose that f(l) = 1. Find f(r) for dl positive rational 
nxambers r. 

4. Suppose that f(a) = 1 for some positive rational number a. 
Find f(r) for all positive rational numbers r. 



We now sketch the graph of the function f for non-negative 
rational values, in Figure 4-15c. Notice that the three cases 
a > 1, a = 1, and 0 < a < 1 lead to quite different graphs. 



fU) 




/ 

/ 

/Q=f(l)>l 

/ 


f (0) = 1 

in al 1 cases 


/ 

/ 


a = f (1)=1 




\ 


^^[a =_^f(l)]< 1 




(10) 



Figure 4-15c. 
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It is not hard to see that our graphs have the fom shown in 
Figure 4-15c. Suppose that a > 1. Then if r and s are 
rational numbers ^ch that 0 < r < s, we have a^ < a^; that 

>a^ is a strictly increasing function of 



iSz, the function f:^r 



r, for non-negative rational numbers 
^r 



For a = 1; 



= 1^ = 



0 < a < 1, 
rational. 



we get 

1 for all non-negative rational numbers r. For 
we have a^% a^ if 0 < r < s and r and s are 



We can now extend our graph., .of the function f 
rational values'^ by use of the relation f(-x) ^ 



a = f(l) > 1 ^ is sketched in Figure' 4-15d. 



tc negative 
The case 



/ 



/ 

/ 

/ 

/ 

fO,a) 



(0.1) 



a = f(1)>l 



005" 



Figure 4-15d. 
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Exercises 4-15f 

1, Draw a graph of the function f for all rational values If 
f(l) = a = 1. 

2, Draw a graph of the function f for all rational values If 
f(l) = a < 1. 



We have now the problem of filling In the values f (x) for 
Irrational values of x. Unfortunately, the functional equation 
(6) does us no good at all here. One can show, for example, thdb 
there are functions f such that f(x + y) = f(x)f(y) and such 

that f(l) and f( v^) are any two positive numbers you like. 

At this point, our requirement that f be either an Increas- 
ing or a decreasing function comes to our rescue. With Its aid, 
the function f: r — >a^, defined for all rational nxombers r, 
can be extended In a unique way to a fianctlon f: x — >a^ defined 
for all real numbers x. Because this extension Is essentially 
the same as that given In Section 4-3 fcr the special case a = 2, 
we shall not repeat It here. 

Exercises 4-15g 

1. What well-known function f satisfies the functional equation 

f(xy) « f(x) + f(y) 
for all positive real numbers x and y? 

2. Consider the function f, defined for all real x and y, 
which satisfies the functional equation 



f(x + y) - f(x) + f(y). 
By setting X = 1 and y « 0 In (A) , show that 
f(0) - 0. 



(A) 



(B) 
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b. By setting y = -x in (A), and using (B) , show that 

r(-x) = -f(x). (c) 

c. By setting y = x in (a) show that f(2x) = 2f (x) . 
What does this imply for f(3x)? f(4x)? Using 
mathematical induction, show that 

f (mx) = mf (x) , (D) 

for* any natural number m. 

d. Replace x by ^ in (d) and thus show that 

f (i) = if (x) (E) 
for any natural number m. 

e. Combine (D) and (E) to show that 

f(rx) = rf(x) (F) 
for any rational number r > 0. 

f. With the aid of (B) and (C), show that (F) is also valid 
for rational r < 0. 

g. Now write a for f (l) and show that 

f (r) = ar (G) 

for all rational numbers r. 

*h. Now add the assumption that f is increasing or is 
decreasing, and show that f must then be 

f ; X >QX. (a ^ 0) 

for all real numbers x. 

3. One function f, such that, for some real number a, 

f(x + y) = f (x) + ay 

for all real numbers x and y, is clearly the function 
f: X — ►ax of Exercise 2. Find another. 
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4-l6 . An Approximation for e^. 

In Section 4-12, we wrote a succession of approximations to 
for !x| small, namely: 

e^ ft{ 1 + X (1) 

e-^ « 1 + X + ^ (2) 

2 3 

e^ .8 1 + X + ^ + ^ . (3) 

• • • 

e"^ w 1 + X + ^ + . . . + ^ (n) 

Although we showed by graphs and by sample computations that 
satisfactory approximations were obtained in this way, we did not 
explain how the results (1) to (n) were obtained, nor did we give 
an estimate of the error made in using the replacement indicated. 
In this section we shall discuss both of these questions. 

It is, of course, impossible to find a polynomial function g 
whose slope function g' is the same as g, as is the case for 

X 

f: X — >e . One good reason is that the degree of g' is 
necessarily one less than the degree of g. Whatever approximating 
polynomial is chosen, this will be the case. 

We already know the best approximating polynomial of first 
degree, naimely 

1 + X. 

In seeking a second degree polynomial ggCx) whose values will 
approximate e"^ for |x| small, we wish the graph of gg to 
have the same tangent, y = 1 + x, at the point (0,1) as the 
graph of X — ^e^. Accordingly, we assume that 

ggCx) = 1 + X + agX^. 

How shall we choose ag? 
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The slope gg' (x) = 1 + 23.^ cannot be made to agree with 
g2(x) . But we can make it agree with our best first degree choice 

Sl(x) = 1 + X. 

To do this, we set 

1 4- 2a2X = 1 + X 
and obtain ^2 ~ "5* 

Thus ggCx) = 1 + X + ^x^, (2) 

with Z2 (x) = 1 + X, 

is our suggested best second degree approximation. Without in- 
quiring for the present whether this is indeed the best such 
approximation and if so, how good it is, let us continue the 
process . 

If we seek a third degree polynomial, we preserve the measure 
of approximation already achieved and write 

g2(x) = 1 4- X 4- |x^ + a^x^. 

We determine a^ so that 

gg' (x) = 1 4- X 4- SagX^ 

agrees with 

^^[x) = 1 4- X 4- -Ix^, 
our best second degree approximation. This gives ag = "JT^^ 

g3(x) = 1 4- X 4- |x^ 4- -^x^. (3) 
In the same way, we can build up by induction 

g^(x) = 1 4- X 4- |x2 + . . . + (n) 
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This achieves our first goal, the motivation for the choice of 
these particular polynomials • 

What about the error made in replacing e^ by one of these 
expressions? In answering this question we shall confine our- 
>^-selves to positive values of x. 

The first observation is that any one of these approximations, 
g^(x), n = 1, 2, 3, is too small. Since 

gn'(^) < Sn(x) when x > 0. 

The graph of the function f: x — > e^ climbs at such a rate that 
f ' (x) is ali^/ays equal to f (x) . Since the graph of S^^^) climbs 
less rapidly, it will fall below that of f and will be 

too small. 

To estimate the error, we need an approximation which is known 
to be too large. Then the true value e^ will be known to lie 
between two estimates, one of which is too small and the other too 
large. We shall illustrate with polynomials of third degree. 

As we know, 

x2 x^ 

gives too small a value for e^, x > 0. Now consider 

1. / \ -1 x^ cx^ 

hgCx) « 1 + X + ^ + jr- 

where c > 1. Certainly h^Cx) > g^Cx). It turns out that foi 
sufficiently small positive values of x, h^{x) is also greater 
than e^, as we now show. We wish to have ^3(^) climb too fast 
to represent x — >e^. This will be true if the slope is greater 
than the ordinate, that is, 

hg'Cx) > h^{x). (A) 
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Since hg'Cx) « 1 + X + 



(a) will hold when 
- that Is , when 

,2 



2 2 3 



2 3 

(c - 1) ^ > -^r- 



Dividing by we have 



1 > -J- 



or 

X < 3(^) . 

Hence for positive values of x less than 3( — '1 ' > 
gives too large a value for e • 

To be concrete, we take c = 2. Then 

e < 1 + X + + ""JT 

3 

If 0 < X < 

Of course. In the same Interval, 

2 3 

e^>l + x+ -gY + fr- 
If, for example, we wish to compute e*"^, we know that 
e-2 < 1 + .2 + 4^ + -^= •1.222666.-- 

and 

e -2 > 1 + .2 + ^ + = 1.221333- •• 

th 

The same principle applies to approximations of n 
and gives the result 

X x^ cx'^ 

e^<l + x+ |r + ••• + ^> 0 > 1, 

for 

0 < X < n(^^-i) . 
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We now show that 

Is the best possible n*^ degree polynomial for approximating e^ 
—for X arbitrarily near 0. Let 

hj^(x) = l + x+ f^+...+ c > 1. 

Choose c as close to 1 as you please. Then the graph of 
X — lies between those of g^^ and h^ for 0 < x < n( -^ ^ ^ ) 
Hence, no choice of c ^ 1 in \M could improve on g^(x), 
Which corresponds to c = 1. The student should convince himself 
that cJianges In the coefficients of the lower degree terms would 
also eff*ect no improvement. 

Exercisies ^-16 

1. conipute e^'^"^ correct to five places of decimals. Obtain 

value of each term to six places, continuing until you 
reach term3 which have only zeros in the first six places, 
add, and round off to five places. How many ternns did you 
need to use? Note that even though the remaining terms are 
individually less than O.OOOOOl, they might accumulate to 
give a very large sum; in this particular case, they do not. 

2. carry out the argument in the text to obtain Si^M and 
g^(x). 

3. " parallel the argument which leads to (b) , to establish (c) , 

4. calc^lsite upper and lower approximations to e e*^, using 
g^(x) and h^(x) with c = 2. 
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4-17 , Computation of the Use of the Area Function . 

If the student has studied Sections 2-8 and 2-9 In the 
appendix to Chapter 2, he will have the background to understand 
a powerful method for computing values of f:' x — >e^. 

- - In' these Sections, a(x) was used to represent the area 

below the graph of f, above the x-axls and bounded on the left 
and right by vertical lines at 0 and x (see Figure 4-17a) . 




X 



Figure 4-17a. Area below the graph of f: x — >e^. 



It was proved that for a continuous function f : x — >f (x) 

A'(x) =.f(x). (1) 

In the case of f: x — >e^ we also know (see Section 4-6) that 

ft(x) = f(x). . (2) 

•It follows from (l) and (2) that, In this Instance, 

f (x) = A' (x) . 
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At any given value of the graphs of f and A have the same 

slope and., therefore parallel tangents (see Pigiire ^-17b) • 
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Figure 4-l7b, 
The graphs of x — >f(x) and x >A(x). 

The graphs are not identical since a(0) = 0 but f(0) = 1. The 
relation between f (x) and A(x) is given by 

f (x) - 1 + A(x) . (3) 
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Equation (3) is fvindamental to our new approach. Since the graph 

of f lies above the tangent y = 1 + x to the right of P(0,l) 

(see Figure 4-17c) , 

A(x) is greater than the 

area of the trapezoid OATP. 

/V OP 4- AT 

Hence, A(x) > OA • ^ S 



that is, 



2 



= X + 



X > 0. 




Figure 4-17c. 
Estimating A(x) . 



But e^ = f(x) = 1 + A(x) 



Hence e^ > 1 + x + (4) 

On the other hand, since the graph is concave upward, it lies below 
the chord PQ. Hence, A(x) is less than the area of trapezoid 
OAQP and 

A(x) < OA. OP-t-^. 



That is, 
Since 



A(x) < x(iJ:^), 

A(x) = f(x) - 1 = - 



which simplifies to 



e" < . 



+ X 



2 - X' 
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X > 0. 



for 0 < X < 2. 



(5) 
(6) 
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We may combine the Inequalities (4) and (6) to obtain 



2 

1 + X + ^ < e^ < 1 t 0 < X < 2. (7) 

Let us use the Inequalities (4) and (6) to compute e^**^. 



By (4) e°-^ > 1 + .1 + = I.IO5O. 

By (6) e°-^ < 2^ 1 + ^ ^ I.IO526. 

We may therefore use I.IO5 as the value of e^**^ to 3 decimal 

place accuracy. 

From this result for e^**^. It Is easy to compute e^*^, 
0 4 08 

e * , and e * . From these results. In turn, we may find an 
approximation to e. (See Exercise 1.) 

Exercises 4-17 

1. Obtain an approximation to e by computing successively 

2. Obtain an approximation to e by using a table of logarithms 

to calculate (e^**^) ^. Compare your result with that 
obtained In Exercise 1. 

1 2 

3. Compute e * In two different ways using only the results 
obtained in this section. Compare your answers with entries 
in Table 4-6. 
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4-18, An Approximation for In x . 
As we know from Section 4-12, 



In X « (x - 1) - — 2 — ^ + -^^ — 5 — ^ 



2 

;for values of x near 1, It Is convenient to let x - 1 u 
so that 

2 3 

In (1 4- u) « ^ " T~ 1^1 small. 

As you might guess, better approximations are given by 

u for n> 3 (l) 

where the + sign Is chosen If n Is odd and the - sign If n 
1,3 even, 

When u Is positive (so that x > 1), the terms of (l) are 
alternately positive and negative. It can be shown that In this 
case the error E made In replacing ln(l + u) by (i) Is 

n + 1 

numerically less than ^ Specifically, If n Is odd so 

n 

that the last term of (l) Is + the correct value of ln(l + u 

Is less than 

u--^ + -g "*"n 
but greater than 

2 3 „n „n + 1 
u , u , u u 

^"F^^T""--"*'!^ ?m:- 

A similar statement can be made If n Is even. 

In the light of these remarks about error, we can be sure, 
for example, that 

T T n T 0*01 . 0,001 „ 
In 1.1 = 0,1 2 — + — ^ ii- 

= 0,1 - 0.005 + 0.00033,., - E 
« 0.095333 - E, 
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where E is positive but less than ^'^^"^ = 0.000025. The 

correct value of In 1.1 to 5 decimal places Is 0.09531. 

If we examine the expression which represents an upper bound 

u^ ^ 

for the error E, we note that if u <' 1, — — »- can be made 

n -I- 1 

arbitrarily small by choosing n large enough. That is, a 
polynomial approximation can be found which is as accurate as you 
please. This is no longer true if u > 1. In fact, in this case, 
+ 1 

' ^ ^ can be made arbitrarily large by choosing n large enough 

Hence if u > 1, we cannot use (l) to give an arbitrarily good 
approximation to ln(l + u) , no matter how large an n we take. 

The approximation- (l) can be used also for -1 < u < 0. In 
this case., all the terms have negative values. If we write 

u = -V, (1) becomes 

2 3 n 
ln(l - v) w -(v 4- ~ + ^ -h ... + 0 < V < 1. (2) 

For example, with v = 0.1 and n = 4, 

ln(l . .1) = In 0.9 « .(.1 + ^ + ^ + ^0001) « « 0.10536. 

The correct value, to 5 decimal places, is -0.10536. Of course 
we may write 

In 0.9 = In ^ = In ^ = - ln(l + ^) 

and apply (l) with u = i. This procedure has the advantage that 
we are in a position to estimate the maximtim error made in using 
the polynomial approximation. In the case of (2), the signs do 
not alternate and the estimation of error is more difficult. 

In practice, a number of short-cuts are used to reduce the 
amount of computation necessary. These refinements do not .concern 
us since we have restricted ourselves to essentials. 

A fuller justification of the methods discussed depends upon 
a knowledge of the calculus. 
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Exercises h^lQ 

Use (1) with n « 4 to calculate In 1.2. Estimate the 
ma:clmum error. 

Show that if (l) is used to calculate In 2, it is necessary 
to use 1000 terms to assure an accuracy of .001 and that 
thei»efore (1) gives an unsatisfactory approximation. Note 
that here u = 1. Why would you expect some difficulty here? 

Find In .8, using the scheme applied to In .9. 

From In .8 and In .9, find In .72. 

Find In 1.44 from In 1.2. 

From In .72 and In 1.44 find In 2. 

Show that the device used to handle In .9 in terms of 

In ^ fails for In x if 0 < x < 0,5- How could you find 

In .25 without using the approximation (2) directly? 



37 2 



[sec. 4-18] 



Appendices 
Chapter 5 

5-15 > The Measurement of Triangles , 

This Section is a brief outline of elementary trigonometry, 
included for the benefit of those students who are not familiar 
with this topic or who may wish to review it. 

We introduced, in Section 5-3, the notions of degree measure 
and of the circular (or trigonometric) functions of angles. 
Because degree measure is traditional in elementary trigonometry, 
we shall use it exclusively in the rest of this Section. Thus, 
if an angle measures x°, we refer to Table III (page 300) and 
find, as appropriate, sin° x, cos° x or tah° x,. For economy 
of notation, however, we shall omit the degree sign and write 
merely sin x, cos x or tan x. 

If e is the angle from a ray R^^ to a ray Rg, then we 

say 9 is in standard position if its vertex is at the origin of 

the uv-plane and R^ extends along the positive u-axis . If 

2 2 

Rg meets the unit circle u + v =1 at a point Q, then the 
coordinates of Q are (cos 0, sin 9). If, moreover, P(u,v) 
is a point r units from the origin on Rg, we have, by similar 
triangles (see Figure 5-15a) and by the definition of tan. 




Figure 5-15a. An angle in standard position. 
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Theorem 5-15a; ^ = cos 6, ~ « sin ^ = tan &, (u 7^ O) . 

We are now ready to discuss some examples of a simple and 
important application of the trigonometric functions the 
indirect measurement of distances by triangulation. 

Example 1. At a point 439 feet from the base of a building 
the angle between the horizontal and the line to the top of the 
building is 31°. What is the height of the building? 

Solution ; Let P be the point with abscissa k39 on the 
terminal side of the angle 31° in standard position (Figure 
5- 15b) . Then the ordinate v of P is the height of the 




Figure 5- 15b. 



building. By Theorem 5- 15a 

= tan 31 

and from Table III 

tan 31° « .601. 



We have 



.601 



V « 439 ( .601) « 264 
so that the building Is approximately 264 feet high, 
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Example 2 . To measure the width of a river a stake was 
driven into the ground on the south bank directly south of a tree 
on the opposite bank. Prom a point 100 feet due west of the 
stake the tree was sighted and the angle between the line of 
sight and the east-west line meF.aured. What is the width of the 
river if this angle was 60°? 

Solution : The point from which the tree was sighted was 
taken due west of the stake so that the a.n%?e RST (Figure 5~15c) 
would be a right angle. Let P be the p > ^I'th abscissa 100 
on the terminal side of the angle 60° in t i/andard position. 




Figure 5-15c. 



Then the ordinate v of P will be the width of the river. 
Prom Theorem 5-15a and Table III we have 

= tan 60° w 1.732 

V « 100(1.732) w 173.2. 

The river is approximately 173 feet wide. 
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Example 3 , At the instant when the moon is exactly at half 
phase the angle between the line from the earth to the moon and 
the line from the earth to the sun is between 89° and 90 . 
Show that the distance from the earth to the sun Is at least 50 
times the distance from the earth to the moon. 

Solution : From Figure .5-15d we see that if the moon is 
exactly at half-phase the angle SME is a right angle. Since 
angle SEM and 89° <A^< 90°' 0° < cC < 1°. 




Figure 5'15d. 



Let P(u,v) be a point on the terminal side of the angle cC in 
standard position with ordinate v equal to the distance EM. 
Then the distance r of P from the origin will be equal to ES. 
By Theorem 5-15a 

i = sin CC 
r 

and from Table III 

sin a < sin l"^ « -018 (.0175) 

so that 

§ < .018 - -j^JIjj < Ti§^ = 55 
> 5OV. 

Thus the distance from earth to the sun is at least 
,the distance from earth to moon. 
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The essential step in these exaiaples is the discovery and 
construction of a right triangle one of the sides of which is the 
length to be measured. Later in this section, we shall learn 
some additional theorems about the trigonometric functions which 
will permit us to use more general triangles in a similar way. 



5. 
6. 




Polo 



Exercises 5-15a 

A man standing 152 feet 
from the foot of a flagpole, 
which is on his eye level, 
observes that the angle of 
elevation of the top of the 
flagpole is 48°. Find the 
height of the pole. 

A wire 35 feet long is stretched from level ground to the 
top of a pole 25 feet high. Find the angle between the 
pole and the wire. 

On a 3 per cent rsiilroad grade, at what angle are the rails 
inclined to the horizontal and how far does one rise in 
traveling 9000 feet upgrade measured along the rails? (A 
grade of 3 per cent means that the tracks rise 3 feet in 
each 100 feet of horizontal distance.) 

Find th. i^adius of a regular decagon each side of which is 
8 inches . 

How long is the chord subtended by a central angle of 52° 
in a circle of radius 15 inches? 



From a mountain top 4000 
depression of the fort is 
from the mountain top to the fort 



feet above a fort the angle of 
17°. Find the airline distance 



17 



4000 
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The law of cosines and the law of sines . In the earlier 
part of the section you learned how to apply the tables of sines 
and cosines to right triangles. We shall now develop some 
formulas that will enable us to study general triangles. Let 
ABC be a general triangle. The measure of the angle at vertex 
A Is a , at B Is , and at C Is . We choose OC , 
and f to be positive. Also we set a = BC, b = AC and c = AB. 
(See Figure 5-15e.) 



C 




AC B 



. Figure 5-15e. 

There are two basic relations among the parts of triangle 
ABC which we formulate as theorems. We begin with the law of 
cosines . 

Theorem 5^15b . ( The Law of Cosines ) . In triangle ABC we 

have 

- a^ + b^ - 2ab cos 7^ . 
Similarly . b^ = a^ + c^ - 2ac cos^ , 

= b^ + c^ - 2bc cos a . 
Icoot x We place triangle ABC on a rectangular coordinate 
system In such a way that f Is In standard position. (See 
Figure 5-15f.) v 





— (bcos./'»bsinr) 








> 




C 8(0,0) 






Figure 5-15f. 
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Then the coordinates of B are (a,0) since BC = a. Also 
AC = b and therefore from Theorem 5-15a we see that the co- 
ordinates of A are (b cos f , b sin t^) . Using the distance 
formula we have 

c^ =; (AB)^ = (b cos - a)^ + (b sin ^ - 0)^ 

= b^ [(cos )^ + (sin )^] + a^ - 2ab cos r . 

Now by definition the point (cos , sin f ) lies on the unit 

circle, and therefore (cos )^ + (sin )^ = 1. Hence 

2 P P 
c = a + b - 2ab cos f . 

This is the first formula in Theorem 5- 15b. The other two 
fomulas are obtained in a similar manner. 

Example 4 . In triangle ABC, a = 10, b = 7, 7^ = 32^. 
Find c . 

Solution: By the law of cosines 



Using Table III 



;^ = 100 + 49 - 140 cos 32^. 



cos 32° « .848 



and therefore c^ 149 - 140( .848) 

^ 30 

Hence c ^ 5.5 

Example 5 . In triangle ABC, a = 10, b = 7, c = 12. 
Find a . 

Solution : By the law of cosines 

2 2 2 
a = b + c - 2bc cos a , 

Hence co. a . "9 ^. 

Thus a w 56° to the nearest degree. 
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Suppose triangle ABC is a right triangle with right angle 
at C, i.e., 7^ = 90°. In this case c is the hypotenuse of the 
right triangle and since cos 90° = 0, the law of cosines becomes 

= a^ + b^. But this is just the Fythagorean Theorem. There- 
fore the law of cosines can be viewed as the generalization of the 
Pythagorean Theorem to arbitrary triangles . However, we do not 
have a new proof of the Pythagorean Theorem here, because our 
proof of the law of cosines depends on the distance formula which 
was established on th'- basis of the Pythagorean Theorem'. 

It is worth noting, though, that the law of cosines can be 
used to prove the converse of the Pythagorean Theorem. If, in 
triangle ABC we know that c^ =^ a^ + b^, then we must show that 
y = 90°. By the law of cosines c'^ = a^ + b - 2ab cos f and, 
combining this with c^ = a^ + b^, we obtain cos 7^ = 0. We know 
that 0 180°, and the only angle in this range whose cosine 

is zero is 90°. Therefore f = 90° as was to be proved. 



Exercises 5- 15b 

Use the law of cosines in the solution of the following: tri- 
angles . 

a) a:= 60°, b = 10.0, c = 3.0, find a. 

b) a = 2y6l, b = 8, c = 10, find a . 

c) a = 4.0, b = 20.0, c = l8.0, find a and 7^. 
Find the largest angle of a triangle having sides 6, 8, and 
12. 

A parallelogram has two adjacent sides a, b and included 
angle 9. 

a) Find the length of the diagonal opposite the / 9. 

b) Find the length of the diagonal cutting the / 9. 

c) Find the area of the parallelogram. 
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80 mi. 



4. Find the sides of a parallelogram if the lengths of its 
diagonals are 12 inches and l6 inches and one angle 
formed by the diagonals is 37°. 

5* A car leaves tovm A on a 

straight road and travels for 
8o miles before coming to a 
curve in the road. At this 
point the direction of the 
road changes through an angle 
of 70°. The car travels 6o 
miles more before coming to 
town B. What is the straight 
line distance from town A to 
town B? 

6. V/hat interpretation can one give to the formula 

c^ =: a^ + b^ - 2ab cos , i f = l80°? 

7* Prove that in triangle ABC 

1 + cos PC _ (b + c a) (b + c - a) . 
5 4bc 

1 - cos PC _ (a + b - c) (a - b + c) 
§ 4bc 



The second formula that we shall introduce relating the 
parts of a triangle is known as the of sines. 

Theorem 5--15Q * ( The Law of Sines ) . In triangle ABC we 

have 

since sin/^ sin 7^ 
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Proof ; We again place triangle ABC on a rectangular co- 
ordinate system so that f is in standard position • (See Figure 
5-15g-) The coordinates 




C B(Q,0) 
Figure 3-i5g* 



of A and B are the same as in the proof of Theorem 5-15b. We 
know from geometry that the c,rea of triangle ABC is -g^a, where 
h is the length of the altitude from vertex A to side BC. 
(See Figure 5-15g.) But h is Just the ordinate of A and hence 
h = b sin . Therefore we have that the 



area of triangle ABC = -^b sin 7^. 
Similarly we obtain 

area of triangle ABC = ^c sin^ , 



Thus , 



area of triangle ABC = ^bc sin oc 



■|bc sin oc == "lac sin^ = ^b sin 7^ . 



(1) 

(2) 
(3) 



If we divide this relation by -^bc we find 

sin or sin/^ _ sin 
a b c 

which is the desired formula. 

Example 6 , If, in triangle ABC, a = 10,^ = 42°, 
r = 51°, find b. . 
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Solution ; Since oc +^ +7^= l80° we have cc = 87^ 



By the law of sines 

since sln/c? 



— V 



a o ' 

„ a sln/^ ^ 10 sin 42^ 



b = 



sin oc 



87 



6,69 



« 6.7. 



Example 7 * Find the area of triangle ABC If a = 10, 
b - 7, 7^ = 68°. 

.Solution ; According to (l), the area of triangle ABC 

= |ab sin"/" = 35 sin 68° « 35(.927)w 32.4. 

Example 8 . Are there any triangles ABC such that a = 10, 
b = 5, and oc = 22^? 

Solution: Before attempting to solve Exajnple 8, let us try 
to construct a triangle ABC geometrically, given a, b, and 
oc . At point A on a horizontal line construct angle oc . Lay 
off side AC of length b on the terminal side of angle oc . 
Now with C as center strike an arc of radius a. There are a 
number of possxoilities depending on a, b, and oc which are 
illustrated in Figure 5-15h. 




(iv) 



Figure 5-15h. 
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In case (l) there is no triangle; 

in case (ii) there is one triangle; 

in case (iii) there are two triangles; 

in case (iv) therms is one triangle; 

in case (v) there is no triangle; 

in case (vi) there is one triangle. 

Thus to solve Example 8, we attempt to find/^ keeping In 

mind that there may be zero, one, or two solutions, Tf such a 

triangle exists, then by the law of sines 

sin/^ sin 22° 
5 ^ lO 

or 3ln/& = "I sin 22° « .iB?. 

Recall that is positive if 90° < l80°, and if 

= 180° - 6 where 0 < 9 < 90° then sin/c? =^ sin 9. Thus from 
sin^.S' «.l87 we conclude that /<? = 11° or = 169° to the 
nearest degree. Are both of these values of ^ possible? If 
^ = 169°, then 191° v?hlch is impossible. Why? 

Therefore, there is one triangle- with the given data. We are in 
case (iv) . 

Example 9 . Are there any triangles ABC with a « 15, 
b = 10, and cc « 105°? 

Solution : We attempt to find/?. . If there is such a tri- 
angle we have, from the law of sines, 

slxi/<? since 

But sin a = sin 105° = 3in(l80° - 75'') - sin 75° « -966. Hence, 

sin/5^ «|(.966) - .644 and this implies^ = 40° or/<^ = l40°. 
Clearly can not be l40° and there is one triangle with the 
given data. This is an example of case (vi) . 

Example 10 . Are there any triangles ABC such that a = 10 
b = 50, and a = 22°? 
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Solution : We attempt to find ^ . If there Is such a tri- 
angle we have, from the law of sines, 

sln/^ sin 22^ 
W " Tu ' 

sln^ = 5(.375) > 1. 

But we know that the sin never exceeds one, and therefore our 
assumption that a triangle with the given data exists leads to a 
contradiction. Thus there are no such triangles. This Is an 
Illustration of case (l). 

Exercises 5-15Q 
1. Use the law of sines In the solution of the following: 



a) ^ 




68°, 


f = 


30°, 


c 




22.0, 


find a . 




b) oc 




45°, 


r = 


60°, 


b 




20.0, 


find a 


and c 


c) r 




30°, 


b = 


5, 


c 




2, 


find OC . 




d) c 




620, 


b = 


480, 


f 




55°, 


find oc.- 


"and a 


e) r 




65°, 


b = 


97, 


c 




91, 


find . 




f) a 




80, 


b = 


100, 


cc 




36°, 


find . 




g) a 




31, 


b = 


50, 


oc 




33°, 


find . 




h) a 




50, 


b = 


60, 


r 




111°, 


find oc 


and c 



2. Prove that In triangle ABC 

sin CC - Bln/<^ _ a - b 
sin cc + sln^ a + b* 
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5^16 . Trigonometric Identities and Equations • 

The following exercises can be used to provide additional 
practice In trigonometric equations and identities. 



Exercises 5-16 



Prove the following identities; 

1. tan X cos x = sin x 

p 

2. (1 - cos x)(l + cos x) = sin x 



3. 



cos X _ 1 - sin X 

1 + sin X cos X 

1. 2, sin 2x 

^' ^ = i cos £x 

2 

5. tan X sin 2x - 2 sin x 

2 4 4 

6. 1-2 sin X + sin x = cos x 

2 cos^x - sln^x + 1 ^ 3 cos X 
* • cos X 

8, sin X tan x + cos x = 

IP 2 

9 . — =^ + tan X + 1 = — =^ 

cos X cos X 

10. slrx^x - sln^x cos^x - 2 cos^x - sln^x - 2 cos^x 

11. cps,^x - sln^x ^ ^^3^^ 

1 - tan X 

12. sin 4x = 4 sin x cos x cos 2x 

li h. 2 

13. cos X - sin X = 1-2 sin x 

^ sin (x -f y)^ ^ tan X + tan y 

•^^ ' cos X COS y 

15. sin (x + y) + sin (x - y) = 2 sin x cos y 

16. cos^x - sln^x = 2 cos^x - 1 

17. cos (x + y) - cos (x - y) =^ -2 sin x sin y 

18. sin (x + y) - sin (x - y) = 2 cos x sin y 

19. cos (x + y) + cos (x - y) = 2 cos x cos y 
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20. sin (x + y) sin (x - y) = sin x - sin y 
sin 2x 1 - cos 2x 



21. 



1 + cos 2x sin 2x 



22. cos (x + y) cos (x - y) = cos x - sin y 

23 sin X ^ . X 

• 1 + cos X " 2 

24. 3 sin x - sin 3x = 4 sin^x 

25. Prove by counter-example that none of the following is an 
identity: 

a) cos (x - y) = cos x - cos y 
. b) cos (x + y) = cos x + cos y 

c) sin (x - y) = sin x - sin y 

d) sin (x + y) = sin x + sin y 

e) cos 2x 2 cos x 

f) sin 2x = 2 sin x 

Solve each of the following equations: 

26. 2 sin X - 1 = 0 

27. 4 cos^x -3=0 

28. 3 tan^x -.1 = 0 

29. sin^x - cos^x +1 = 0 

30. 2 cos^x - -n/T cos X = 0 

31. 4 sin^x - sin x = 0 

32. 2 sin^x - 5 sin x + 2 = 0 

33. 2 sin x cos x + sin x = 0 

34. cos X + sin x = 0 

35. 2 sin^x + 3 cos x - 3 = 0 

36. cos 2x = 0 

37. cos 2x - sin x = 0 

38. 2 cos^x + 2 cos 2x = 1 
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39. 


cos 2x +. 2 cos^(^) = 1 




40. 


6 sin^x + cos 2x = 2 




41. 


sin 2x - cos x + sin x 


= 0 


42. 


2 cos^x + cos 2x = 2 






f\ r\xs Ov r» n Q v — O 




44. 


o 

2 sin X - 3 cos x - 3 


= 0 


45. 


cos 2x cos X + sin 2x 


sin X 


}i C 


COS X - sm X = sin x 




47. 


2 

1 + cos X 
cos X ^ g 




48. 


3 sin X -/s" cos x = 


0 


49. 


tan X = X 




50. 


TT sin X = 2x 





5-17 , Calculation of sin x and cos x. 

Euler' s Formula , 

We wish to find polynomials whose values approximate sin x 
and cos x for x near zero. The process is analogous to that 
used in Section ^-l6 to approximate e"'^, except that in the 
present case the required polynomials are developed simultaneously. 

Let us use f to denote sin and g to denote cos, so 

that f: X — >sin x and g: x > cos x. Let us begin with 

g: X >cos X. Since g is an even function (that is, cos(-x) 

= cos x), we seek approximations which include only even powers. 
Thus we seek approximations of the form 

cos X « (0) 

2 / \ 

cos X fa + bgX (2) 

cos X w bp + bgX^ + bi^x^ ' ' (4) 
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We know from Section 5-10 that the best linear approximation to 
COS X is 1 + O'x = 1. We therefore choose = 1. We wish 
to determine the proper coefficients b^^ bi^, ... . 

For the function f: x — >sin x, f(-x) = -f (x) . It is 
therefore necessary to use only odd powers in the approximating 
polynomials. Using the fact that the best linear approximation 
is X (see Section 5-10), we seek approximations of the following 
fonn: 

sin X w X (l) 
o 

sin X « X + agX (3) 

3 5 . 

sin X w X + a^x + a^-x-^ (5) 



where the coefficients ag, a^, ... remain to be determined. 

Now cos'x = -sin x. (6) 

We wish to replace cos x and sin x by polynomial approxi- 
mations. We do this in such a way that the slope function of a 
cos X app>roximation will be the negative of a polynomial approxi- 
mation for sin x. This is possible only if the degree of the 
sin X approximation is one less than the cos x approximation. 
Thus, from (6) , 

2 

cos X « 1 + bgX , and sin x « x, 

we obtain 

2b2X = -X 
, 1 

so that 2 

and cos x«l - ^x^. (2') 

Similarly, In sin» x = cos x, we replace sin x by a 
polynomial approximation and cos x by the approximation of 
IS'egree one less. 
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Thus using 



and 

we have 

so that 
and 



sin X « X + agX" 



cos X 1 



1 + SagX = 1 - 



^3 " '"F^ 



(3) 
(2') 



sin X « X - 



Continuing in this way we obtain the following approximations for 
sin X and cos x. 



sin X 



cos X 



X - 



X - 



X - 



x3 

3 5 7 

X , x-^ x' 

13iT + 5r - 7T 



1 
1 

1 

1 



x2 

2 4 
X ^ X 

2 4 

X ^ X 



x6 
FT 



For example. 



and 



«-,r, n o « 9 .008 , .00032 
sin 0.2 « .2 g h — X20~ 

« .19867 

^ o « -. -04 , .0016 
cos 0.2 1 - ■— + — 



« .98007 

(The values given- in Table I are sin 0,2 = ,1987, cos 0.2 = 



,9801) 
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We shall not prove that the polynomials written represent 
the best approximations possible for the degree chosen. (They do.) 
Nor shall we discuss the greatest possible error made in using one 
of these approximations. We assert without proof that sin x is 
between any two of the successive polynomial approximations listed, 
-in particular, between 



and 



Similarly, cos x 



and 



x7 
7T- 



is between 
1 



2 4 
X , X 



1 - 



FT- 



There is a remarkable relation, due to Euler, between the 
exponential function on the one hand and the circular functions, 
cos and sin, on the other. This relation is expressed by the 
fampus equation 

e"^ = cos X + i sin x. (7) 
with an imaginary exponent, obviously requires 



_ix 



The symbol e' 
an interpretation. ^ 

To interpret (7) geometrically, we draw a unit circle in the 
complex plane (see Figure 5-17) with x the arc length measured 



(imaginary) p 




^ (real) 



Figure 5-17. Interpretation of e 
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counter-clockwise from A(l + Oi) to the point P. The vector 

OP from the origin to P represents cos x + i sin x, and there- 

ix 

fore, according to equation (7)j it represents e also. This 
is entirely sensible. For, if 

Ix 

e = cos X + i sin x 

and 

e"^^ = cos y + i sin y, 

and if we assume that imaginary exponents are added like real 
ones, we obtain by multiplication 

^ix + iy ^ (cos X + i sin x)(cos y + i sin y) , 

and hence 

gi(x + y)^ (^,Qg ^ ^,Qg y _ Q ^ sin y) 

+ i(sin X cos y + cos x sin y) . (8) 

By (7) , , 

gi(x + y) ^ cos(x + y) + i sin(x + y) , (9) 

From Equations (8) and (9) we immediately obtain the addition 
formulas for cos(x + y) and sin(x + y) . 

Let us return to Equation (7) and consider the approximations 
that we have made. The fourth degree approximation to e is 

e^. l-^x-^l^-f-^-f-^. (10) 

If in (10) we replace x by ix, "we obtain 

That is, P , q k 

■ . COS X + i sin x«l + ix--^ - •^-r" + Tpr 

2 4 3 
^ • = (1 - 1^ + f^) + i(x - fr). 
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This means that real and imaginary parts are approximately equal 
so that 

cos X « 1 - fr + ^ 

and 

sin X « X - 

These results agree with the approximations previously obtained. 

Exercises 5-17 

1. Compute sin 0,1 correct to 4 places of decimals, and 
compare with Table !• 

2. Over what x interval can we use the approximations 

a) sin X w X 

b) cos X w 1 

if the error is to be less than 0,01? 

3. Use the identity, tan x - and the polynomial approxi 
mat ions to sin x and cos x of fifth and fourth degree 
respectively, to obtain by long division a polynomial approxi 
mation to tan x. What does this approximation suggest as a 
relationship between tan(-x) and tan x? 

ix 

Use Euler's equation to find e if 

a) x = f d) x = f 

b) X = TT e) X = 0.5 

c) X = Sir 



393 



INDEX 



The reference is to the page on which the term occurs. 

Abel, N. H., 41 

absolute -value function, 21-23 

addition formulas (for cos and sin), 258-259, A-84 
algebra of functions, 24 
amplitude, 248, 267-270 
angle, angle measure, 243-245 
approximations , 

of functions by polynomials, A-22 

polynomial approximations, A-22, A-53-57^ A-58-61 
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slope of, A-31-35 
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bacte^rial growth, 146-147, A-40-41 
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calculation (see computation) 

circular function, 227 
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complex-conjugates theorem, 82 
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complex zeros of polynomial functions, 81-84 

composite function, 26 

composition of functions, 24-28 
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of e^, 210-211, A-53-57 
of In X, 213-216, A-62-64 

concave upward, graph of x >2^, I67-I69 

conjugate surd , 85 

constant function, 15, 16, 43 

cooling, 186-188 

cosine function, 226-227 

critical points, 112 

cycle, 247 , 

decimal approximations of irrational zeros (polynomial 

functions), 73, 126 
"definition by recursion, A-12 
degree (angle measure), 243-244 
degree of a polynomial, 39 
discriminant (of quadratic), 81 



394 



domain of function, 2, 6, 26 
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for large |x | , 52 

near a point, 101 
e, .17^-175, A-61 

e^, table, I76 

graph, 177 ^ ^ 

computation of, 210-212, A-53-57, A-58-6I 

equations, trigonometric, 288-291, A-79-80 

exponential function, 145-146, 147, 148, A-53-'57, A-.58-6I 

factor theorem, 56 

first principle of mathematical induction, A-7 
Fourier series, 281 
frequency, 247, 267-270 
function, 1-7 

absolute-value , 21-23 

algebra of, 24 

area, A-26, A-27, A-32 

circular, 227 

composite, 24, 26 

constant , I5, I6, 43 

cosine, 226-227 

domain of, 2, 6, 26 

exponential, 145-148, A-53-57> A-58-6I 
graph of, 8-12 

inverse, 30-33, 189-194, 197-201, 283-287 

linear, 14, I6, 42 

logarithmic, l45, 197-203 

one-to-one, 33, 191 

periodic, 228-229 

polynomial, of degree n, 39, 42 

quadratic, 39, ^2 

range of, 3 

sine, 226-227 

slope, 114, A-31 

tangent, 260, 285-287 

zero of, 40 

(see also poljnnomial function) 
cos"-*-, 284 
sin"-*-, 283-284 

tan-^, 285-286, 288 
function machine, 6, 7, 27, 30 
functional equations, A-42-52 
fundamental theorem of algebra, 74 

general form, 75 
Galois, E., 41 

general form of the fundamental theorem of algebra, 75 
general polynomial fimction of degree n, 39, -42 
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cosine, 231-2^0 
^exponential, 177 
function, 8-12 
inverse function, 192-19^ 
linear function, 16 
logarithm, 203 

polynomial functions, 48-53, 110-113 

polynomial functions near zeros of multiplicity greater 

than one, 78, 131-1.35 
sine, 231-240 

sin"-"-, 284 
tangent, 287 

tan"-*-, 288 
harmonic analysis, 281 
historical notes, 217-218 

identities, trigonometric, 272-273, A-7o-79 
image, 2 " 

integral zeros of polynomial functions, bo 
interpolation, 

Lagrange formula, A-19-20 

linear, 73 

intersection of sets, A-1 ^ , ^oo 
inverse functions, 30-33, 189-194, 197-201, 283-288 
inversion, 30-33, 189-194 
k, 172, 174, 206 

Lagrange interpolation formula, A-19-20 
linear approximation, 93 
linear function, 14, 16, 42 

location theorem for roots of polynomials, 59 
locating zeros of polynomial functions, 58-65 
logarithm, 197, 205-206 
logarithmic function, 145, 197-203 

lower bound for the zeros of a polynomial function, b4 
mapping, 2, 3 

mathematical,. induction, A-3-13 

mathematical models, 147, 180-189 

maximum (relative), 112 

maximum and minimum problems, 117-123 

maximum point, 94 . . 

maximum value 

of cos X and sin x, 231, 2bb 
measurement of angles, 243-245 
measurement of triangles, A-65--77 
minimum (relative), 112 
minimum point, 94, 96 
multiplicity of a zero, 74 
Newton's method, 126-130 

number of zeros of polynomial functions, 74-o0 
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one-to-one functions, 33, 191 

parallel lines, 19 

period, 225, 228, 247, 267-270 ' 

fundsunental, 228 

of cos, 229 

of sin, - 229 

of tan, 285-286 
periodic motion, 225-226, 228-229 
periodicity, 225-226, 22«-229, 233 
phase, 267-270 
point of inflection, 96 
polynomial, 39 

polynomial approximations, A-53-57, A-58-61 
to cos X and sin x, A-8O-85 

to e^, 210-213 
to In x, 213-214, A-62-64 
polynomial function 

approximation of irrational zeros of, 73, 126-130 

behavior for large |x|, 52 

behavior near a point, 97-113 

degree of, 39 

graphs of, 48-53 > 110-113 

locating zeros of, 58-65 

lower bound for the zeros of, 64 

number of zeros of, 74-80 

of degree n, 39> 42 

of reduced degree, 69 

upper bound for the zeros of. 64 

zeros of, 66-84 

(see also zeros of polynomial functions) 
polynomials, A-18-20 

approximation by, A-22 
powers of 2^ 145-149, 150-152, 154, l63-l66 

graph, 162 

table, 155 
pressure, acoustical, 248 
quadratic foraula, 40, 81 
quadratic function, 39, 42 
radian, 244-245 
V radioactive decay, 180-183, A'-39 
range of function, 3 

rational zeros of polynomial functions, 66-71 
real exponents, 157-152 
reduced degree, polynomial of, 69 
remainder theorem, 55 

restriction (of a function), 195, 283-286 
roots of polyiiomial equations, 40 
■ rotation, 252-257 

second principle of mathematical induction, A-10 
set-builder, A-1 
set notation, A-1 

significance of polynomials, A-17-23 
simple harmonic motion, 248 
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sine fvinctlon, 226-227 
slope 

function, 114-116 

of area function, A-31-35 

'of line, 16, 18 
solution of triangles., A-65-77 
solutions of polynomial equations, 40 
sum of vectors, 252 

symmetry of cos and sin, 231-232, 242(Ex.) 
synthetic division, 47 
synthetic substitution, 44-47 

tables, construction and use of, cos x and sin x, 234-237^ 26j-266 
of cos X, 296-299 

of e^, 176 

of sin X, 296-299 

of 2^, 155 
tangent, 93 

tangent function, 260, 285-287 

tangent line \ 

to y = a^, 173-174, 178-179 

to y = cos X and y = sin x, 275-278 

to y = 2^, 170-172 
tangents at points on the y-axis, 94-96 

tangents to the graph at an arbitrary point P and the shape of 

the graph near P, 105-109 
vinlon of sets, A-1 

upper bound for the zeros of a polynomial function, 64 

vector, 252-257 

waves, 248, 267-270, 279-282 

Welerstrass approximation theorem, A-22 

zero of a function, 40 

zero polynomial, 43 

zeros of polynomial functions 

complex, 81-84 

complex conjugates, 81 

conjugate surd, 85 

Integral, 68 

Irrational, approximation of, 73, 126-130 

locating, 58-65 

lower bound for, 64 

multiplicity of, 74 

number of, 74-80 

rational, 66-71 

upper bound for, 64 
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